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Geometric Structures

e GRIEG project:
SCREAMS

Symmetry, Curvature Reduction, and Equivalence MethodS

¢ Finite-dimensional Lie group G:
[1 G acts on a manifold V.
[1 G displaces submanifolds:

M C N ~> G-M C N.

e Kxamples:

[ 1 Second order, third order, ..., ODEs.
(1 (k, I, m)-distributions.

[ ] Cauchy-Riemann submanifolds.

[ 1 Para-CR structures, or completely integrable PDE systems.
Today’s Goal: Divide by 1




Divide by Invariants I, J/, K, ...

e Functions: In Cartan’s equivalence method:

[ 1 Objects are functions;

[ ] Differential forms have coefficients which are functions;

[ 1 Computations are often nonlinear;

[ Invariants (relative or absolute) are functions.

e Divisions: When some invariant I # 0 is nonzero, one has to divide by 1.

e Example: Gaussian metric on a surface:

ds® = |(du, dv)|2 — E du® + 2F dudv + G dv?,
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and, in the denominator appears £ G — F? which is > 0.

e Example: With a function ¢ of 5 variables, consider a hypersurface M 0 C
C? graphed as:

v = p(x1, 22, Y1, Y2, 1),
introduce the slant function:
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and with the vector field:

— 0 Pz 0
gl_(‘ﬁle\/—*l—gouau’

constant Levi rank 1 hypersurfaces M > C C3are 2-nondegenerate 1ff:

0 # £ (k).
O In terms of J3y, this Z(k) has 1 page long expression.

[J Always, one has to divide by .21 (k).

Theorem. [Pocchiola 2013] Cartan’s method conducts to construct five invari-
ant 1-forms { o, k,C, R, Z} together with four 1-forms 771, 772, 71, 2 satisfying:
dp = (t' +7) Ap+irAF,
dk = T Ap+7 A+ C AT,
d¢ = (7! —7YAC+iT* A+

1 = 1
+R,0/\C+i§J0p/\R+EWO/<;/\C.
C



There are four remaining group parameters c, e, ¢, €, and R is a secondary ~
invariant:

R := Re [iC—eCW0+C—1E<— LZ1(W) +%(_ l

A (ZU(Zw)) 1 (Zak) Zi(Z1(k)

Wo=—5s"Zg 3 Z71(k) !
L2 2 (AF)) L2 2 (21(k)) i T(k)
S Z(k) S Zi(k) S Z(k)
7 B 131(31(31(31“{)))) B 50%1(05/”1(0%1(’%))) g1(§1(']€)) o 121(21(21“‘3)
VB Z1(k) 6 Z1(k)? 6 Zi(k)
N @91(91(@)3 L5 31(31( >)2F+ lyl(gl(/ﬂ)) yl(P) B 191(31(7@)
20 Z(k) I8 2(k)? 0 Z1(k) ) L(k)

e Example: In [M.-Nurowski 2020], homogeneous models of para-CR structures
analog to such A/° C C? were classified.
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These are system of two PDE:s:
zy = F(,y,2, 20, 200) &  2pex = H(2,9, 2, 22, 222),
satisfying the compatibility condition:
D3F = AH,

in terms of the two total differentiation operators:
D=0, +pd.+r0,+Hd & A :=0d,+Fd,+DFd,+ D*Fo,

By luck:

L1(k) +— I,

so denominator complexity decreases serendipitously.

TRT)



Theorem. [M.-Nurowski 2020] On the bundle @) = M> x G* with M° >
(z,y,z,p,7) times RY 3 (p, ¢, fo, fo), there exist four 1-forms Qq, Qo, O3, Uy
with 61, 62, 03, 6%, 6°, Oy, o, Qa, Q4 linearly independent at every point which
satisfy the following para-CR invariant exterior differential system.

do' = — 0 A Q4+ 6% A 6Y

do* = 6% A (92—191)—91AQ + 03 A 0%

d93:293A92—92AQ+ ULl p gt 4 ]392/\6’3
ey (26¢f2]35+p(] |52+2[ ) — e ¢f ]3) AN

A0t = —0* NO° — 0F A (301 +Q9) — 01 A Qy,

A5 = —20° Ay + 04 A Q 91A92—£13, o4 A 05+

= L (29215 + (1P |52+21 ) =4O f2 ) 01 A 6



where IL, T2, I3 are explicit relative differential invariants on the base M :

