
Parabolic geometries and BGG-complexes
Intertwining operators

Poisson transforms

Poisson transforms adapted to BGG-complexes

Christoph Harrach

University of Vienna

Symmetry, Curvature Reduction, and EquivAlence Methods
August 20, 2021

Christoph Harrach Poisson transforms adapted to BGG-complexes 1 / 17



Parabolic geometries and BGG-complexes
Intertwining operators

Poisson transforms

Overview

1. Parabolic geometries v.s. symmetric spaces
BGG-complexes on homogeneous parabolic geometries

Intertwining operators adapted to BGG-complexes

2. Poisson transforms
Construction of PT

PT and Di�erential operators

Poisson transforms for complex hyperbolic space

Christoph Harrach Poisson transforms adapted to BGG-complexes 1 / 17



Parabolic geometries and BGG-complexes
Intertwining operators

Poisson transforms

Conformal compacti�cation
BGG-complexes

Conformal compacti�cation

Let (Sn+1, c) be the conformal sphere of dimension n + 1 with the
natural action of Ĝ := SO0(n + 2, 1). Breaking the symmetry via a
tractor IA ∈ Γ(T ) with I 2 = 1 we obtain a natural action of the group
G = StabĜ (I ) isomorphic to SO0(n + 1, 1) on Sn+1.

Let K ⊂ G maximal compact and P ⊂ G parabolic. The two open
G -orbits S± are isomorphic to the real hyperbolic space G/K with
common boundary S0 being the closed G -orbit isomorphic to the
conformal n-sphere G/P.

More generally: G connected semisimple Lie group, K ⊂ G maximal
compact subgroup, P ⊂ G parabolic subgroup, G/K of non-compact
type. Then we can view G/P as (part of) the boundary of the symmetric
space G/K at in�nity.
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The topology and geometry of these two spaces are quite di�erent:

G/K : complete Riemannian manifold; invariant inner products and
connections on every vector bundle; various local invariants and
natural di�erential operators.

G/P: compact manifold; local invariants and natural di�erential
operators are rare

The boundary relation was exploited to �nd joint eigenfunctions of
invariant DO on G/K . However: the geometry of G/P was mostly
disregarded.

One important example of natural di�erential operators on parabolic
geometries is given by BGG-sequences. We recall their construction in
the case of homogeneous parabolic geometries G/P.
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BGG-complex I

Let V be a G -representation and V := G ×P V its associated vector
bundle. Then V naturally carries a �at G -invariant connection ∇V ,
inducing a family of covariant exterior derivatives

dV : Ωk(G/P,V )→ Ωk+1(G/P,V )

with dV ◦ dV = 0.

The cotangent bundle T ∗(G/P) is naturally a bundle of Lie algebras.
Thus, the di�erentials in Lie algebra homology induce G -equivariant
bundle maps

∂∗ = ∂∗k : ΛkT ∗(G/P)⊗ V → Λk−1T ∗(G/P)⊗ V ,

called the Kostant codi�erential. Since ker(∂∗k ) ⊃ im(∂∗k+1) are
G -subbundles we can de�ne the G -bundle

Hk(G/P,V ) := ker(∂∗k )/ im(∂∗k+1).
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BGG-complex II

For all k there is a unique natural di�erential operator

L = Lk : Γ(Hk(G/P,V ))→ Γ(ker(∂∗))

with π ◦ L = 0 and ∂∗ ◦ dV ◦ L = 0 (�splitting operator�).

· · · Ωk(G/P,V ) Ωk+1(G/P,V ) · · ·

· · · Γ(ker(∂∗)) Γ(ker(∂∗)) · · ·

· · · Γ(Hk(G/P,V )) Γ(Hk+1(G/P,V )) · · ·

dV dV

∂∗

dV

∂∗ ∂∗

⊆

π L

⊆

π LdV ◦L

DV
k−1

dV ◦L

DV
k

dV ◦L

DV
k+1

The operator DV
k := π ◦ dV ◦ Lk is the k-th BGG-operator and the lower

line is the BGG-complex.
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Intertwining operators

We want to relate the BGG-complex on G/P to di�erential forms on
G/K as follows:

Let W → G/K be a natural vector bundle. Assume there exists a
smooth intertwining operator

