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Kundt spacetimes

A Lorentzian metric g on an n-dimensional manifold M is a Kundt metric if there
exists a vector field £ such that

lel2 =0, Vie=0, Te(VI) =0, [VIU>™|2=0, [VI"2=0,
where VY is the Levi-Civita connection given by g. We call g a degenerate Kundt
metric if, in addition,
» The Riemann tensor Riem is aligned and of algebraically special type 17, and

» V9(Riem) is aligned and of algebraically special type I1.

For any Kundt metric, there exist local coordinates u, z!, ..., 2”2, v in which g takes
the form

g=du(dv+ H(u,z,v)du + Wi(u,z,v) d:L‘i) + hij(u, z) da'da?.

In these coordinates, £ = 0,, and ¢ is a degenerate Kundt metric if and only if
(Wi)ww = 0 and Hyyy = 0.
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The equivalence problem

We say that two Kundt metrics g and g on M are equivalent if there exists a
diffeomorphism ¢: M — M such that ¢*(g) = g.

Important task: To recognize equivalent Kundt metrics and distinguish inequivalent
ones.

One of the standard ways is to use polynomial curvature invariants, i.e. total
contractions of the curvature tensor and its covariant derivatives. However, not all
spacetimes are separated by such invariants. In particular, in dimension n = 4 the
degenerate Kundt spacetimes are exactly those that can not separated by polynomial
curvature invariants (Coley, Hervik, Pelavas 2009).

Therefore we need to use other invariants!
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Shape-preserving transformations

To simplify the problem, we will use the coordinates in which g takes the form
g = du (dv+ H(u,z,v) du + W;i(u,z,v) d:ni) + hij(u, ) da'da?. (1)

Then we must also restrict to diffeomorphisms preserving this form.

Theorem
The transformations preserving the form of (1) are given by

(1,0) = (€0 A 0), s + Blu) ) detlAL] £0.C'0) 0.
The Lie algebra g corresponding to this Lie pseudogroup consists of the vector fields

c(u)dy + a'(u, )0y + (b(u, ) — ¢ (u)v) .
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Sections of a bundle
The Kundt metrics of form (1) can be considered as sections of a bundle
T MxF—M

where F ¢ RN with N = (g) Let u,z',...,2" 2, v be coordinates on M and
hij, Wi, H be coordinates on RY, where 1 <i < j <n — 2. The domain F C RY is
defined by the requirement that the matrix h;; is positive definite.

The vector fields of g can be lifted to F' x M by requiring the lifts to preserve the
horizontal symmetric form

G = du (dv+ H du+ W dz") + hij dz'da’.
The lift X of the vector field X = ¢(u)dy, + a’(u, )8, + (b(u,z) — ¢ (u)v)d, is found

by setting X = X + AijOp,;; + BiOw, + COpy, and determining the coefficients from
the equation L ¢G = 0:

X =cOy +a'd,i + (b— cv)dy — (alhy;0h,; + alhyioh,,)
— (Wi + a2 W + b + 2alhij)ow, — (2 H — "v + by + al W;)Op.
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The space of jets

Let J*7 denote the space of k-jets of sections of 7. The choice of coordinates on
F x M gives a natural set of coordinates on J*7. For example, on J'm we get the
following coordinates:

u, wiv v, hz]a Wi7 Ha (hl])U7 (hlj)$k7 (hzj)va (W’L)U7 (I/Vz)zka (Wi)lm H?u H:ckv Hv'

If g is a section of 7 given by h;; = fzij(u,x,v),Wi = I/i/i(u,x,v),H = ﬁ(u,x,v),
then it prolongs naturally to a section j'g of the bundle Jl7 — M:

~ Ohy oH

Ohij
= ’ (u,x,v), (hlj):ck T Ogk (u,x,v), e, Hy = %(u,x,v).

(hij)u = —

In a similar way g prolongs to a section j¥g of the bundle J*7 — M.

We are not working with arbitrary sections, but with sections satisfying certain
differential equations.
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The PDEs

» For Kundt spacetimes we have
& = {(hij)p =0} C J'm.
Its prolongation to J?7 is given by
€2 = {(hij)o = 0, (hij)uw = 0, (hij) gty = 0, (hij)uw = 0}.

In a similar way we define &% C J¥x.
» For degenerate Kundt spacetimes we have a sub-PDE &F ¢ £F ¢ J¥r defined by

&t :gl, 52:6‘2ﬁ{(Wi)vv:O}a
53 = 53 n {(VVz)vv =0, (Wi)vvv =0, Hypy = 0}

For k > 3, we define £F  J¥7 as the prolongation of £3.
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The PDEs

If g is a section of 7, then the section j*g of J¥m — M is contained inNSk if and only
if it is a Kundt metric of the form (1). (The same statement holds for £ and
degenerate Kundt metrics.