' .= — L (9D*H, — 21DH), — 18DH, H, + 18HyH, + 4H; + 54H),
3 2
]2 o 40Fppp - 45Fpprpprppp + 9Fpprpppp
H4 Fpgp ’
73 . 2Epep + FppHir
' 3 Fpp ’
and where (-)|; for it =1, ...,5 denote directional derivatives along the vector

fields X, dual to 0"
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Single homogeneous model E'ﬁiffé'ré-ri—t'iéﬂ- ------ . . )
— 1,2 icontradiction . =0
Py 4Z:g ----------------------------- 0 # .
zxmw — ZZBZE . .'.‘
1-parameter family Eleferentlal Flat model
: : 1.2
of homogeneous models icontradiction__ | Zy=2122,
ZCCQZJ} - O

Theorem. [M.-Nurowski 2020] Homogeneous models for 2-nondegenerate PDE
five variables para-CR structures are classified by the following list of mutually
inequivalent models:

(i) 2y = %(Zx)Q &  zpgx =0;
(ii) 2y = %(Za:)Z & Zpgx = (Za::c)?);

2
(iiia) z, = 4(zx)b & zppr = (2 — b)% with z; > 0 for any real b € [1,2);

01



(iiib) zy = f(2zz) &  Zzpzz = h(zg) (zm)z, where the function f is deter-
mined by the implicit equation:

(zg + f(zx)Q)eXp (Zb arctaniii_bﬁzg) = 140

and where:
(b° — 3)zy — 4bf(2y)

(f<2x> — bzx)Q

h(zy) =

for any real b > 0.

e Conclusion:

e Differential Geometry handles functions.

e Differential Invariants are functions.

e Any equivalence method forces to divide by (nonzero) functions.
e It also forces to differentiate several times such quotients.

e This causes exponential growth of complexity.

e Question: But what a function is?



Genericity Assumptions
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Relocalizing finitely many times in neighborhoods of generic points

Often, certain (relative) differential invariants are encountered:

P = P(x,y,u, {u$3yk}1<]+k<n)’ Qa R7

Their zero-sets {P = O}, {Q = O}, ..., are invariant under G.

cl



They are responsible for the creation of branches and of further sub-
branches:

QEO7
/
=0 -Q #0,

P
<*>/
\

P+£0—@ =0,

T
Q # 0.

e Lie’s principle of thought:
[1 Either a (relative) differential invariant is identically zero.
[1 Or it 1s assumed to be nowhere zero, after restriction to a subset.
[Mixed cases are excluded from exploration. ]

e Two cases, two difficulties:
[1 P =# 0. Divide by P ~ formulas explode.
[1 P = 0. How to express consequences?



Power Series Equivalence Method

e Illustrate only in 2D: Surface S2 in R? or in C?:

under Eucl(R?), under Aff(R?), etc.

e Small hypothesis: Asssume G D translations, hence F'(0,0) = 0.

e Normalize step by step:

14!



e Keep memory:

Fi = F; (FZ) =

e Proceed order by order:
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e In a current branch: Assume the surface on the left is:

J+k<vr—1 J+k=v

J/

-~

normalized

that the group 1s reduced to a subgroup stabilizing order < v — 1 normaliza-
tions:

91



Gl C G,

stab
that a similar surface is given on the right:

u = Z Fnk ]' k' —i— Z f—,% Of)g(y—l—l),
J+k<Lr—1 J+k=v

v

-~

same normalization
and try to normalize the F .

e Group reductions:

v—1
G C th C---CGi,CGl, ca

e Compute the action for ; + k = v:
0= — % Fj7k + *Fjjk + freedom to normalize.
e Two examples:
2 2 n
0= —ajFo1+aj a2,
2 S T 2 il
0 = — al,l ng() + &1,1 ng() + 3 al,l CL271 F271 + 3 CL171 b1 .




Divide by 1

e Question: What do you prefer, to divide by:

large differential polynomials?
Or to divide by:

one ?

e Quickly: Sketch an equivalence method which divides only by 1.

