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Overview

@ Parabolic geometries v.s. symmetric spaces
o BGG-complexes on homogeneous parabolic geometries
o Intertwining operators adapted to BGG-complexes

@ Poisson transforms

o Construction of PT
e PT and Differential operators
o Poisson transforms for complex hyperbolic space
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Parabolic geometries and BGG-complexes Conformal compactification

BGG-complexes

Conformal compactification

Let (5™*1,c) be the conformal sphere of dimension n+ 1 with the
natural action of G := SOp(n+2,1). Breaking the symmetry via a
tractor /4 € [(T) with /2 = 1 we obtain a natural action of the group
G = Stab(/) isomorphic to SOg(n +1,1) on S"*1.

Let K C G maximal compact and P C G parabolic. The two open
G-orbits Sy are isomorphic to the real hyperbolic space G/K with
common boundary Sy being the closed G-orbit isomorphic to the
conformal n-sphere G/P.

More generally: G connected semisimple Lie group, K C G maximal
compact subgroup, P C G parabolic subgroup, G/K of non-compact
type. Then we can view G/P as (part of) the boundary of the symmetric
space G/K at infinity.
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Parabolic geometries and BGG-complexes

Conformal compactification
BGG-complexes

The topology and geometry of these two spaces are quite different:

e G/K: complete Riemannian manifold; invariant inner products and
connections on every vector bundle; various local invariants and
natural differential operators.

e G/P: compact manifold; local invariants and natural differential
operators are rare

The boundary relation was exploited to find joint eigenfunctions of
invariant DO on G/K. However: the geometry of G/P was mostly
disregarded.

One important example of natural differential operators on parabolic
geometries is given by BGG-sequences. We recall their construction in
the case of homogeneous parabolic geometries G/P.
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Parabolic geometries and BGG-complexes Conformal compactification

BGG-complexes

BGG-complex |

Let V be a G-representation and V := G xp V its associated vector
bundle. Then V naturally carries a flat G-invariant connection V"V,
inducing a family of covariant exterior derivatives

dV: QX(G/P,V) = Q(G/P, V)
with d¥ o dY = 0.

The cotangent bundle T*(G/P) is naturally a bundle of Lie algebras.
Thus, the differentials in Lie algebra homology induce G-equivariant
bundle maps

" =05 NT*(G/P)®@ V = N1T*(G/P)® V,

called the Kostant codifferential. Since ker(0;) D im(9;, ) are
G-subbundles we can define the G-bundle

Hi(G/P, V) :=ker(9;)/ im(0,1)-
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Parabolic geometries and BGG-complexes Conformal compactification

BGG-complexes

BGG-complex Il

For all k there is a unique natural differential operator
L= Lg: T(He(G/P,V)) — [(ker(90%))

with mo L =0 and 9* o d¥ o L = 0 (“splitting operator”).

dv dv dv
: a—<—*> Qk(G/P, V) F QHL(G/P, V) a—<—*>
Ul ul
. I(ker(9*)) I (ker(9*))
v
| T, / T s
e THK(G/P, V) ~-5 T(Hisa(G/P,V)) =i -+
k—1 k+1

The operator D := 7o d" o Ly is the k-th BGG-operator and the lower
line is the BGG-complex.
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Intertwining operators

Intertwining operators

We want to relate the BGG-complex on G/P to differential forms on
G/K as follows:

Let W — G/K be a natural vector bundle. Assume there exists a
smooth intertwining operator

o: QKG/P, V) = QYG/K, W).

which is trivial on im(9*) and im(d¥9*). Then & factors to a
G-equivariant map

& T(H(G/P,V)) = Q(G/K, W)
which satisfies:

Q For o € (Hk(G/P, V)) we have ®(c) := ®(a) for any a € 77 1(0),
© For 7 € (Hk—1(G/P,V)) we have (DY ,7) = &(dY3) for any
B eni(r).
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Intertwining operators

Tractor calculus on G/K |

For relating the BGG-complex to geometry on G/K we need to consider
tractor bundles and define the differential operators induced by the
tractor connection.

Let W be an irreducible G-representation and W := G xx W the
associated vector bundle. This comes with the tractor connection VW
and the induced covariant exterior derivative d" on Q*(G/K, W).

Moreover, there is a unique inner product on W which is compatible with
the Cartan involution 6, i.e.

(X - wi,we) = —(wy, 0(X) - wy) X € Lie(G), w1, wr € W.

This induces a G-invariant bundle metric on A*T*(G/K) ® W and thus
a Hodge star operator "V as well as an L2-inner product {{ , )) on
Q*(G/K, W).

Define the covariant codifferential "V to be the formal adjoint of d"V
with respect to (( , )) and the covariant Laplace AW := dW "W + §Wd".
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Intertwining operators

Intertwining operators adapted to BGG-complexes

Theorem
Let V be an irreducible G-representation and define Vi := G xx V and
Vp =G xpV. Let

®: QX(G/P, Vp) — QYG/K, Vi)

be a smooth intertwining operator. Then the following are equivalent:
QO Akod=0
Q@ dod*=0and dod"?od* =0.

