Tutorial: caclulating Cartan tensor and deeper invariants.
Theory, algorithm A, algorithm B

Algorithm A

input: vector fields V4, V5, given in any coordinates;
a point p at which the distribution D described by Vi, V5 is (2,3,5).

output: the Cartan tensor of D at p.

Algorithm B
input: a 3 x 5 characteristic matrix of an endowed 5-dim algebra (A, P).

output: the Cartan tensor of the homogeneous left-invariant distribution D
induced by (A, P).

e In algorithm B we realize by vector fields neither (A, P) nor D.

e Algorithm B given an explicit formula for Cartan tensor in terms of 15
parameters of the characteistic matrix.
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L y-equivalence of pairs of vector fields

Take any symbol (nilpotent approximation) N = (N7, No) meaning (here)
two vector fields, expressed in a local coordinate system xi, ..., X5 such that
Ny, N, are quasi-homogeneous of degree —1 wrt the weights 1,1,2,3,3 and

the vector fields
N1, Np, N3 =[N, No], Ng = [Ny, N3], Ns = [No, N3]
are linearly independent at 0 € R®. Recall the linear operator

s 2. 2. (1) on (1)

Z is a vector field
H is a 2 x 2 matrix whose entries are functions

Definition. Two pairs of vector fields are Ly-eqivalent
if their difference belongs to the image of L.
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Preliminary normal form 1 wrt Ly-equivalence

Any pair of vector fields can be expressed in the form

Uy = F11 Ny + FioNo + Fi3N3 + FiaNg + Fis5Ns (1)
Uz = Fo1 Ny + FoolNo + Fos N3 + FogNg + Fos Ns

Claim 1. The pair of vector fields (1) is Ly-equivalent to

Preliminary normal form 1
Ur = A1aNg + ANy
Uz = A21Ngy + Ao Ns

where A11 = F1a, A2 = Fi5,A21 = Fos, Ao = Fos

Proof. Take Z = fiNy + L N>. Then
[Z, Nl] = —f2N3 mod Nl, NQ, [Z, N2] = f1N3 mod /V]_, N2
and the claim follows.
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(Z, H) preserving preliminary normal form 1

Saying that (Z, H) preserves a normal form we mean that the operator Ly
brings (Z, H) to a pair of vector fields in this normal form.

Claim 2. A pair (Z, H) preserves the preliminary normal form 1
if and only if

(Z, H) preserving preliminary normal form 1
Z = fiNi + Ny + 3Nz + f4Ngy + f5Ns

Ni(f) N+(F
= M6, = (). H = () M(E)
Proof. We have

Z = fiNy + LNy + 3Nz + fa Ny + s N5 —>
[Z, Ni] = —N1(f)N1 — Ni(2)N2 — (f2 + Ni(f3))N3 mod N, Ns
[Z, Np] = =No(fi)N1 — No(2) N2 + (fi — Na(f3))N3 mod N, Ns

and the claim follows.

April 29, 2021 4/46



Equivalence problem for 2 x 2 matrices
(whose entries are functions)

For any pair (Z, H) preserving the preliminary normal form 1 (see the
formulas in the previous slide) we have

—(f + Ni(fa))Na — N1 (f5)Ns
—No(fa)Ng — (3 + Na(f5))Ns

Introduce the following operator, from the space of triples of functions to
the space of 2 x 2 matrices with functional entries:

fs+ Nu(fa)  Ni(fs)
Mn(f3, fa, f5) = (3 No(fy)  F+ N25(f5)>

LN(Zv H) =

Therefore the Ly-equivalence for pairs of vector fields reduces to the
following equivalence for 2 x 2 matrices with functional entries:

Definition. Two 2 x 2 matrices, with functional entries, are equivalent if
their difference belongs to the image of the operator My.
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Good choice of Ny, N,

My choice of N1, Ny is, as | said in the lectures, as follows:

Ny = 8X1 + Xg(az + Xlay1 + X28y2)
Ny = 8X2 — Xl(az + X16y1 + X26y2)

The main advantage, that will be used throughout constructing an exact
normal form is as follows:

x1 N1 + xoNo = Euler vector field = E = x10x, + x20x,
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Preliminary normal form 2

In what follows Ny, N, is the nilpotent approximation in the previous slide.

