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Overview

Conformal Cyclic Cosmology

Obstructions to conformally Einstein metrics

Anisotropic fluid spacetimes

Obstructions to conformally anisotropic fluid metric

Conformal class with two anisotropic fluid metrics

Notation and conventions:

abstract index notation, e.g. va P Γ pTMq, va P Γ pT �Mq

signature of a 4-dimensional metric p�,�,�,�q

symmetrization and antisymmetrization brackets

T...pabq... :�
1
2
T...ab... �

1
2
T...ba...,

T...rabs... :�
1
2
T...ab... �

1
2
T...ba...,
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Einstein field equations

Spacetime is a 4-dimensional manifold M with the metric gab
which satisfies

Rab �
1
2
Rgab � Λgab � Tab, (1)

where Rab is a Ricci tensor, R is a scalar curvature, Λ is a positive
constant and Tab is an energy-momentum tensor.
Asymptotically de Sitter spacetime pM, gabq Let

M be a manifold with boundary I :� BM and metric gab
Ω be a smooth function such that:

Ω ¡ 0 on MzI
Ω � 0, dΩ � 0 on I

there exists ϕ : M ÑM such that ϕpMq �MzI and
ϕ�pgabq � Ω2gab

each null geodesic of pM, gabq acquires two distinct endpoints
on I (on I� and I�)

Tab � 0 in a neighbourhood of I� in ϕ�1pMq
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Conformal compactification of a spacetime

Asymptotically de Sitter spacetime – compactification

Future endpoints of all null geodesics of of pM, gabq form a
spacelike hypersurface I�
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Conformal Cyclic Cosmology (CCC)
Summary:

the universe consist of aeons
each aeon is a conformally conformally compactifiable
spacetime with spacelike I� and I�
two consecutive aeons are matched along null infinities
the Weyl tensor vanishes at the matching surface
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Conformal Cyclic Cosmology (CCC)

Mathing of two aeons
Let p pM, pgabq and p qM, qgabq be two aeons
with the same conformal extension, i.e.

pgab � pΩ�2gab, qgab � qΩ�2gab, (2)

Moreover

M � pM Y ΣY qM,

where a common boundary

Σ � tpΩ � 0u � tqΩ�1 � 0u

is a future null infinity of the previous

aeon I�
� pM	

and a past null infinity of

the present aeon I�
� qM	

.
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Conformal Cyclic Cosmology (CCC)

Reciprocal hypothesis Because of the conformal freedom we can
impose qΩpΩ � �1 (3)

Hence

qgab � pΩ4pgab (4)

i.e. the metric from the present aeon is determined by the metric
from the previous aeon if one can provide a unique pΩ.
Simplified Brinkmann’s question Find gab and pΩ such that

pgab � pΩ�2gab, qgab � pΩ2gab, (5)

solve the Einstein field equations.
Alternative view Assume p pM, pgabq and p qM, qgabq are spacetimes
with the energy-momentum tensor of the same type. What are the
restrictions on pΩ?
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Conformally Einstein spaces

Schouten, Cotton and Bach tensors
The Riemann tensor can be decomposed in the following way,

Rabcd � Cabcd � 2
�
gcraPbsd � gdrbPasc

�
, (6)

where Pab is the Schouten tensor,

Pab :�
1
2
Rab �

R

12
gab. (7)

It can be used to define the Cotton (Aabc) and Bach (Bab) ten-
sors,

Aabc :� 2∇rbPcsa,

Bab :� �∇cAabc � PdcCdacb.
(8)
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Conformally Einstein spaces

Conformal properties of Cabcd , Pab, Aabc and Bab

Let pgab � e2ψqgab. (9)

Then

pC a
bcd � qC a

bcd ,

pPab � qPab � q∇aψb � ψaψb �
1
2
qgabqg cdψcψd ,

pAabc � qAabc � ψd qCdabc ,pBab � e�2ψ qBab

(10)

where ψa :� Baψ.
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Conformal Einstein space

Conformal Einstein space Let pgab be the Einstein metric,

pRab � cpgab ðñ pPab �
c

6
pgab (11)

Therefore pAabc � 0, pBab � 0. (12)

Necessary conditions for qgab to be conformally Einstein metricpgab � e2ψqgab:

qAabc � ψd qCdabc � 0, qBab � 0 (13)

for some gradient ψa.
Conformally anisotropic fluid metrics
Assume that the Ricci tensor has the form dictated by the energy-
momentum tensor of anisotropic fluid type and obtain the necessa-
ry conditions analogous to (13).
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Anisotropic fluid
Energy-momentum tensor of an anisotropic fluid Let pM, gabq
be a spacetime with

