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Conformal Cyclic Cosmology
Obstructions to conformally Einstein metrics
Anisotropic fluid spacetimes

Obstructions to conformally anisotropic fluid metric

Conformal class with two anisotropic fluid metrics

Notation and conventions:
@ abstract index notation, e.g. v? e[ (TM), v, el (T*M)

@ signature of a 4-dimensional metric (—, +, +, +)

@ symmetrization and antisymmetrization brackets
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Einstein field equations

Spacetime is a 4-dimensional manifold M with the metric g,p
which satisfies

1
Rab - ERgab + /\gab = 7-aba (1)

where R,p is a Ricci tensor, R is a scalar curvature, A is a positive
constant and T, is an energy-momentum tensor.
Asymptotically de Sitter spacetime (M, g,5) Let

@ 91 be a manifold with boundary 7 := ¢9t and metric gp

@ Q be a smooth function such that:

e Q> 0o0nIMZ
e 0=0,d2#00onZT

e there exists ¢ : M — 9 such that p(M) = IN\Z and
¢*(gab) = Q°gab

@ each null geodesic of (M, gap) acquires two distinct endpoints
onZ (onZ and ZT)

e T., = 0in a neighbourhood of Z+ in = 1(M)
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Conformal compactification of a spacetime

Asymptotically de Sitter spacetime — compactification

M, Gab ,Q
M7gab ¥ ‘time

Future endpoints of all null geodesics of of (M, g,,) form a
spacelike hypersurface 7+
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Conformal Cyclic Cosmology (CCC)

Summary:
@ the universe consist of aeons
@ each aeon is a conformally conformally compactifiable
spacetime with spacelike Z~ and Z
@ two consecutive aeons are matched along null infinities
@ the Weyl tensor vanishes at the matching surface

Aeon i+ 1
T
7+
V Aeon | H
T
:Z'+
/ Aeon i —1
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Conformal Cyclic Cosmology (CCC)

Mathing of two aeons
Let (M, gap) and (M, g,p) be two aeons

with the same conformal extension, i.e. R S )
B =072 B =072 2
8ab = Gab, 8ab = Yab, ( )
Moreover
b3 T
A~ ~ (ma gab)
M=MuXuM, I+
where a common boundary
~ < N
Y = {Q = 0} = {Q = 0} Previous acon (M, g,;)

is a future null infinity of the previous
aeon Z7 (I\/I) and a past null infinity of

the present aeon 7~ (I\7I)
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Conformal Cyclic Cosmology (CCC)

Reciprocal hypothesis Because of the conformal freedom we can

impose R
QQ =-1 (3)

Hence

~ AV/IEN
8ab = Q 8ab (4)
i.e. the metric from the present aeon is determined by the metric

from the previous aeon if one can provide a unique .
Simplified Brinkmann’s question Find g,;, and Q such that

gab = Q_2gaba Eab = Q2gab, (5)

solve the Einstein field equations. 5

Alternative view Assume (M, g,p) and (M, g,p) are spacetimes
with the energy-momentum tensor of the same type. What are the
restrictions on Q7
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Conformally Einstein spaces

Schouten, Cotton and Bach tensors
The Riemann tensor can be decomposed in the following way,

Rabed = Cabed + 2 (8c[2Pbld + &d[pPa)c) » (6)
where P, is the Schouten tensor,

1 R
'Dab ‘= ~Rap — 758ab- (7)

2 12
It can be used to define the Cotton (A.pc) and Bach (B,p) ten-
sors,
Aabc 1= 2V[ch]au

8
Bab = _chabc + PdCCdacb~ ( )
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Conformally Einstein spaces

Conformal properties of C,pcy, Pap, Asbe and By
Let

gab = e2wé{ab- (9)
Then
C?bed = C?bed,

~

P., = P, ab_ awb‘i‘wawb *gabg 1/)c1/1d7

Aabc = Aabc + Qb CdabCa
Bab = eiszab

(10)

where ¥, := 0,1).
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Conformal Einstein space

Conformal Einstein space Let g,, be the Einstein metric,

~ ~ ~ C/\
Rab = C8ap < 'Dab = ggab (11)

Therefore

Aabc = 07 Bab = 0. (12)
Necessary conditions for g, to be conformally Einstein metric
& 20y .
8ab = €77 8ab:

~

A/abc + wdfdabc = 07 Bab =0 (13)

for some gradient ;.