Claim 3. Any 2 x 2 matrix with functional entries
is equivalent to a matrix @ such that

preliminary normal form 2

Q=(Qy): Qtr(i)zo @Q:()Qsl X252>

—x151 —x15

Ni(fa) Ni(f5)
Na(fa)  No(fs)

tr
(MN(f3 =0, 1, f5)> <2> = (E(f4;>, and the claim follows from the

Proof. We have My(f3 =0, f1,f5) = ( > , thereore

E(fs
simple fact that the equation E(f) = g has a solution f for any g in the
ideal (Xl,Xg).

Recall that E is the Euler vector field x10y, + Xx20x,.
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Reduction to preliminary normal form 2

In order to bring an arbitrary 2 x 2 matrix A to preliminary normal form 2,
we need the following operators. Introduce the operator T:

T(f) = a unique function f such that f + E(F) =f

f= Zizo F0, ) = Zil—i-iz:i Civi(Zoy1, Y2 )X X5 =

rs ()
f= Zizo ,le
We will need the following operators T1, To :
Ti(f) = Nu(T(f)),  Ta(f) = No(T(f))

Claim 4. A matrix A = (Ajj) is equivalent
to preliminary normal form 2 with

S1 =Ta(A11) — T1(A21), S =Ta(A12) — T1(A20).

Proof. Exercise.
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(f5, fy, f5) preserving preliminary normal form 2

Like above, we will say that (f3, fa, f5) preserves preliminary normal form 2
in the operator My brings (f3, fa, f5) to this normal form.

Claim 5. (f3, fa, f5) preserves preliminary normal form 2 if and only if

f3, fa, f5 preserving preliminary normal form 2
fa = x1h+ a1(z, y1,y2), fs = xoh+ az(z,y1,y2), 5= —h— E(h)

Proof. We have the equations

E(fa)+x15=0, E(fs)+xf=0

It follows af“ € (x1) and g—ﬁ € (x2). Consequently

fa = x1h1 + al(z,yl,yg) and fs = x1ho + a2(z, y1, y2). The two equations
take the form hy + E(h1) + 3 =0, hy + E(h2) + 3 = 0. It follows
hi=hy=hand s = —h— E(h). QE.D.
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Preliminary normal form 3

Claim 6. Any 2 x 2 matrix with functional entries
is equivalent to a matrix @ such that

preliminary normal form 3

2
Q=(Qj): Qtr <X1> =0, trace =0 & Q=F- <X1X§ 2
X2 —X1 —X1X2

Proof. Take f3, f4, f5 that preserve te preliminary normal form 2
(see the previous slide) with a; = ap = 0. Then

_ (—E(h) 4+ x1Ny(h) xaN1(h) _
Mn(fs, fa, f5) = < X1N2(;,) ' —E(hi +1X2N2(h)> B
_ <—X2N2(h) X2N1(h) >
xiNo(h)  —xiNai(h)

Therefore trace My(f3, fa, fs) = —E(h) and preliminary normal form 3
follows from preliminary normal form 2.
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Claim 7. One has

( x251
with

2
X2So £ (X X5
~Y . 2
—X151 —X152 —X1
Proof. Exercise.

—X1X2)
F = T1(51) + T2(52).
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f3, fy, fs preserving preliminary normal form 3

Claim 8. f3, fs, f5 preserve preliminary normal form 3
if and only if for some functions

a1 = 041(27)/1,)/2)7 Qo = 042(27)/17}/2)7 /8 = ﬁ(zaylhyz)

one has
fs = —2R1(01, a2) — 3R2(a1,a2) — 3
fa = x1( Ri(oq, a2) + Ro(o, a0) + B) + aa
fs = xo( Ri(oa, ) + Ro(ar, a2) + B ) + 2
where

Ri(a1, a2) = xo %% — x 922

— X1
175z
_ 1 2 da Jole" Jole" 2 da
Ro(on, a2) = §<_X1 o TGt — 57) +X28722)
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Proof of claim 8
Recall that £3, f4, f5 preserve preliminary form 3 if and only if
fa = x1h+ a1(z,y1,y2), fs = xoh+ az(z,y1,y2), 3 = —h— E(h)

For such f3, fa, fs the matrix My(f3, fa, f5) is in preliminary normal form 2

and it is in preliminary form 3 if and only if it has the zero trace. It gives
the equation

E(h) = Ni(a1(z,y1,y2)) + No(a1(z, y1, 2))

whose general solution is h = Ry(a1, a2) + Ra(aq, a2) + B, where

B = B(z, y1,y2) is an arbitrary function. Note that Ri(a, az) and
R>(au, ap) are homogeneous polynomials in xi, xo of degrees 1 and 2
respectively. Therefore

fs=—h—E(h) = -2Ri(a1,a2) — 3Rz (a1, a2) —
Q.E.D.
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How f3, f4, f5 that preserve preliminary normal form 3
changes the function F in this normal form?