[Mathematical Advertising]

e Lagrange: A function 1s a power series.
e Lie: Infinitezimalize!
e Kxample:
0 = — a%)l Fo 1+ a%’l a2 F2,1-

In the branch where these are nonzero, one can normalize:

FZ,l =1 = F2,1-

81



e Hidden behind is: A complicated differential invariant:

Fyy = Fpy(Finva)

)

= Iy .
¢ Function-theoretic Equivalence Method: Forces to divide by:
I> 1 = complicated expression.
e Power Series Equivalence Method: Forces to divide by:
1 = value at (z,y) = (0,0) of Iy .
e Conclusion: Division by 1 works!
e Summary:
[1 Division by I causes computational explosion.

[1 In the branch I # 0, by working at the origin, it suffices to divide by 1.
[1 But what about the branch I = 0?

[1 Everything breaks down because only I(0) = 0 is seen at the origin.



Identically Vanishing Differential Invariant [ = 0

e Remind the two examples:

2 2 ¥
0= — a1 Fo 1+ 11022 o1,

2 3 T 2 T
0 = — 0/1’1 ng() -+ a’l,l ng() -+ Sa’l,l a271 F271 -+ 3&171 bl .

e Normalize: Use free group parameter b1 to make:
Fg)() = 0.
e Restart:

. u=F(7)
U = F(x> equivalence

restart || equal

u= F(x) equivalencw

0¢



e Thus: Can assume both:
Fg)() =0 = Fg)@.

e Reduce stability group:

vV
stab step 1 C Gstab ’
and continue to normalize all freely normalizable Fjjk
G, C -+ C Gy C G¢
stab stab step 2 stab step 1

e Remaining:

F; ). = nonzero Fj,ka

are relative invariants.
e Method at order v:
[l Normalize all possible [ r—,, to be 0.

L] Leave aside relative invariants [ . Fi, -

[ ] Create dichotomic branching, for instance:

C G2

sta b



F53 0

W }3#0\
m\ F5 350
1,7 /

Fs 3#

Proposition. [True in examples] At order v, if a relative invariant:

Order 8

I = Fir(FR™)
=0

vanishes identically, then the graphing function F(x,y) satisfies a PDE:

something

Yy allowed denominator

Example. A surface v = F(x,y) under Aff(R?) with rank 1 Hessian:

C



Fry F:I:y
0 = and 0 # Frrp,
Fyz Fyy 7 Fuz
leads to: )
Fl’
_ Ty
Iy = o
Fro # 0= FppFyy— Frf|——S 2 0—W=0—X=0

T

X#0——-Y =0

Y # 0

In such a branch, another relative invariant comes:

W := I3 := invariantization (Fxmy),
equal to:

w — Fia Froory = Fua Fay Frawn +2 Fey Fy

TIT 2 F:C:C Faza:a; F:I::I::C:U
nonvanishing denominator '
and assuming W = 0, we may solve:




2
I L ny anjmt ny an:x Fxmj an:y
e General example: Suppose 3 invariants already vanish:
something
Fy8 — denominator’
__ something
F:L’6y4 — denominator’
__ something
FxﬂyQ — denominator’
with 3 red-dependent quadrants:
k
o o o o o o @ o o o o o o o
o o o o o o o o o o o @ o o
J

144



Then by computing, encounter another (relative) invariant I3 5 and open the
new sub-branch:
I35(F) = 0
which creates a new quadrant of dependent monomials:
k

j

[,

e Question: How to compute the dependent F; ;. in the red region?
e Answer: Compute invariants explicitly, and differentiate.

Example. Consider:
13,1(F0,0) — 07



equivalent to:

[ ] Determine all F’ i3y

[J Evaluate at (z,y) = (0,0).

Example. For surfaces S2 ¢ C3 with rank 2 Hessian:

Fory ny

"7 Fyz Fyy

the branching tree 1is:

r>1 by differentiations and replacements.

9T



G3o0#0+# Gpg Gy #0 G31#0

o

G30#0=Go3——G40=0—+Gz1 =0

S

Gg)o =0 = G(),g G272 = ()

T

G272 = ()




and one relative invariant G3 () = I3 is:

1
2V/2(Fyg+2Fy 1 + F0,2)%(F12,1 — F2,0F0,2)%

X { — ARy 3F} ) 4 6Fo o FF \Fip + 3Fy 2 FosFr 1 Fog — 6Fy 3 FT | Fog — 3EG 5 FioFa g + 9F oy 1 FioFay

I3 =

+ 3FyaFo3Fy o — 3Fy3Fi 1 Fy o + 9F0 o F1 o F5 g + 3F1 1 Fi o FS ) — FosFy + 4FO,3F51\/ F2 — FyaFhy