Φ: Ωk(G/P,V )→ Ω`(G/K ,W ).

which is trivial on im(∂∗) and im(dV ∂∗). Then Φ factors to a
G -equivariant map

Φ: Γ(Hk(G/P,V ))→ Ωk(G/K ,W )

which satis�es:

1 For σ ∈ Γ(Hk(G/P,V )) we have Φ(σ) := Φ(α) for any α ∈ π−1(σ),
2 For τ ∈ Γ(Hk−1(G/P,V )) we have Φ(DV

k−1τ) = Φ(dVβ) for any
β ∈ π−1(τ).
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For relating the BGG-complex to geometry on G/K we need to consider
tractor bundles and de�ne the di�erential operators induced by the
tractor connection.

Let W be an irreducible G -representation and W := G ×K W the
associated vector bundle. This comes with the tractor connection ∇W

and the induced covariant exterior derivative dW on Ω•(G/K ,W ).

Moreover, there is a unique inner product on W which is compatible with
the Cartan involution θ, i.e.

〈X · w1,w2〉 = −〈w1, θ(X ) · w2〉 X ∈ Lie(G ),w1,w2 ∈W.

This induces a G -invariant bundle metric on Λ∗T ∗(G/K )⊗W and thus
a Hodge star operator ∗W as well as an L2-inner product 〈〈 , 〉〉 on
Ω•(G/K ,W ).

De�ne the covariant codi�erential δW to be the formal adjoint of dW

with respect to 〈〈 , 〉〉 and the covariant Laplace ∆W := dW δW + δW dW .
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Theorem

Let V be an irreducible G -representation and de�ne VK := G ×K V and
VP := G ×P V. Let

Φ: Ωk(G/P,VP)→ Ω`(G/K ,VK )

be a smooth intertwining operator. Then the following are equivalent:

1 ∆VK ◦ Φ = 0
2 Φ ◦ ∂∗ = 0 and Φ ◦ dVP ◦ ∂∗ = 0.

In this case we say that Φ is BGG-compatible.
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Construction of Poisson transforms I

Via the Iwasawa decomposition we obtain G/K × G/P ∼= G/M with
M := K ∩ P and thus a double �bration

G/M

πK

{{

πP

##
G/K G/P

with G -equivariant projections.

The product structure induces a pointwise decomposition

ΛkT ∗(G/M) ∼=
⊕

p+q=k

(ΛpT ∗(G/K ))⊗ (ΛqT ∗(G/P)) .

Thus, we have a natural notion of a (p, q)-form on G/M. In particular,
for n := dim(G/P) we can integrate (`, n)-forms over the compact �bre
of πK , which is isomorphic to G/P.

Christoph Harrach Poisson transforms adapted to BGG-complexes 9 / 17



Parabolic geometries and BGG-complexes
Intertwining operators

Poisson transforms

Construction of Poisson transforms
Poisson transforms and di�erential operators
PT for complex hyperbolic space

Construction of Poisson transforms II

Fix a di�erential form φ ∈ Ω`,n−k(G/M). For α ∈ Ωk(G/P) we
construct Φ(α) ∈ Ω`(G/K ) as follows:

(1) Consider the pullback π∗
Pα ∈ Ω0,k(G/M).

(2) Form the wedge product φ ∧ π∗
Pα ∈ Ω`,n(G/M),

(3) Integrate over G/P.

Lemma

If φ is G -invariant, then Φ is G -equivariant.

De�nition (Poisson transform)

For all φ ∈ Ω`,n−k (G/M)G we call the intertwining operator

Φ: Ωk(G/P)→ Ω`(G/K ), α 7→
 
G/P

φ ∧ π∗
Pα.

the Poisson transform associated to the Poisson kernel φ.
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Reduction to representation theory

A Poisson kernel φ is a G -invariant di�erential form on G/M and thus
determined by its value in any point.

Let g and m be the Lie algebras of G and M, respectively. Then

φ(eM) ∈ Λ•(g/m)∗

is M-invariant.

Theorem

There is a bijective correspondence between Poisson transforms

Φ: Ωk(G/P)→ Ω`(G/K )

and the set of M-invariant elements in Λ`,n−k(g/m)∗.