2
We have F — F + AF where My(fs, fy, fs) = AF - <X1X§ % >
—Xi  —X1X2
The function f3, fz, f5 are determined by

a1 = Oél(Z,yl,y2),Oé2 = 042(27)/1,)/2)75 = 5(20/17)’2)-

Claim 9 (proof: straightforward calculation). The AF above is the
following degree 3 polynomial in xi, xo:

> Qixi'x2, Qi = Qi(z.y1,2)

i1+2<3
35 10 | 10ay _ 08 _ 2w — 98 | P
QO + 2 Oy + 2 dyy! Q — on 0z2 ' Q — Oy + 022
__382a2 _38041_382@2 _38&1
(20 Soz0r Q= 3509 — 397000 Q02 = 3575,
_ 19w _18%a; %o
Q30 2 8y12 y Q 1=5 Byf dy10y»
__182012 0oy _ 10’
Q2 = —3 22 T 9oy, Qoz = 5 I
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Exact normal form

The Ly-equivalence of pairs of vector fields has been reduced to the
following equivalence of functions:

e Two functions F(x1,x2, 2, y1,¥2), F(x1, %2, Z, y1, y2) are equivalent if
their difference has the form AF in the previous slide,

with some functions a1(z, y1, y2), a2(z, y1, y2), B(z, y1, y2).

Proposition 10. With respect to this equivalence, an exact normal form is
the ideal I that | defined in the first lecture.

The proof requires some work,
but it is not difficult if you know certain techniques.

We have constructed an exact normal form for pairs of vector fields with
respect to the Ly-equivalence:

<£> - (%;) +F <i1§1§ _if;) <[[IX}2’7[[A,<}1”A,<,22]]]]> , F € ideal |
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If Cartan tensor only, not deeper invariants:
much simpler

Note that if a pair of vector fields in preliminary normal form 3 is
quasi-homogeneous of degree i/ then the function F in this normal form
is quasi-homogeneous of degree i + 1.

The Cartan tensor is an invariant in the classification of quasi-3-jets.
Therefore for finding Cartan tensor we have to normalize

F=FMyFl L B4 I

Here and in what follows [i] denotes the an object (function, vector field)
is quasi-homogeneous of degree i.

It is easy to prove
FII <o, Fl& <o, FB ~o.
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Claim 11.

An exact normal form for F € [4] is the space of homogeneous degree 4
polynomials caoxf + -+ - + cp.aX5.

Any F(x1,x2,2,y1,¥2) € [4] is equivalent to F(xi,x2,0,0,0)

Proof. It is a direct corollary of the fact that AF in claim 9 does not
contain monomials x{, x3x2, x2x3, x1x3, x5 € [4] and

Claim 12. All other monomials in [4] are in AF, with suitable
041(}/1,}/272%042(}/17}’2,2)75()’17)/272)-

The simplest way to prove Claim 12 is using the dimensional counting; it
reduces Claim 12 to

Claim 13. Let a1(z,y1,y2), a2(z, y1,y2) € [7],8(z, y1,y2) € [6], so that
AF € [4]. The equation AF = 0 holds if a 14-dim vector space of tuples

ay, G, ﬁ

We can easily calculate a basis of this 14-dim vector space.
It gives a parameterization of g, = ker Ly.

Along with the calculations above it gives

a representation of g, by vector fields.
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Normal forms and deeper invariants

The Cartan invariant is the invariant in the classification of quasi-3-jets,
with respect to the weights 1,1,2,3,3.

It is a part of the invariants in the classification of usual 5-jets,
with respect to the weights 1,1,1,1,1.

(Attn: for the usual jets x29,, has degree 1, not 0).

In the clasification of usual 4-jets there are no invariants.

