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Plan of the series of talks:

First part:
— d = 11 Supergravity
— Detour on Lie superalgebras (including the Poincaré superalgebra)
— Killing spinor equations and Killing superalgebras
— Brane solutions

Second part:
— Homogeneity theorem
Filtered deformations

— Spencer cohomology and Killing spinors
— Maximally supersymmetric backgrounds

Third part:
— Clifford algebras
— PDEs on spinor bilinears
— Highly supersymmetric backgrounds



An incomplete history of supersymmetry

1960s: Is there a group larger than the Poincaré group whose irreps

contain irreps of the Poincaré group with different masses and spin?
1967: No (Coleman—Mandula);
1975: Yes, more or less (Haag—Lopuszanski-Sohnius). It required the

introduction of the Poincaré supergroup, whose irreps break up into
particles with the same mass but different spin (bosons/fermions);

1976: construction of supergravity in d = 4 (Ferrara—Freedman—van
Nieuwenhuizen);

1978: there exists irrep of Poincaré supergroup in d = 11 with field
content (g, A, ¥) (Nahm);

1978: the theory of 11-dimensional supergravity predicted by Nahm
was constructed by Cremmer—Julia—Scherk.



An incomplete history of supersymmetry

The action functional they discovered is given by the sum
I=Igg+Ily+Ilcs+ - = %/ deol—i—%/ F/\*F+$/ FAFANA4+O(T)
M M M

where:

— (M, g) is an 11-dimensional Lorentzian spin manifold,

- F € Q%M)is a closed 4-form on M (locally F = dA);

- U el'(T*M ® S(M)) is the gravitino (here S(M) is spinor bundle).
It is one of the crown jewels of modern theoretical physics. The action is
invariant under local diffeomorphisms and also “supersymmetries”, special

transformations that are spinorial analogues of classical diffeomorphisms
between manifolds.



An incomplete history of supersymmetry

The bosonic field equations of 11-dimensional supergravity are a very
interesting system of coupled PDEs:

dxF=1FAF “Maxwell type eqs”

(1)
Ric(X,Y) = 1g(xF,oy F) — £||F|?g(X,Y) ‘Einstein type eqs”

The transformation of the gravitino ¥ under a supersymmetry ¢ € T'(S(M))
takes the form .U = De + O(¥), where D is the connection on the spinor
bundle given by

Dxe=Vxe— 3;(X-F—3F-X)-e (2)



Goal of these lectures

— understand these notions and their interplay;

— see the main properties of supergravity backgrounds (construction of
a Lie superalgebra generated from spinor fields, structural results for
highly supersymmetric backgrounds, etc...) together with the most
important examples;

— along the way...a bit of spin geometry and Lie superalgebra theory
(Kac's classification of simple Lie superalgebras, the Poincaré

superalgebra, etc...).



Detour on Lie superalgebra theory
Def. A Lie superalgebra is a vector space of the form
9=0g5Do7
endowed with a bilinear map [-,-] : g X g — g such that

- [95 90l C g0, 90> 01] € 97, [o7, 01 C 053
— for any homogeneous X, V" (i.e. with X € g;, Y € g7)

(X, Y] = —(— )Xy, X] <|X parityofX{(l) )

— for any homogeneous X, Y, Z
(X, [, 2)) = [[X, Y], 2] + (- )My, [X, Z))



Detour on Lie superalgebra theory

Equivalently, a Lie superalgebra g = g5 @ g7 is the datum of:

a Lie algebra gj;

a representation p : g — ¢l(g7) of gg;

a symmetric bilinear map k : ®2g7 — gg that is gg-equivariant;
— a compatibility condition for p and k:

p(R(X, X)X =0
for all X € g7.




Detour on Lie superalgebra theory
Ex 0. The general linear Lie superalgebra gl(m|n) is defined as follows:
C™™ = C™ @ C" (decomposition into even and odd parts)
A B A 0 0 B
L = = —|—
C D 0 D c o0
[L,L']=LoL — (—1)MIFIL" o I, for example

[ 0 B 0 B - BC' + B'C 0
c o)'\c o] 0 CB +C'B

The supertrace of L is defined as str(L) = tr(A) — tr(D) and the special
linear Lie superalgebra as sl(m|n) = {L € gl(m|n) | str(L) = 0}. If m =n,
then Id is central in sl(m|n) and one also considers psl(m|n) = sl(m|n)/CId.