— 6F0,2F1,1F1,2\/FE1 — FpoFop — Fo,zFo,:aFQ,O\/Fﬁl — FpokFog + 6Fo,3F1,1F2,0\/Fﬁ1 — FpaFop

_ 9Fo,2F1,2F2,0\/F12,1 — Foaloo+ 3F073F22’0\/F1271 — Foalro+ 3F1,2F§0\/Fﬁ1 — Foalyy

— 3F P11 Foy — 9F; 3 FooFoy — 9Fy 2By 1 FoFaq — 6FF  FooFay + 3Fy 0 F5 o Fay

+ 3F&2\/F1%1 — Fool ol — 9F0,2F2,0\/FE1 — Foolroly 1 — 6F1,1F2,0\/F12>1 — Fooloolyg + F(igF?),o
+ 3F o Fi 1 Fao + 6F0 o FY | Fy o+ 4F)  Fy0 — 3F; o Fo g Fy o — 3Fy 2 Fy 1 Fa o Fs

+ :3170272\/1?1271 — FyaFyoFyg+ (517072171,1\/1?1271 — FyaFyoFyg+ 4F1%1\/F1%1 — FyaFyoFyg

- F0,2F2,0\/FE1 - F0,2F2,0F3,0}

For [y 3, just switch indices.

Theorem. [Chen-M. 2020] In the second branch By.q where Gz # 0 = G 3
and G ) # 0, the following holds.

8¢



(1) The graphed equation normalizes as:

PO B A Ty 3

k
Y’ x 3y %y’ ;,;J y"
u=xyt—+—+-r+I3 11—+l o—+I —+ —+ F..) .
Yttt ety T 22T LS 0,45 £i>5 ]
J

where all 1; ;. are differential invariants.

(2) The algebra of differential invariants is generated by 13 1, I2 9, I5 y and all
their invariant derivatives.: 9104 1.@; 2(e), with a1, 9 € N. In particular, Iy
can be solved:

[471 = —& [32,1 + 2[570 ]371 + YDy ]371 + %]272 — 2]371.

(3) The moduli space of all possible homogeneous models is exactly described,
in the space C3 5 ([371, 199,150,141, 1372), by the complex-algebraic variety
of dimension 1 defined by the 4 + 3 equations:

(BAL) 0=1I,1+8I5 — 5o+ 2131 — 25131,

(B42) 0=4I31129+ 215, — 2151131 + I3,

(E43) 0= 12]371]272 — 3[570[272 + 4[2’2 + [372,

<E44> 0= 6[22’2 + 4[371[272 — 3[471]272,



(F51) 0=2415I50— 2150131 — B IooI50+ Tl I3,
+5 Ipo— 6413, + 3619131 — 4015 — 6131,
(F52) 0=30109131+T2I5915, — 181291501351 — 3 15,
+ 5613, — 14135 Is g+ 1215 + 6415 — 3215 I g+ 415 o I3 1,
(F53) 0=—I31 (1615, + 4151 50+ 31o0 — 613 1)
(=3215, + 8131 I5 0+ 6 o9 — 13131).
e Strategy for determining homogeneous models:

[ 1 Write out the Lie-Fels-Olver recurrence formulas:
DI =I5+ Y oo (1)) - K7 (et )y,
1<o<Lr
[J Assume that all /; ;. = constant.

[ 1 Left-hand sides become zero:

0=1I% + Y wof(IP)) K7 (1),

1<oLr

[ ] Analyze the incoming algebraic equations.

0€



Infinite-Dimensional Lie Groups and Normal Forms

e Pass to jet spaces: [Lie, Olver]

on J°M c J*N
on JIM c J'N
GG acts on M C N,
until:
r =dmG < dimJ"M.
e Question: What ifdmG = oco?

Assertion. Thanks to Poincaré-Moser normal forms, the action boils down to
a finite-dimensional action.

e Example: 2nd order ODEs: [Kamran, Shadwick, Hsu, ...]

Yoz = Q(ma Y, yﬂ?)a
under fiber-preserving point transformations:

v = flx), y = glz,y).