The calculations above and the ideal | (first lecture) lead to the following
normal form for the usual 5-jets:

Vi = Ny + xG(x10y, + x20y,)

Vo = No — x1G(x10y, + x20y,)

G = F®)(x1,x2) + zFO®) (x1, x0) + 22FP) (xq, x0)+

+rxaz(xiys — xoy1) + nxaz(xiys — xoy) + w(xiys — xoy1)?

(/) = homogeneous degree |

F(*)=Cartan tensor, up to a non-singular linear transformation of xi, xo.
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Here, except Cartan tensor, we have 10 more parameters:
the coefficients of I-_(3)(x1,x2)7 F(2)(x1,x2) and r, ), w.

But the tuple of these 10 parameters is not an invariant,

bacause of 2-dim g,/ and 1-dim g,!, and 2-dim g,0!.

Since zF®)(x1, x2) € [5], 22F®)(x1, x2) € [6],

x12(x1y2 — xoy1), X2z(x1y2 — Xx2y1) € [7]

there is a certain action of g, on F(3)(xq, x2), of g, on F®)(x, x0),
and of 92[3] on (r1, r2) in the normal form in the previous slide.

This action depends on the Cartan tensor F(*)(xq, x2).
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Claim 14. For a generic Cartan tensor
(~ x4+ cx#x3 + x5, c # £2) we have the following reduction:

F(3)(X1,X2) — Wle’ + W2X§

F(2)(X1, xp) — W3Xf + W4X§j
rn,rn — 0

After this reduction, the tuple ¢, wi, wo, w3, wy, w is a complete invariant
in the classification of 5-jets of (2,3,5) distributions with respects to the
weights 1,1,1,1,1.

Question. Probably there is a certain geometric object, that can be
constructed in a canonical way (some curvature?) and can be identified
with the equivalence class of 5-jets of (2,3,5) distributions with respects to
the weights 1,1,1,1,1,

in the same way as the Cartan tensor and can be identified with the
equivalence class of 5-jets of (2,3,5) distributions with respects to the
weights 1,1,2,3,3.

| would be happy if Dennis can answer.

April 29, 2021 20/ 46



Can we do a similar work with another nilpotent
approximation?

Conceptually: yes. Practically: NOT.

Take for example the “Monge symbol”
N1 = axl, N2 = 6X2 + X16X3 + X36X4 + X128X5.

It is easy to obtain the following preliminary normal form with respect to

the Ly-equivalence:
Vi= Ny, Vo= N+ x3 (P(4)(X17X2) +[> 5]>3x5

and P*)(x, x2) in this normal form is another way
to express the Cartan tensor.

BUT this normal form does not respect the group
GL(2)=quasi-homogeneous degree [0] symmetries of N,
i.e. in the terminology of my first lecture it is not good.
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The Cartan invariant will be the equivalence class of the tuple of 5
coefficients of P(*)(xy, xo) with respect to a very involved action of GL(2).

And normalization of [> 5] to some ideal, like | did for “my” nilpotent
approximation is, | guess, not doable.

The thing is that the infinitesimal symmetries of quasi-degree [0] of the
Monge symbol are very involved (one can easily calculate them), whereas
“my"” symbol has the following advantage which is the reason why | can
do simple calculations, without being blocked after few steps, and why |
can effectively use the obtained normal form:

The quasi-homogeneous infinitesimal symmetries of “my” symbol of
quasi-degree [0] with respect to the weights 1,1,2,3,3 are homogeneous of
degree (0) with respect to the weights 1,1,1,1,1.
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Algorithm A, first two steps

Algorithm A:

input: vector fields Vi, V5, given in any coordinates;
a point p at which the distribution D described by V4, V» is (2,3,5).

output: the Cartan tensor of D at p.
Step 1: shift the coordinates such that p = (0,0,0,0,0).

Step 2: calculate the usual 5-jet of the vector fields (with respect to the
weights 1,1,1,1,1; attn.: it is the 6-jet of the coefficients of the vector
fields) and take away the higher order terms - they do not affect the
Cartan tensor.
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Algorithm A, steps 3 and 4

Step 3. Work with the usual 1-jet of the vector fields (with respect to the
weights 1,1,1,1,1; attn.: it is the 2-jet of the coefficients of the vector
fields) in order to change the coordinates such that the vector fields do not
contain quasi-homogeneous parts, with respect to the weights 1,1,2,3,3, of
degree [-3] and [-2], and the quasi-homogeneous degree [-1] part is “my”
symbol.