Any vector field X in g prolongs to a vector field X®) on Jk7 in the standard way,
and X% is tangent to ¥ and EF for each k.

We would like to distinguish sections of 7 satisfying £ or € under the equivalence
relation given by the Lie algebra g. Both of these are of infinite dimension. However,
each manifold £F, £  J*r is of finite dimension, and so are g-orbits on these.
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Differential invariants

Definition )
A differential invariant of order k is a function I on ¥ (or £X) which is constant on
g-orbits.

Theorem (Lie-Tresse-...-Kruglikov-Lychagin)

The algebra of rational differential invariants separates orbits in general position in £
and £%°. It is generated by a finite number of differential invariants and invariant
derivations.
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Invariants for general Kundt metrics

Generic Kundt metrics can be distinguished by polynomial curvature invariants. In
particular, we may take the invariants

I' = Tr(Ric")
for i =1,...,n, where Ric: TM — T M is the Ricci operator. We have
dI' A AdI™ #0

on a Zariski open set in E?. Here d is the horizontal differential. It is defined on a
function f € C®(EF) by df o j*g = d(f o j*g), or in coordinates by

df = Dy(f)du+ D,i(f)da’ + Dy(f)dv.

On this Zariski open set, czll, ...,CZI” form an invariant horizontal coframe. There is
also a dual frame of invariant derivations 9; = AD,, + B} D,; + CD,, satisfying
dI'(d;) = 5.
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Invariants for general Kundt metrics

We can express the horizontal symmetric form
G = du (dv + H du+ W; da') + hyj dz'da’ .

as o

G = K;jdI'dl’,
where K;; = G(@}, 3J) are rational differential invariants of order 3.
Theorem

The algebra of rational differential invariants is generated by I, K;; and the invariant
derivations 0;.
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Invariants for degenerate Kundt metrics

The above approach does not work for degenerate Kundt metrics, because for these we
have

dI'A---ANdI"=0
In general, only n — 1 of these invariants are horizontally independent (in our adapted

coordinates, we have D, (I*) = 0 for all of them).

For n — 1 horizontally independent invariants J', ..., J?~! from the above set, let
V1,...,Vn_1 be the G-duals to dJ',...,dJ" 1. The invariants can be chosen such
that Va, ..., V,_1 are spacelike vector fields (after restriction to a degenerate Kundt
metric), making the matrix [G(V;, V;)]!'=; positive definite.

Define the nth derivation by

G(V1,V,) =1, G(Vi,V,)=0fori=2..n.
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Invariants for degenerate Kundt metrics

Let w!,...,w™ denote the horizontal coframe dual to V1, ..., V,,, defined by
w'(V;) = 5; Then we have
G = Lijwiwj

where L;; = G(V;, V) are differential invariants of order 3. In this case, we have
nontrivial commutation relations [V;, V] = cf’jvk, where ci-“j are differential invariants
of order 3.

Theorem
The algebra of differential invariants is generated by the differential invariants va i
and the invariant derivations V ;.
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Other choices of generators of invariants

The above approach is very flexible regarding the choice of n invariants or n invariant
derivations. All we require is that dI* A AdI™ s nonvanishing, or that Vy,...,V,
are independent, on generic points. In particular there is, for any choice of dimension n,
exactly one differential invariant of order 1 which can be used as one of the generators.

Theorem
There is one algebraically independent invariant of first order, and it is given by

(Wi)o(Wj)oh.

Note that the matrix [h%/] is the inverse to [h;;]. In particular, we have the
determinant of the latter in the denominator of I;.

We will show another choice of generators for n = 3.
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by giving an invariant horizontal frame.
Theorem
The derivations
W, 2 h W, — 2hW,
vl — v D,U’ V2 — 7Dm X v v

W W, AW, W,
1

v3 — W (Hv'sz - vaDu + (Wuv - H:):U)Dv)

Dy,

are invariant, and they are independent on a Zariski open subset of £.



Three-dimensional Kundt spacetimes

We simplify our notation and use coordinates u,z,v,h, W, H on ' x M. Let us start
by giving an invariant horizontal frame.

Theorem
The derivations

W, 2 ho Wy — 2h Wy
— D’Ua - 7Dr D”Ua
Vi= V2= W Wy
1

v3 — W (Hv'sz - vaDu + (Wuv - HxU)Dv)

are invariant, and they are independent on a Zariski open subset of £.

The derivations satisfy [X(‘X’), V] = 0 for each X € g, and they were found by solving
this system of PDEs.
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If we let of denote the elements of the dual horizontal coframe (o (V;) = 47), then
the horizontal symmetric 2-form G written in terms of this coframe will have
coefficients given by G(V;, V;). It takes the form
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where I} = VZ” is the first-order differential invariant from the previous slide and

— HWUz’U + (_H’U’UW + HJZ’U - Wu'u)Wq)'u + Hgvh
= . ’
_ AHyh? + 2(Way — WWoy)h — Wyhy
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are second-order differential invariants.