Theorem. [Foo-Hey-M. 2021] Coordinates (x, 1) exist in which:

0 = Q(x,y,0),
0 = anj(07y70>7
0 = Qy,(z,0,0),

Furthermore, the stability group of such a normal form enjoys:

dim Gstab < 3

e (lassification of Homogeneous models:
L] [Hsu-Kamran 1989].
[ ] [Foo-M.-Heyd 2021].

e Example: Hypersurface M? C C? in coordinates:

z =x+1Yy, w = u-+1v,

under Bihol(C?):

[43



d= ) [t w' =

Jt+k=1
= > & fiw), =
J
Graphed hypersurface:
v = F(Z,E, u)

= > FiFE
J+k+1>1

= Z Iz Fj,k(u>7
7k

with:

e Levi determinant:

k=1

Z # gj(w).



k Step 1
i——"j

0 # Levi(F)

A

J+k=T
122, k=2
Ak Step 4
Step 3 of o o o
o Q o o o o
o | |of o o o
o ol [o] I[o o o
J J
o . e—C e— G

143



Successive annihilations (red dashed reglons) of coefficient-functions
F)j () in the graphing function v = } ;. I 7k ;i k(u) thanks to Moser’s
normalization process, with F} 1(u) = 1, untﬂ ﬁrst occurence of chains.

e Equivalently:

0= Fjolu) = Foplu) = Fji(u) = Fyg(w), I = Fp1(u),
(4#1) (1#k)
0 = F3o(u) = Fh3(u) = F33(u).

Theorem. [Moser 1974] The stability subgroup G C Bihol(C?) sending:

v=F =224z Z2F42< )+ 2z Z4F24 )+ Z Z]_kF

J+k=>T
i>2, k2
to:
_ 4_ 42 2_14 1k
U/ _ F/ L Z/Z/—‘FZ/ / F42< /) / / F24 _|_ Z /] / F/ )
J+k=>T
722, k2

1s finite-dimensional:

dlmR Gstab < 5



9¢

Cartan’s Classification of M/° c C? Redone

e Cartan 1932: Si une hypersurface admettant un groupe pseudo-conforme
transitif n’est pas localement équivalente a [’hypersphere, elle est globalement
équivalente a [’'une des hypersurfaces suivantes ou a [’'une de leurs variétés de
recouvrement.:

1° (E) y;f — ($2_2x) . avee T > 0 (il > 1, m£1,2)
2° (F) y Y e ;
P ) (o) 0-9 16 o
14+7)—2(1
4° (K) 1+2T —yy avec (1 +7) x( *y) > () (u>1) ]
i
50 (K’) xT+yy —1 = ,u‘az ., sauf les points réels (ju|<1, p#0) ;
6° (L) 171 + ToTo + 13T3 = u’x1x1+x2x2+x3x3| (u>1)
e Proof:

[1 Tresse 1896, Segre 1930, Bianchi classification of 3D Lie algebras.
[ 1 Realizations of Lie algebras of holomorphic vector fields.

[ 1 Confirmation by Cartan’s Equivalence Method.



e Alternative proof: Start from Moser’s normal form, reduce G°.

P UANTOM lIW‘ F&’U, Kc\fﬂ,l;-i]:w\ F“QX F‘f’?-Z .
e G Fsaa Fr23
Rcfm+‘ ™ 51J Fw g Fe32 4 Fess
o, Faut Pz,

F-ig—oq- F_S3\ 3 @z lo

o] fn, I

F&'I,Q 3 ~———F}’l1 J F?qz

ijb 3 F’jl“ 3 F541

@5 F’Jlo

f3do 4 £330 10

Fedo Feur

T Fssi,

Fa10,

E8o,,

Fy4e

lo

F"°|o




e Result of computations: For any non-spherical homogeneous M° ¢ C?, *
the only non-linearly solvable Taylor coefficients are:

a+1b

C .

d :

F5 90,
Fy 4.0,
Im F47271.

Theorem. In the branch Fy50 = 1, homogeneous M 3 C? are simply
transitive and 1:1 parametrized [Up to discrete equivalence] by the variety:

0 =0b(576c+64d —25a° — 25b%),
0 = a(576c—64d+25a° +25b%),
0 =abd,
0 = 384+ 125b%d — 125 a*d — 1152 c¢d + 3000 a*c + 3000 bc.
Moreover, 3 holomorphic vector field generators €1, €9, €3 with.:
61|O — @Z, 62’0 — i@z, 63{0 — aw,
have structure:
e, e9] = (— gb) e; + ( — %a,) es + 4 es,
e es) = (—2d—6c+2a”+2b0)es+ (2a)es,
es,e3] = (3d—6c—2a" -2 )er+ (—20b) e




Sketch of General Power Series Method of Equivalence
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Homogeneous €5 ; Hypersurfaces 1/ o c C?