Conformally anisotropic fluid metrics

Assume that the Ricci tensor has the form dictated by the energy-
momentum tensor of anisotropic fluid type and obtain the necessa-
ry conditions analogous to (13).
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Anisotropic fluid

Energy-momentum tensor of an anisotropic fluid Let (M, g,p)
be a spacetime with

Tab = (p + P) Uatp + Pgab + Tap (14)

where
e u? is a timelike unit vector field (four-velocity of the fluid)
@ p and p are scalar fields (density and isotropic pressure)
@ 7,5 is the anisotropic pressure tensor

Decomposition of the derivative of u?
Let

o h,?:=6,"+ u,u® be a projector onto ¥ L u?

@ Wy i= h[achb]dvcud be the vorticity tensor

e 0 := h?V,u, be the expansion scalar
@ 0. = h(achb)dvcud — %habﬁ be the shear tensor
o U, := uPVu, be the acceleration vector
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Anisotropic fluid

Decomposition of the derivative of u?
Ultimately

1 .
Valup = wap + 0ap + gﬁhab — u,lp (15)

Continuity equation for T,
In the present setting Vy, T,b = 0 reduces to

uVap+ (p+ p) 0 + mapo®® =0,

16
(p+p) ta + hab (Vop+ Very) = 0. (o)

First equation can be interpreted as a rate of change of entropy of
the system, hence

Tab = —AOap, A=A (P, P) (17)

will be imposed to keep it positive.
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Obstructions to conformally anisotropic fluid metric

Let (I\?I,grab) be an anisotropic fluid spacetime with

@ vanishing vorticity g, = 0

@ vanishing acceleration u, = 0

@ pand p constant on X | 0°
In that case shear &, is an obstruction to conformal flatness.
Cotton and Bach tensors We have

aaA\abc = 0,
(07hpCBac = 0.
Conformal anisotropic fluid metric
Let g.p = €*¥Z.p and

(18)

-~ ~ed~

0 =e¥i? — g9y = —1 (19)
Then

e <’Z\/abc + 1/1d Edabc) = 07

2
~al o _ (0)
u hb BaC—O.
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Obstructions to conformally anisotropic fluid metric

Electric and magnetic parts of the Weyl tensor
Timelike vector t? induces a decomposition of the Weyl tensor
into E,p and H,p,

~

- . d
Eab =uu Cacbd7 Hab =

G U ackt C¥ bt (21)

N

where 7,04 the covariant Levi-Civita tensor and E.p, Hap L 0°.
Decomposition of the necessary condition

Equation
g (Aabc + wd Cdabc) = 0.
splits into
Ual\.l/b\/;iCA/abC - Eiaba¢ = 07 (22)
B hiPhj Aspe + T HaK D2 = 0. (23)

where 531/1 = Fab6b¢.
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Obstructions to conformally anisotropic fluid metric

Simplification for invertible £,
Suppose that there exists E,p, such that

Eb<E, = ‘E 5,0 (24)
Then (22) yields
= UPIPEC Agpe
Djth = ——L—==, (25)
£
so from (23),
UaAlabC (};ib\ﬁjc ‘E‘ + %;kﬁdkﬁbgdc> =0. (26)

This gives an obstruction tensor to conformally anisotropic fluid
metric.
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Conformal class with two anisotropic fluid metrics

Let (M,gab) also be an anisotropic fluid spacetime with the four-
velocity of a fluid ? conformally related to 42,

7= evi? (27)

Tab = (5 + P) Uallp + BEab — A ab, (28)
Then ) _
YGap, U = —Da, (29)

Wap =0, oap=¢€"

Let p, p be constant functions on X L 07°.

Condition on

The continuity equation 6b 7v'ab = 0 and the transformation rules
(29) lead to

((5+ B)? +26%3%5,55°) Doty = 0, (30)
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Conformal class with two anisotropic fluid metrics

Equation
((5+ B)? + 26232655 ) Dvs = 0,
can only be satisfied if 5
D.p =0

i.e. 1 is constant on © 1 1 (also © L 4?).
Evolution equation for ¢
Conformal transformation of R,,u?0? yields

b ~ o (v 1L ~ 1l
3070°V 0 + 007, + e72Y (/\ —5 P+ 3m> =A—5(P+3p).
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Thank you!
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