Three-dimensional Kundt spacetimes

If we let of denote the elements of the dual horizontal coframe (o (V;) = 47), then
the horizontal symmetric 2-form G written in terms of this coframe will have
coefficients given by G(V;, V;). It takes the form

G=1I;" ((id® + Joa? — L") + 4(a?)?)

2
where I} = VZ” is the first-order differential invariant from the previous slide and

— HWUz’U + (_H’U’UW + HJZ’U - Wu'u)Wq)'u + Hgvh
= . ’
_ AHyh? + 2(Way — WWoy)h — Wyhy

— -

J1

J2

are second-order differential invariants.

Theorem
For n = 3 the algebra of differential invariants on £ is generated by the differential
invariants I, Jy, Jo and the invariant derivations V1, Vs, V3.
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Three-dimensional Kundt spacetimes

We also have the second-order differential invariants

HUUWJ:v - H.Z’UWUU Wv vaha: - vahu
VS(II) =2 h - ( h2 )’
W2 (h2 —2hhyy)  2Weo(H Wy — Hyy W )by
- h3 - h2
(H,W — Hy + W ) W2, — Wy (HpW — Hyy + W )Wap + 2H2, RW,, ) by

J3

h3
N (—2H Wy + 2H W, + 2H,W — 2H .y + 2Wo0)\W2,
h2
N (=2H oW + 2Hy — 2Wo )Wy — 4H iy Hyoh) Wy + 4H2, AW,
h2

which, together with Iy, Ji, Js, constitute a transcendence basis for the field of
second-order differential invariants on £2.
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Three-dimensional degenerate Kundt spacetimes
2
Let us now consider degenerate kundt metrics. We still have the invariant [; = Wh“ .
We define the following functions:

Wohy — 2R W o, Hyy — Waw Wyhy — 20 Wy,
IZa = vaa IQb = 2 s K2a = Ta KZb = Wh .

The functions Iy, and Iy, are second-order differential invariants on £2.
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Let us now consider degenerate kundt metrics. We still have the invariant [; = th
We define the following functions:
Iy = Hy, Ty = e e gy Mo 2y, o o 2
The functions Iy, and Iy, are second-order differential invariants on E2. We also define
(2D Koy + Inp Koq — I2q195)W
Q- a ,
_ Iy HW? B (IopI3, — 2Koq(Iop — 2Kop) Ioq + I2p K3, )W?
I 412, ’

R




Three-dimensional degenerate Kundt spacetimes
2
Let us now consider degenerate kundt metrics. We still have the invariant [; = Wh“ .
We define the following functions:
thx - Qthv Hxv - Wuv thu - 2thv
I a — H’Uva Iy, = ) K a = T 11, Ko = .
2 2b 2 2 W 2b Wh
The functions Iy, and Iy, are second-order differential invariants on E2. We also define
(2D Koy + Inp Koq — I2q195)W
Q- ; ,
1
o Iy HW? - (IopI3, — 2Koq(Iop — 2Kop) Ioq + I2p K3, )W?
L 413, ‘
A fourth second-order differential invariant is given by
1 (BBha(WW,y + hy) — (he(HoW — Hy + Wy )13 — Wik, H)) oo 1o
b :@( W2
-2 (WvHx + (hu - WI)HU + Hx:c - Wu:(; + huu) 11]2(1-[26

WL (Kop(Iy — Ky oo — 210 K3,) )
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We have dI1 A dlog A dloe £ 0 on a Zariski open set in £3. It is possible to express G in
terms of dIy, dls,, dIs. as before, and in this way find a generating set of invariants.

Alternatively, we may use the following invariant derivations:

5L Q 1 Ko,
Vi= . D,, Vo = D, — WD, |,
YT Laly, W, 2 WU< Iz, )
2D, 1

V3

. KoyWD, — Io,,hD, + RD,,
L oW, (Kap 2% )



Three-dimensional degenerate Kundt spacetimes

We have dI1 A dlog A dloe £ 0 on a Zariski open set in £3. It is possible to express G in
terms of dIy, dls,, dIs. as before, and in this way find a generating set of invariants.

Alternatively, we may use the following invariant derivations:

Il Q 1 KQa
Vi = - 2.D,, Vo= D, — =2“WD, |,
YT Laly, W, 2 WU< Iz, )
26, 1
Vy = -2

7, . oW (KopyW D, — Isph Dy + RD,)

Theorem

The algebra of differential invariants on & is generated by the differential invariants
11, I, Is. and the invariant derivations V1,Vs, V3.
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