In coordinates C° > (z, C,w=u++/-1 v), the graphed representation of
the flat model i1s [Gaussier-M. 2003]:

ZE+%§2C+%ZQZ B

¢ : m(z,C,E,Z).

The 5-dimensional Lie group of its automorphisms fixing the origin writes:

Ztiaz?+ (ioz(—ia)w
1 +2ioz — a2 — (onC—oﬂJrip)w7

N\
|
>

(- A (+2iaz— (oﬂJrip)zQ—F(@Q—ipC—o@C)w
D) 1+27jozz—04222—(042§—o@+7jp)w ’
w' = A\ d

1 +2ioz — a?z? — (oz%—o@%—ip)w’
where A € C*, o € C, p € R are free.

A general &9 1 hypersurface M > C3 with 0 € M writes as a perturbation
of this model.:

U = F(27C7§7C7U) — m(27C7zvz>+G(27€757C7v)7

(44



h i I h i
F= ) ZCFC0 Fjrg = ), 2'CFC Py jnlv),
h7i?j7k7l h7,1:7j7k‘

with £}, ; i1 1= F g pi.0» With 0 = Fg g 0 0,0, and the same for G.

Theorem. [Kolar-Kossovskiy 2019, Foo-M.-Ta 2020] A convergent Poincaré-
Moser normal form is:

0 = Fh,i,O,O(U)? 0 = F3,0,0,1<[U>7
0= Fyiq0(v), 0= Fip01(v) = F3p,11(v),
0 = Fj00(v), 0= Fio11(v) = F3030(),

with the exceptions 1 = I (1 o(v) and% = I50.0.1(v).

e Question: What about homogeneous models? [Fels-Kaup 2008: Lie-
theoretic methods] Applying the power series method of equivalence, we find
the following tree:



Flat
model

F5001070 1-parameter family
of models (Mp)ger

F30020=0

¢ F300207£0 _ Single
2,1 model

In the branch F30020 = 0and F5(01,0 = 1, three supplementary (real)
normalizations hold:

0,
Im F470737070 = 0, so p = 0,

FG,O,O,LO = 0, SO v

so that the 1sotropy is reduced to be zero-dimensional. Notably, a constant
value for F3 91 0= — 15 1s also implied.

1=

Furthermore, abbreviating:

0 = Re 40300,

144



which is a free absolute invariant, all coefficients Fj, ; ; 1.; € C are uniquely
determined in terms of 6 € R, with:

F=F+FP+F' 4+ FPP+F+F + PP+ PP+ P10 _= (11),

C,2,G
where:

F? = 2z,
Fo = 17°¢+ 127
F* = zZCE,

_2 _9—
PP = 52500 +5C2C,
FO — — 1523220 4+ 2¢250° + (20 + 25C — 15223,

Fr=23 ZBZQ + 027 — 452223 C + 4 226223 + 07 -1 24222 + 52z
2 2 2
— 10 232222 + %C225 — 45 23(Z% — 175 277 — 102272 + %CSEQZQ
+ 5 24z,



F® = ZC?’EZ?) —2029¢*2*C - 175 23C§222 — 75 2%C%7( — % 27
— ? Z4CEZ2 — 20 ZQCE?’ZQ — % 0252C+26 (2 + % 0 2°Z%C
+302'2°C+202°2'C+302°CZ + 202°(2° —102(z° -5 A0
B = —9 . — =3 —
— 5207+ 54527 — %9@7 — 3—15(927§ — %z% — 130 2°%°
— 3420 1302%2° — 3 (%7,
FO = 037°C 1+ 024023 — 165 22C%35C — 40 23¢3% — 165 2°¢%3°C
— 9 Z4CQZZQ — 95 2C224Z2 — % Z4CEZ?) — % (07— 40 2°C3Z3¢
+ % 6 252222 + 36 z42322 + 20 ZGEZ2 + % 6 Z2CQZ5 +202¢%7°
+ 360 z3C224_— 5v=1 2% i— 5v-1 C§6v_+ % 6 ZQCEiZ + 126 Z4CE?’Z_
+202°(Z°C+1202°(z* ¢ — 10 2(z°C — 10 2°Cz¢ — 100 v=12°Z°Cv

