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Introduction

® The goal is to find differential invariants of regular unparametrized
curves in Gp/P, where P is a parabolic subgroup.

® We compute the Hilbert function that counts the number of
differential invariants for curves of constant type.

® We focus on integral curves and generic curves.

® Integral curves correspond to minimal orbits of the action
G C J(Gy/P,1).

Differential invariants of such curves were computed by Doubrov and
Zelenko, and we revisit them differently.

® The twistor correspondence of G,/P; and G,/ P, via Gp/ Py, gives us
a correspondence between curves that allows us to relate the
equivalence problems for all 3 choices of the parabolic subgroup P.
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Invariants of curves in G,/P

T.he filtration
=Dy

j>i
is invariant with
respect to p = g".
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G, invariant structures in Gy/P

® M:= Gp/P;. Coordinates (x,y,p,q,z) on M.

= Rank 2 distribution M = (8, + pd, + g8, + q°0. , dy).
m Nurowski conformal structure [g] with null cone N,

g =q°dx®* —2qdxdp+ 6pdxdq —3dxdz —6dydg+4dp°.

o M := Gy/P1a. Coordinates (x,y,p,q,z,r) on M.

= Rank 2 distribution A = (8, + pdy + g8, + q°0, + rdy, 9;).
® Induced degenerate conformal structure from M with null cone
N =N xR

o K := G2/P2. Coordinates (X,y,P, CI7Z) on K.

m Contact structure D = Ann((dz — pdx — qdy)).
m Cone field ' C D of rational normal curves given by the ideal

(3dx dp — dy dq, /3 dx dy — dg°,\/3 dp dg — dy*)
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Invariants of curves in M := G, /P

® P, is the stabilizer of a point 0 € M under the action of G,.

° Jk(/\/l7 1) space of k-jets of unparametrized regular curves.

® The fiber of the bundle J*(M,1) = PTM over o € M is identified
with (ToM\{0})/Rx = Pm, where m = g/p.

* Bijection between the orbits of G, C J¥(M,1) and P, C' J5(M, 1).

® Assume that at any point of the curve its 1-jet belongs always to the
same P; orbit in Pm: the type t of the curve is constant.

® The dimension of this orbit is d;. A curve of type t is given by
4 — d; 1st order equations.

This gives a submanifold & C J*(M, 1) of codimension 4 — d;.
We construct a tower of bundles by prolonging &;

L c KM, 1)
Thk—1 +
gt c S (M)
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Number of invariants of curves in M := G, /P

® 5, is the codimension of the orbit of the action of G, on J¥(M, 1).
This coincides with the number of invariants of order k.

® hy = s, — sx_1 Is the number of invariants of pure order k.

G, is finite dimensional, hence hy = d; for large enough k.
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Number of invariants of curves in M and K
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Invariants of integral curves in M

. . L . Rio3
There is an order 10 absolute differential invariant /g = 1—()7, where

= 196 g3q5 — 2352 q3q3q7 — 5040 g3 qaqs — 3255q3 G2
+16632 6336 + 59598 63 q3qaqs + 13772 g3 q; — 83160 335
— 174735 g3q3q; + 297000 g2G5q4 — 118800 ¢5

91
Rio = 2162 Do (@:DxF:) = 7 (02D %)” +97:> (1363 — 19244).

D, is the operator of total derivative on &,
Dy = Ox + pdy + q0p + G°0; + Z Gi+10q; -
i=0
Theorem 1

The algebra Ay of (micro-local) differential invariants of integral curves

q2 D,.

is generated in the Lie-Tresse sense by /g and O;,; = 176

8/13



Invariants of generic curves in M
L R»?
® 2nd order invariant I, = =3 where

=(q+2p)* +6(qi(p— y1) — gp1) — 321,
(q+2p1)°
18

Al

Z Y2
+@anWr~ﬁ+w+mNWr~ﬂ+mnfff-

Ry = —
? 2 2 2

® There exists a canonical frame Y,V  Z 6 X ,W along v adapted to
. . ~_
the filtration. cn emn

e X istangenttoy. Lxh =1 and g(X,X)=1.
® The Gram matrix of the frame Y,V Z, X, W with respect to g is
expressed through h.

® The Levi-Civita connection of g on the canonical frame produces
invariants k1, l3p (order 3) and ly1, a2, la3, laa (order 4).
Theorem 2
The algebra Age, of differential invariants of generic curves is generated

by 7 invariants b, k;, ls; and invariant derivation Uge, = L Dy, where

Dyl
Dy, =0y + g(y,-ﬂay,. + ,D,'+18p,. + q,-+18q,. + z,-+182,).
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Twistor correspondence
G/ P1» can be viewed both as the geometric prolongation M of M and
the geometric prolongation K of K.

* M is a collection of pairs (a, p,) with a € M and p, € PIl.
* K is a collection of pairs (b, pp) with b € K and p, € [I].
3 diffeomorphism ¢ : M —» K, given by o(x,y,p,q,2z,r) =
1 9’ 9 q 3 2\ | 2¢°
(‘? V(20— %) 3= L VA(x = 7). 600 —y) - S(4x0") + g
N ) A~
G2/P12 . (M,A) —> (K,A)

vl Tr

Gy/Py - (M, 1) G2/P> @ (K,D,T)

® o interchanges the generators of the rank 2 distributions A and A.
® We have the natural projections 7(a, p,) = a, 7, (b, pp) = b.
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Integral curves correspondence

Integral curves in Go/Py and in Gy/P, are uniquely lifted to Gp/ P15 given
a point in the fiber, so we have

anPIZgAZErXPI

which gives an isomorphism between algebras of differential invariants of
G,/ Py and G,/ P, for integral curves

N

&n &r

On left side, prolongation is given by r = g;.

On right side, prolongation is given by r = ql/\@.
® 9, and j, are the right inverses of 7m; and 7, respectively.

® 7, and 7, just discard the coordinate r.
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Generic curves correspondence

For generic curves, the lift 7, is 1:1 and the lift jf is 1:2.

J(M, 1)
Y /’7 ¥\\ T
/ Jri\\\\\
J=(M, 1) 2K, 1)

® On left side, lift is given by r such that /¢, is aligned to Y, where
4 = (0« + pdy, + q0p + q°0, + rdq) C I.
® On right side, take distinguished curve § tangent to v at b € K.

m 0 — v determines 2-plane in T, K intersecting Dy on one line Tx.

= A point in PD gives secant line intersecting [I'] at points )\f.

The extra coordinate of the lift in K is given by Ax o [Tx].
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