In particular, we can construct smooth intertwining operators by
determining invariant elements in �nite dimensional representations of a
reductive Lie group.
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Poisson transforms and di�erential operators I

We de�ne the following operators on Ω•(G/M):

The derivative d on Ω•(G/M) splits into partial derivatives
d = dK + dP , where dK raises the �rst degree and dP the second.

The Hodge star ∗ on Ω•(G/K ) induces

∗K : Ωp,q(G/M)→ Ωdim(G/K)−p,q(G/M).

De�ne δK := (−1)p ∗−1
K dK∗K and ∆K := dKδK + δKdK .

The Kostant codi�erential ∂∗ on Ω•(G/P) induces

∂∗P : Ωp,q(G/M)→ Ωp,q−1(G/M).

All these operators are G -equivariant, so they induce M-equivariant maps
on (Λ•(g/m)∗)M .

Christoph Harrach Poisson transforms adapted to BGG-complexes 12 / 17



Parabolic geometries and BGG-complexes
Intertwining operators

Poisson transforms

Construction of Poisson transforms
Poisson transforms and di�erential operators
PT for complex hyperbolic space

Poisson transforms and di�erential operators II

Theorem

Let Φ: Ωk(G/P)→ Ω`(G/K ) be a Poisson transform with associated
kernel φ.

1 The compositions Φ ◦d and Φ ◦∂∗ are again Poisson transforms with
associated kernels (−1)n−k+`dPφ and (−1)n−k+`+1∂∗Pφ, respectively.

2 The compositions d ◦ Φ, ∗ ◦ Φ, δ ◦ Φ and ∆ ◦ Φ are again Poisson
transforms with associated kernels dKφ, ∗Kφ, δKφ and ∆Kφ,
respectively.

In particular, we can design intertwining operators adapted to
BGG-complexes via computations in �nite dimensional representations.
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Let G = SU(n + 1, 1) so that G/K ∼= Hn+1
C is the complex hyperbolic

space and G/P ∼= S2n+1 is the CR-sphere.

In this case, the BGG-complex on G/P coincides with the Rumin
complex. Explicilty, let H ⊂ T (G/P) be the contact subbundle and put
Q := T (G/P)/H. Then for all 1 ≤ k ≤ 2n we have the short exact
sequence

0 // Λk−1H∗ ⊗ Q∗ // ΛkT ∗(G/P) // ΛkH∗ // 0.

The Kostant codi�erential induces a bundle map

∂∗ : ΛkH∗ → Λk−2H∗ ⊗ Q

which is surjective for k ≤ n and injective for k ≥ n + 1. Thus, the
homology bundles Hk are subbundles of ΛkH∗ for k ≤ n and quotients of
Λk−2H∗ ⊗ Q for k ≥ n + 1.
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Theorem (�ap, H., Julg, 2020)

Let G = SU(n + 1, 1), K = U(n + 1) and P ⊂ G parabolic.

1 If p + q ≤ n, there is a unique BGG-compatible Poisson transform
Ωp+q(G/P,C)→ Ωp,q(G/K ) (up to multiples). The image of the
induced map

Φp,q : Γ(Hp+q ⊗ C)→ Ωp,q(G/K )

consist of harmonic, coclosed and primitive (p, q)-forms.

2 If p + q ≥ n + 1, there is a 2-parameter family of Poisson transforms
Ωp+q(G/P,C)→ Ωp,q(G/K ). The image of the induced maps

Φα,β
p,q : Γ(Hp+q ⊗ C)→ Ωp,q(G/K )

consist of harmonic and coprimitive (p, q)-forms and satisfy

∂∗Φα,∗
p+1,q = ∂

∗
Φ∗,α

p,q+1.
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Theorem (�ap, H., Julg, 2020)

For all 0 ≤ k ≤ 2n + 1 there is a family of BGG-compatible Poisson
transforms Ωk(G/P)→ Ωk(G/K ) so that the induced maps

Φk : Γ(Hk)→ Ωk(G/K )

satisfy

1 their image consist of harmonic and coclosed di�erential forms which
are primitive for 0 ≤ k ≤ n and coprimitive for n + 1 ≤ k ≤ 2n + 1

2 for the k-th BGG-operator Dk we have

d ◦ Φk = ckΦk+1 ◦ Dk

with

ck =

{
n − k + 1 k ≤ n

n − k − 1 k ≥ n + 1.
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