— 30 v=12°ZCv — 75 v=1 2'Z%Cv — 33& DB+ 5202 — % 0 C2Z7 — % 23(Z°
+ 122038 4 4T A5 4552270 — 502257 — 1902°¢F — £027C
-l CF2 455 2552 1+ 5275C — 567 2'2° — 190 2°2°¢ — & 6° 27"
_ —3 s —4 _ _ —
. %622326 . §Z5C< . %<3Z5< . Z5C . C4Z5 4+ %628_1_ QTEZSC

+30 V=T 2(Z°0 + 100 v=T 23¢Z0 + 75 v1 2°CZ' + % 2z,

514



FUO — 20350 40230334 1 024330 — 210 23¢2220 — 20 233 + 105 25¢3%C
_ 9210 Z2<3Z3ZQ B 1525 ZQCZGC _ @zGCz ¢ — 255 Z4C ZC
1725 24 — 20 zC4z4C — 70307 - 28 zc3 =70 2202530
+1052°¢Z°C + 50 27¢2¢ 4+ 50 2(Z'C + =2 67 zCz + 2 0%2%2C

— 10°2°(z° +202°2° + 20 576 + g ST LBg> ¢z

_ % 02 0 ng _ g P 2’4555 _ % 02 Z3§6E 17725 02 2 CZ7 _ % 02 26535
_ 3_;1(92 71T — 92 AP+ %szcg—fs 175 2 92 152 — 19C257Z

— 16 S — 20 ﬁz% +20v=1C72 + 240 2°CZC+ B0 SczC

+ 2022050 + 802072+ 1502'¢C%2°C + 150 2T

+ 12025727 + 1860 2%C%2°C + 1860 2°(Z°C + 2402 (Z°C
— 150 \/_24_2222) — 16 =160 2°Z°v — 100 \/_ZBE?’ZQU — 90 \/__z5§ZQU + F505002°2
— —Z5CC + 5C3—5C +525¢2 C — 150 2°¢2 C + 95 4025 4 570 25250



8y

— 32527720 — 435 2¢%F" — 435272 — 325 25%°C — LB ¢'2C
+5702°2°C + P27 — 150220 49022 + @923—7 Y
+%@2C 4(9z7C +52582 29C+96 %7 +@9z 1+ 9 (258

9% 87 4+ 90 v712¢%2 00 + 100 V7123220 + 150 v 2 ng bt 16 /10 255

— 30\/_25C2Cv — 150 v=T 2°CZ*Cv + 150 v=1 2*(Z*Cv + 30 v=1 2(Z°Cv.
The general infinitesimal CR automorphism, depending on 5 real constants
a,b,c,d,e € R,is L= A0, + B0, + C 0y, where:

AO:aJr\/Tb
(—c+v=1d)z+ (—a+v-1b) ¢,
= ( 9a+5\/76)z +( 29a+5\/76)w+(—c+\/—71d)zc,

A3 = (—10&—10\/719)2 +(1O\/76+30a)zw+( %Qa—Sﬁe)Cw,
(—1oc—5rd)w +(10a@ +10v=1b) 2¢w + (— 20 ¢ + 10 v=1d) z*w,
( 9&—10\/j6)2 +(—5c+5¢fd)z C+(49a—50ﬁ6)23w

+(75¢—Te—69a)zw2+(1oc—5ﬁd)cw2,

AL — (—20@—20ﬁb—%ﬁ9d+%90)26+(—2—(3)()&+1—gf)\/flb)w3
+(—20a+25y=Te) 2Cw” + (200 a + 100 v=1b) 2*w?