It is simple but a bit technical; can be easily algoritmized.
| have no time to explain.

Step 4. Calculate the quasi-homogeneous parts of the vector fields, with
respect to the weights 1,1,2,3,3, of degrees [0], [1], [2], [3] and take away
the terms of higher degrees with respect to these weights - they do not
affect the Cartan tensor. Now we have

<V1> _ <N1> LW w4
Va) = \ My

where W are certain pairs of quasi-homogeneous
vector fields of degree [i].
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Algorithm A, steps 5 and 6

Step 5. Find (Z, H) € [1] such that Ly(Z,H) = —wIl.
We know that such (Z, H) exists and unique

up to the 2-dim vector space g, !l

Does not make difference which (Z, H) to take.

A straightforward way is to solve a system
of 48 equations with respect to 50 unknowns.
A better way is to use step-by-step reduction formulas given above.

Step 6. Make a change of coordinates exp(Z, H) with a properly defined
exponential map for (Z, H).

We obtain
Vi _ (N i w2l sl
(1) (1) o v o

with new quasi-homogeneous parts of degrees [1], [2], [3].
The h.o.t. can be taken away.
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The calculation of W, W2 Wl is immediate
using the formula

1 1
exp(Z,H),V =V + Ly(Z,H) + iL2V(z, H)+ = L3(Z,H)+ -

3!
Vi
where V = v and Ly(Z,H)=[Z,V]+ HV.
2

Remark. No need to calculate W12 _ will be explained below.
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Algorithm A, steps 7,8

Step 7. Find (Z, H) € [2] such that Ly(Z, H) = —wWI.
We know that such (Z, H) exists and unique
up to the 1-dim vector space g, 2.

Does not make difference which (Z, H) to take.

A straightforward way is to solve a system
of many p (around 100) equations with respect to p + 1 unknown.
A better way is to use step-by-step reduction formulas given above.

Step 8. Make a change of coordinates exp(Z, H). We obtain

Vi _ (N |, e s
<V2>—<N2>+W LW

with new quasi-homogeneous parts of degrees [2], [3].
The h.o.t. can be taken away.
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Algorithm A, steps 9,10

Step 9. Use the above formula for exp(Z, H).V to calculate wil,
No need to calculate W2,

Step 10. We know that W2 can be killed by a suitable (Z,H) e [3].

It will change the quasi-homogeneous parts of degrees > 4 but not /\/\7[3],
so that up to equivalence

(5;) _ (%) W [ 4

The part [> 4] can be taken away.
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Express Wl in the form

Wil — <A11N4 + A12Ns

A21Ng + Az Ns

) mod Ny, No, [Ny, No]

Find Cartan tensor from A;; by the explicit formulas above.
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Algorithm B

input: a 3 x 5 characteristic matrix of an endowed 5-dim algebra (A, P).

output: the Cartan tensor of the homogeneous left-invariant distribution D
induced by (A, P).

e In algorithm B we realize by vector fields neither (A, P) nor D.

e Algorithm B given an explicit formula for Cartan tensor in terms of 15
parameters of the characteistic matrix.
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g, = ker Ly

g9, = 92[_3] + gz[_2] + 92[_1] + gz[o] + 92[1] + 92[2] + 92[3]
0.1 = Z in ker 1]

W (zHyell - |z, %)} +H<xl>

0.1 = span <££i1]76£i1])7 .13 = span< £i3] E:B])
gz[i2] = span <€[i2]>
9,19 = span ({‘L?], A € basis of g[(z)>

Ol _ /() (%x ,
Ex = <A <x2> , ( 8X2> > + trace A - z0,+

+<(A+traCeA'/) <;V,;) ) (%;) >
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g, = ker Ly: structure equations, part 2
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Normal form and symmetries

We have a homogeneous (2,3,5) distribution dscribed by vector fields

Vi=N;+ V1[3] + [2 4], V1[3] = XQF(Xlay1 + X28y2)
Vo =N+ VB + > 4], VI = oF (x40, + x0,,)