Detour on Lie superalgebra theory
Ex 1. Orthosymplectic Lie superalgebra:

C™I™ together with an even non-degenerate supersymmetric bilinear form

I
(with, say, Gram matrix d 0 )
0o J

A B

osp(m|2n){< >|At+AO,DtJ+JDO,Btjc}
C D

Ex 2. Periplectic Lie superalgebra:

C™I™ together with an odd non-degenerate supersymmetric bilinear form

(with, say, Gram matrix 0 1d )
Id 0

pe(m) = { (g —it> | Bt =B,C = C’t} , spe(m) = pe(m) Nsl(m|m)



Detour on Lie superalgebra theory

Ex 3. Queer Lie superalgebra:

0 —Id
cmlm together with an odd complex structure (with, say, matrix (Id ))

0
w15 4}
sq(m) = { <g i) | tr(B) = O}

psq(m) = sq(m)/C1d

Ex 4. Lie superalgebra of all vector fields on a purely odd supermanifold:

W(m) = Der A*C™ = {Z Po(0%,-- ,0™)3pa | Py € A'(Cm}
a=1



Detour on Lie superalgebra theory
Finite-dimensional simple (complex) Lie superalgebras g = g5 @® g7 were classified
by V. Kac in 1977 and split into two main families:
— classical, for which the adjoint action of gg on g7 is completely reducible;
— Cartan Lie superalgebras W (m), S(m), S(m), H(m), analogs to simple
Lie algebras of vector fields.

Classical Lie superalgebras consist in turn of the strange pe(m) and psq(m)
and of the Lie superalgebras with a non-degenerate “Killing form":

’ 9 \ 9% \ 9T \
5[(m|n) m n\* m)* n
ot sl(m) @ sl(n) @ C ((C ® (C™) )EB(((C )*®C )

osp(m|2n) 5o(m) ® 5p(2n) (Cm ® (C2n
m,n > 1
:5;(2‘1?’)00 5[(2) @ s(2) @ sl(2) C?eC?eC?
F(3]1) 50(7) @ sl(2) S® C?
G(3) G2 @ sl(2) C7T®C2




Exercises on Lie superalgebra theory

The Killing form of g = g5 @ g1 is defined as b(X,Y) = str(adx oady). Show
that:

bis even: b(g;,05) =0 if i+ j=1;
— bis supersymmetric: b(X,Y) = (—1)XIVp(y, X);

if g =sl(mn), then b(X,Y) = 2(m — n)str(X - Y);
if g = osp(m|2n), then b(X,Y) = (m — 2n — 2)str(X - Y);

— if g = pe(m), then b =0 (do not compute b explicitly!).

Show that:
— Levi Thm is not true in general (hint: sl(m|m) # psl(m|m) & C1d);
— derivations are not all inner (hint: der(psl(m|m)) = pgl(m|m));

— semisimple Lie superalgebras are not necessarily direct sum of simple
ideals (hint: g =g—1 ® go ® g1 = Cdy ® [P 10 for [ simple Lie algebra).



The Poincaré superalgebra

Let (V,7n) be a real d-dimensional Lorentzian vector space. The double
cover Spin(V) of the special orthogonal group SO(V') can be identified
with a particular group of invertible elements in the so-called Clifford
algebra C¢(V'). Such algebra is isomorphic to the vector space
CUV)=AV =RaV@A*V®--- @AV, but with a modified product.

Cl(V') always admits a representation as a suitable matrix algebra, for
example CA(V) = R(32) @ R(32) if d = 11 and CA(V) = R(4) if d = 4.
Since Spin(V') C C4(V'), we have a representation of Spin(V') (and hence
of s50(V) = Lie(Spin(V)) = A2V) by means of matrices acting on the
spinor representation S (for example, S = R3? if d = 11, S = R* if d = 4).
Since C4(V') = A®V, we also have that polyvectors on V' correspond to

matrices acting on S. The actions of such matrices are called Clifford
products between elements of A®V and elements of S.