A" = (10y=1d —10c+ 2 y=1fe+ 2-6a) 2" + (100 c + 50 v=1d) 2°
+(—&a - by’ + (—Ltv=10d+16¢) 6<+(50a+5w—b)zgw
+ (=50v=1d+70¢) 2’w+ (—100c — 50 v=1d + 20 V-1 ¢) zw’,

A% = Appaw' + (— 2 Pc+iv10b—L0a+ 2 v=16°d — 12 m1e) 2°
+(8m+53170,3)z2w3+(—30\/—_1d+300) 5Cw+(—mc——\/_d)z§w
+ (= 50c+50v=1d) 2'¢+ (—2v=10b+100a — 50 y=1e) z%w,

where:

B’ = ¢+ y71d,

B' = <%96L—10\/—_16)Z—|—(2\/—_1d> C,

B* = (—40v=1b—060a) z* + (—c+ v=1d) *+ (10a — 10 v=1b) w + (1 6 a + 10 v=Te) 2(,

—30v=1d+30¢) 2z’ + (40c+ 20 v=1d) 2w + (60 a) Cw + (40a — 140 v=1b) 2°¢,

= (
= (—140a+100y=Te+6v=10b) z* + (20 a+ 25 v=1e) w’ + ( — 40 c + 20 v=1d) zCw
+(240a —300v=1e€) z°w + (10a+ 10 v=1b) C*w + (— 90 v=1d + 90 ¢) z%¢

+ (= 60v=1b+60a) 2°C,

B® = (—860v=1b+900a+2 /10d—20c) 2"+ (40¢c — 40 y=1d) 2°¢?
5 5
+ (12v=160b—200a — 100 y=1e) 2*¢ + ( — 300a — 300 v=1b) 2*w
+ (400 a — 200 y=1b) 2w* + (150 y=Te) (w* + (56 6 a + 200 v=Te€) 2°Cw,



B = (
_|_
_|_
_|_
_|_

— 770 v=1d+690c+4v-10e+260*a— 2 y-16°D) 2°

(—
(
(
(

e+ v1d)w +(—250(3—350\/—_10!—30\/—_196—%202&) 2w

400 @ + 200 y=1b) 2w’ —|-(—29a—|—25\/—_16) CCw?
6

+(—60a+6v-16b) 2"

00 ¢+ 300v=1d — 60 v=10¢€) z°w” + ( — 1500 a — 300 v=1b) z°Cw
300 v=Te+240a) 2°Cw + (B v=16d — 1360 v=1b+ 920a — £ 6 ¢) 2°¢,

= ({8 =10b—1680a+ 12 6°c — 12 y=16°d) 2"

175 175

+ (= 484004 —6Big3+600a— 750 v=Te) z°w® + ( — 200 ¢) (w®

+ (3%
(-
(2 v=16d — 90+900a—900\/_b) 20
(
(

n
n
n
n

and where:

oV = /e,
cl = (2&—2\/—716)2

0°a— 32 v=16°b+ 1460 c — 1460 y=1d + 4 v=16 €) 2%
492a—60\/—_¢96+1000+100\/—_d)z Cw

36060 a + 144\/_Hb+5100\/_e) 2w+ (Bygs) 2w’
— 1000 a + 200 v=1b) 2°C*w + ( — 400 ¢ 4 700 v=1d) z*Cw?,

C? = (c—ﬁd)z2+(—20)w

C3 = (%9&—%10@@) 2ZW

C2

0s



(10 v=Tb) w* + ( — 10a — 10 y=1b) 2w,
C° = (2¢—2v=1d) 2° + (— 20 + 10 y=1d) zw?,

b = (—400,) w3 + (29@—25\/fle) z2w2,
O = (%ﬁ@d—%@c) Z7+(—20a—20\/—71b) 2w

+ (%OaJr

2—g0 V-1 b) zwg,

C® = (—=26v1d+10v1be)w'+ (—Fv1d+2c) 2 + (Pe+ P v1d) 2w’

61, €2 =

C? = (- & v=10Pd+Z6°c) 2"+ (2v=10b+20a) 2w

+ (10\/—_1d — 10 c) 2Sw,

+ (40a—50v=1e) 2°w* + (2 Agp4) 2w’
and the related 5 holomorphic vector fields e, e9, e3, €4, e5 have structure:

—%964—465,

[61763] — 07
leg, e3] = —2eg,

€1, €4
_627 64_

€3, €4]

262,

= 0,

264,

€1, €5
€2, €5]
_637 65_

€4, €5]

= %(9 62—2064,

0,
2657
0.

This Lie algebra g has the derived series of dimensions 5, 3, 0, with:

g.9] = Span(—%964—4e5, 2e9, %962—2084).



These three vector fields form a 3-dimensional Abelian 1deal a C g, whose *
value at the origin 0 € C? spans a maximally real 3-plane. This is coherent
with [Fels-Kaup 2008].
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