F = caox} + c31x$x2 + coax?x3 + c13x1%3 + coaxs = Cartan tensor
We have 5 unfinitesimal symmetries
a1, a2, a3 = [a1, &), a1 = [a1, a3], a5 = [a2, a3]

where 81(0) = \/1(0)7 32(0) = VZ(O).
The generating 2-plane in the Lie algebra span(ay, ..., as) is

P = span(a1, a2).
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Since [aj, V] = 0 mod Vi, V it follows that for the decompisition of a1, a»

by quasi-homogeneous parts [i] we have

a=ay al) all a4 [> 3
m=ay ay +ay +ap) + =3
(-1]

a;

o]

€ 92[71], EHAS 92[0]7 a,['l] € 92[1]7 a?] = 92[2]

Therefore we have the following normal form for
(distribution; infinitesimal symmetries aj, a,):

Vi =Ny + VE 4[> 4]

v2 N, 5 v[3] + [> 4]
a=ey f b el 4 a4 el 4 > 3)
ap = €£ 1y EB r21§;[[1] + r22€£1] + r3él® + > 3]

parameterized by rjj and 2 x 2 matrices A, B.
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Simplification of the normal form
Apply a local diffeo (a change of coordinates) of the form
O — exp (Wlf;[[ﬂ + ot wse 1wl W5§£3])

Whatever are wy, ..., ws, we have

V4 = Vi mod Vi, Vo + [>4]
o, Vo=V, mod Vi, Vo + [> 4]

Therefore this change of coordinates, along with multiplication of Vi, V5
by a suitable 2 x 2 matrix, preserves the normal form for Vi, V, in the
previous slide.

Claim. Taking suitable wa, ..., ws, we can change the parameters in the
normal form for a1, as in the previous slide such that

A and B are traceless matrices (by wi, wy)
rio = ry (by ws)

rn3 = r;3 =0 (by ws, ws)
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Working with the normal form for ay, a,

We obtain the following normal form for ap, a»:

ay = d‘” + SE?] + r1§£1] + ngl] +[> 3], traceA=0
a = ££_1] + fl[g] + ngl] + rzfgl] +[>3], traceB=0
We have

ag = ¢ 4 agfl] + ago] + agl] +[> 2]
=€ O bay by e 4[> ]
as =G o hap o tap 4ag +[2]

[a1, as] = [a1, a4]73 + [a1, 2]l 72 + [a1, a4 Y + [> 0]
[a1, as] = [a1, as]73) + [a1, as] 72 + [a1, as)l "1 + [> 0]
[a2, as] = [a0, as]173) + [a2, as] 72 + [a, as)l "1 + [> 0]

All blue quasi-homogeneous parts are uniquely determined
by the tracelsss matrices A, B and ry, o, s.
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The traceless matrices A, B and ry, r, s are determined
by the 3 x b characteristic matrix (t;)

We have

a[;” = (—An + Bll)é{_l] + (A11 + B21) £_3]

It follows

35_2] = (A11 + Bx )¢, 82_2] = (A2 — Bp)¢l2
It follows

[a1, a4] 3 = 3215[ 1 A215£_2]

[a1, 5] = — 1153 Uy A11§:E;72]

[a2, a5)73 = —Buoeh M 4 Appel

On the other hand from the characteristic matrix:
[a1, aa]3 = 106l 4 1156l

[a1, a5) 73 = toael 7 4 156

[a2, a5) 73 = t346l 7% 4 55607

April 29, 2021 38 /46



It follows:
t t —t —t
A— 25 35 . B= 24 34
—t35 —tog —tia 24

A similar calculation of [ay, a4](7, [a1, as]1 72, [a2, as]l =2,
from the structure equations for g,

versus from the characteristic matrix leads to:

n= %(—t13 — t2, — Ati5tog + 2tiatos + ts — 2ti5135)
= %(—t33 + t3, — dtastss — 2tiatzs — t3s + 2taatss)

s= %(—t23 — tiatos — 3toatos — tistas + 2tiatss — tostss)
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What does it give?