Tab � pρ� pq uaub � pgab � πab (14)

where

ua is a timelike unit vector field (four-velocity of the fluid)

ρ and p are scalar fields (density and isotropic pressure)

πab is the anisotropic pressure tensor

Decomposition of the derivative of ua

Let

ha
b :� δa

b � uau
b be a projector onto Σ K ua

ωab :� hra
chbs

d∇cud be the vorticity tensor

θ :� hab∇aub be the expansion scalar
σab :� hpa

chbq
d∇cud �

1
3habθ be the shear tensor

9ua :� ub∇bua be the acceleration vector
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Anisotropic fluid

Decomposition of the derivative of ua

Ultimately

∇aub � ωab � σab �
1
3
θhab � ua 9ub (15)

Continuity equation for Tab

In the present setting ∇bTa
b � 0 reduces to

ua∇aρ� pρ� pq θ � πabσ
ab � 0,

pρ� pq 9ua � ha
b p∇bp �∇cπ

c
bq � 0.

(16)

First equation can be interpreted as a rate of change of entropy of
the system, hence

πab � �λσab, λ � λ pρ, pq (17)

will be imposed to keep it positive.
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Obstructions to conformally anisotropic fluid metric
Let p pM, pgabq be an anisotropic fluid spacetime with

vanishing vorticity pωab � 0
vanishing acceleration 9pua � 0
ρ and p constant on Σ K pua

In that case shear pσab is an obstruction to conformal flatness.
Cotton and Bach tensors We havepua pAabc � 0,

puaphbc pBac � 0.
(18)

Conformal anisotropic fluid metric
Let pgab � e2ψqgab and

qua � eψpua ùñ qg cd quc qud � �1 (19)

Then

qua � qAabc � ψd qCdabc

	
� 0,

quaqhbc qBac � 0.
(20)
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Obstructions to conformally anisotropic fluid metric
Electric and magnetic parts of the Weyl tensor
Timelike vector qua induces a decomposition of the Weyl tensor
into qEab and qHab,

qEab :� quc qud qCacbd , qHab :�
1
2
quc qudqηackl qC kl

bd (21)

where qηackl the covariant Levi-Civita tensor and qEab, qHab K qua.
Decomposition of the necessary condition
Equation qua � qAabc � ψd qCdabc

	
� 0.

splits into

quaqubqhi c qAabc � qEia
qDaψ � 0, (22)

quaqhi bqhj c qAabc � qηjik qHa
k qDaψ � 0. (23)

where qDaψ � qhab q∇bψ.
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Obstructions to conformally anisotropic fluid metric

Simplification for invertible qEab

Suppose that there exists q̃Eab such that

q̃Ebc qEac �
��� qE ��� δab (24)

Then (22) yields

qDjψ �
quaqubqrEj

c qAabc��� qE ��� , (25)

so from (23),

qua qAabc

�qhi bqhj c ��� qE ���� qηjik qHd
k qubqrEdc



� 0. (26)

This gives an obstruction tensor to conformally anisotropic fluid
metric.
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Conformal class with two anisotropic fluid metrics

Let p qM, qgabq also be an anisotropic fluid spacetime with the four-
velocity of a fluid qua conformally related to pua,

qua � eψpua (27)

i.e. qTab � pqρ� qpq quaqub � qpqgab � qλqσab, (28)

Then qωab � 0, qσab � e�ψpσab, 9qua � � qDaψ, (29)

Let qρ, qp be constant functions on Σ K qua.
Condition on ψ
The continuity equation q∇b

qTa
b � 0 and the transformation rules

(29) lead to �
pqρ� qpq2 � 2e2ψqλ2pσabpσab	 qDcψ � 0, (30)
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Conformal class with two anisotropic fluid metrics

Equation �
pqρ� qpq2 � 2e2ψqλ2pσabpσab	 qDcψ � 0,

can only be satisfied if qDcψ � 0

i.e. ψ is constant on Σ K qua (also Σ K pua).
Evolution equation for ψ
Conformal transformation of pRabpuapub yields

3puapub p∇aψb � pθpuaψa � e�2ψ
�qΛ� 1

2
pqρ� 3qpq
 � pΛ� 1

2
ppρ� 3ppq .
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