In this case we say that ® is BGG-compatible.
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Poisson transforms

Construction of Poisson transforms |

Via the lwasawa decomposition we obtain G/K x G/P = G/M with
M := K N P and thus a double fibration

G/M
>N
G/K G/P

with G-equivariant projections.
The product structure induces a pointwise decomposition
NTH(G/M)= D (NMT*(G/K)) @ (NT*(G/P)).
pt+a=k

Thus, we have a natural notion of a (p, g)-form on G/M. In particular,
for n:= dim(G/P) we can integrate (¢, n)-forms over the compact fibre
of mk, which is isomorphic to G/P.
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Construction of Poisson transforms
Poisson transforms and differential operators
Poisson transforms PT for complex hyperbolic space

Construction of Poisson transforms 1l

Fix a differential form ¢ € Q“"=k(G/M). For a € Q¥(G/P) we
construct ®(a) € Q°(G/K) as follows:

@ Consider the pullback mha € Q%%(G/M).
@ Form the wedge product ¢ A mpa € Q4"(G /M),
@ Integrate over G/P.

If ¢ is G-invariant, then ® is G-equivariant.

Definition (Poisson transform)

For all ¢ € Q%" (G/M)® we call the intertwining operator

®: QX(G/P) — QYG/K), o ¢ ATha.
G/P

the Poisson transform associated to the Poisson kernel ¢.
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Construction of Poisson transforms
Poisson transforms and differential operators
Poisson transforms PT for complex hyperbolic space

Reduction to representation theory

A Poisson kernel ¢ is a G-invariant differential form on G/M and thus
determined by its value in any point.

Let g and m be the Lie algebras of G and M, respectively. Then
p(eM) € A*(g/m)"
is M-invariant.

Theorem

There is a bijective correspondence between Poisson transforms
®: QK(G/P) — QY(G/K)
and the set of M-invariant elements in N“"~%(g/m)*.

In particular, we can construct smooth intertwining operators by
determining invariant elements in finite dimensional representations of a
reductive Lie group.
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Construction of Poisson transforms
Poisson transforms a ifferential operators
Poisson transforms PT for complex hyperbolic space

Poisson transforms and differential operators |

We define the following operators on Q*(G/M):

@ The derivative d on Q°*(G/M) splits into partial derivatives
d = dk + dp, where dk raises the first degree and dp the second.

@ The Hodge star * on Q*(G/K) induces
s QPI(G /M) — QImE/K)=Pa(G /M.

@ Define §x := (—1)° *El dxxk and Ak = dxdk + Ok dk.
@ The Kostant codifferential 9* on Q°*(G/P) induces

op: QPI(G/M) — QPI7H(G/M).

All these opera}/?rs are G-equivariant, so they induce M-equivariant maps
on (A*(g/m)*)
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Construction of Poisson transforms
Poisson transforms and differential operators
Poisson transforms PT for complex hyperbolic space

Poisson transforms and differential operators |l

Theorem
Let &: QX(G/P) — Q°(G/K) be a Poisson transform with associated
kernel ¢.
@ The compositions ® o d and ® o 9* are again Poisson transforms with
associated kernels (—1)"~**tdp¢ and (—1)"~ 105 ¢, respectively.
@ The compositions d o ®, xo ®, § o ® and A o ® are again Poisson
transforms with associated kernels dx ¢, k@, dx¢p and Ak,
respectively.

In particular, we can design intertwining operators adapted to
BGG-complexes via computations in finite dimensional representations.
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Construction of Poisson transforms
Poisson transforms and differential operators

Poisson transforms PT for complex hyperbolic space

Let G = SU(n+1,1) so that G/K = HZ™ is the complex hyperbolic
space and G/P = §2mt1 is the CR-sphere.

In this case, the BGG-complex on G/P coincides with the Rumin
complex. Explicilty, let H C T(G/P) be the contact subbundle and put
Q:=T(G/P)/H. Then for all 1 < k < 2n we have the short exact

sequence

0 ——=AN"TH*® Q* ——= NT*(G/P) N<H* 0.
The Kostant codifferential induces a bundle map

O NH* = AN 2H @ Q

which is surjective for k < n and injective for k > n+ 1. Thus, the
homology bundles # are subbundles of AKH* for k < n and quotients of
ANe—2H* 2 Q for k > n+ 1.
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Construction of Poisson transforms

Poisson transforms and differential operators
Poisson transforms PT for complex hyperbolic space

Theorem (Cap, H., Julg, 2020)
Let G=SU(n+1,1), K= U(n+1) and P C G parabolic.

Q Ifp+ q < n, there is a unique BGG-compatible Poisson transform
QPtI(G/P,C) — QP9(G/K) (up to multiples). The image of the
induced map

[©)

~p,q "

[(Hprq ®C) = QP9(G/K)

consist of harmonic, coclosed and primitive (p, q)-forms.

Q@ Ifp+qg>n+1, there is a 2-parameter family of Poisson transforms
QPTI(G/P,C) — QP9(G/K). The image of the induced maps

%0 [(Hprqg ® C) = Q79(G/K)

consist of harmonic and coprimitive (p, q)-forms and satisfy

5 Ay Oy % - e
9 ¢p+17q =0 ¢p,q+1'
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Construction of Poisson transforms

Poisson transforms and differential operators
Poisson transforms PT for complex hyperbolic space

Theorem (Cap, H., Julg, 2020)

For all 0 < k <2n+ 1 there is a family of BGG-compatible Poisson
transforms Q%(G/P) — Q*(G/K) so that the induced maps

&, T(Hi) = QX(G/K)

satisfy

@ their image consist of harmonic and coclosed differential forms which
are primitive for 0 < k < n and coprimitive forn+1 < k <2n+1

@ for the k-th BGG-operator D) we have
do Qk = Ck9k+1 o Dy
with

o — n—k+1 k<n
““Yn—k—1 k>n+1.
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