Now we have a normal form for Vi, V, describing the distribution

Vi = Ny + VE 4[> 4], VI = x0F(xqd,, + x0,,)
Vo = Np + VE 4+ [> 4], VI = xuF(xq0,, + x0,,)

F = caoxi + c31x0 + coox2x3 + c13x1%5 + coaxs = Cartan tensor

and a normal form in the same coordinates for ay, as:

3 — g[ 1] E[O] _|_ r E[l] _|_ Sggl] [3] [> 3]
ap = 5“” + sel! +r2££”+¢2 +[>3]

and we know everything blue, in terms of the entries of the characteristic
matrix, but we do not know ¢[13], ¢>[23].
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[13], ¢[23] and Cartan tensor

The fact that a; and ay are infinitesimal symmetries implies the equations

3

L (o, ) + e ”,@13])]:0
3

(o5, o) + | ”,@1])

where Hi, Hy € [3] are some 2 x 2 matrices. We know that these
equations are solvable wrt qb?], H; and ¢[23], H, for any V[3], V2[3]. The
solutions are unique up to linear combinations, with numerical coefficients,
of 5[3], Bl ¢ 9,81, Therefore

¢[1] — R+ + C04R1[5] + q11€[ + q12£[3]

¢[3] = C40 R[3] -+ C04R2[35] + q21§£ + Q22€£3]

where ¢y, ..., Cos are the coefficients of the cartan tensor and R,.[j3] are fixed
functions, we can express them by a formula.

=0
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Formulas for the coefficients cs, ..., cos of the Cartan
tensor

Calculating [a1, a)l™, [a1, as](7 Y, [a0, a5] (71,

from the structure equations for g,

versus from the characteristic matrix

gives us certain equations where ci, ..., cs and gj; are not involved.
These equations give us the relations between the entries of the
characteristic matrix that follow from Jacobi identity.

But calculating [a1, a4](), [a1, a5](%, a2, as]!°!

from the structure equations for g,

versus from the characteristic matrix

leads to a system of 12 linear equations wrt the 9 unknowns

€1, .-+, €5, 411, 412, q21, §22.
We know that this system is solvable.

It has a unique solution, and we obtain formulas for ¢, ..., Cpa.
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Are these formulas involved?

No, here they are:

Ch0 = ﬁ(gt% + 100tyot14 + 18t13t124 + 91‘1‘4 — 100t11t15 + 60t14t15t03 —
188t13ti5t4 + 72t124t15t24 + 364t125t224 + 164t13t14to5 — 36t134t25 +
180t15tr3tr5 — 464t 4t15t04t05 — 198t13t225 + 238t124t225 + 608t15 t24t225 —
404t14t235 + 1891’35 — 60t125t33 - 60t14t125t34 — 60t125t25 t3g + 96t13ti5t35 —
2412 ty5t35 — 41612 taatss + 308tiatistastss — 276t15tas tas + 96t 12 )

and not more involved formulas for c31, ¢, c13, cos. You want to have
these formulas? E-mail to me and you will have them.

Recall that the parameters t;; of a characteristic matrix is not an arbitrary
tuple of 15 real numbers, there are certain relations because of Jacobi
identity. But these relations do not simplify the formulas substantialy.
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The case of endowed (5,3,0) algebra

Recall (lecture 1, lecture 3) that the characteristic matrix

of a (5,3,0) endowed algebra is determined by its last 2-columns -
reduced characteristic matrix.

It is a 3 X 2 matrix, and its 6 entries are arbitrary numbers.

Any reduced characteristic matrix is equivalent to

o0 o
o QA o

In this case the coefficients of Cartan tensor are as follows:
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cao = 9a* 4+ 90a%bc + 125b%c? — 54a3d — 190abcd + 101a%d? + 60bcd? —
60ad® — 42a%be — 90b?ce + 66abde + 9b2e?

c31 = 4(3¢c — e)(3a% + 25abc — 13a%d + 12ad? — 12abe — 9bde)

€2 =
2(3c—e)(6a°c+50bc? —26acd+24cd? —a’e—15bce+9ade—18d%e—9be?)
c13 = —4(a —3d)(4c — 3e)(3c — e)e

coa = —(4c —3e)(5¢c — 3e)(3c — e)e

We see that in the case e = 3¢ the Cartan tensor is either £x; or 0. Note
that we know that without computing Cartan tensor, because in the case
e = 3c the reduced characteristic matrix is special (see lecture 3) and then
the endowed 5-dim algebra is an endowed subalgebra of one of the 7-dim
endowed algebras.

And we see a number of cases when the Cartan tensor is 0, i.e. the

distribution is flat. Example: e = 4, a =4 27bc = 20d°.
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