The Poincaré superalgebra

Let d = 11 for concreteness. On S there is an so(V)-invariant symplectic
form (—, —) such that (v - s1,s2) = — (s1,v-s2) forall v €V, 51,50 € S.

The transpose of Clifford action V ® S — S gives a way to square
spinors: a map k : ®2S — V known as Dirac current:

n(k(s,s),v) = (s,v-s) veV,selS (3)



The Poincaré superalgebra

Let d = 11 for concreteness. On S there is an so(V)-invariant symplectic
form (—, —) such that (v - s1,s2) = — (s1,v-s2) forall v €V, 51,50 € S.
The transpose of Clifford action V ® S — S gives a way to square
spinors: a map k : ®2S — V known as Dirac current:
n(k(s,s),v) = (s,v-s) veV,selS (3)

Def. The Poincaré superalgebra is the Lie superalgebra p = p; @S pg where
(i) pg=s0(V)aV;

(i) pr =5
(iii) the nonzero Lie brackets are:

[A,B]= AB-BA, [A,s]=A4s, [Av]=A4v, [s,8]=k(s,s),

forall A,Beso(V),seS veV.



Killing superalgebras

Let (M, g, F) be Lorentzian mnfd (M, g), dim M = 11, with closed F € Q*(M)
and endowed with a spinor bundle S(M) — M (the fiber S(M), = S = R3?). The
bosonic equations of supergravity are two coupled PDEs [Cremmer-Julia-Scherk '78]:

(%)
d«F=L1FAF

Supersymmetry transf. 6.¥ = De + O(¥) of the gravitino U gives the so-called

superconnection on S(M):
Dxezvxefi(XJ?’—?)F'X) - €,

for all v.f. X and sections € of S(M).



Killing superalgebras

Let (M, g, F) be Lorentzian mnfd (M, g), dim M = 11, with closed F € Q*(M)
and endowed with a spinor bundle S(M) — M (the fiber S(M), = S = R3?). The
bosonic equations of supergravity are two coupled PDEs [Cremmer-Julia-Scherk '78]:

(%)
d«F=L1FAF

Supersymmetry transf. 6.¥ = De + O(¥) of the gravitino U gives the so-called

superconnection on S(M):
Dxezvxefi(XJ?’—?)F'X) - €,

for all v.f. X and sections € of S(M).
Def. A symmetry of a solution of (x) is a pair (&, ¢) given by

(i) a Killing vector field for g preserving F, i.e., a v.f. £ s.t Leg = LeF =0;
(ii) a (generalized) Killing spinor, i.e., a section € of S(M) s.t. De= 0.



Killing superalgebras

Thm[Figueroa-O'Farrill, Meessen, Philip '05] The Zs-graded v.s. ¢ = 5 @ #1
of symmetries of (M, g, F') has a natural structure of Lie superalgebra, called
the Killing superalgebra.

Ex. (M, g) Minkowski, F =0, D =V then £; 2 S, £ 2 s0(V) ® Vandt = p.

Idea of the proof.
We will use that the L-C connection is compatible with symplectic form
on S(M) and Clifford multiplication, and employ combinatorial identities
for the Clifford algebra together with PDEs associated to differential forms.
Now

by ={{ € X(M) | Leg =Lk =0}

is clearly a Lie algebra, and we have a putative bracket [¢1, ¢;] C £ given
by the Dirac current. What about the action of 5 on £;?



Idea of the proof — continued

Kosmann'’s spinorial Lie derivative is defined for all Killing vector fields &
and spinor fields € by
£§6 = Vge + Ag(e) s

where A; € T'(s0(T'M)) is the tensor defined by A¢(X) = -V x¢. (As
kind of motivation, note L X = VX + A (X) =V X — Vx¢ =€, X].)
Exercise:

= [Le, Lyle = Lig e

- Le(X-e)=16,X]-e+X - Lee

- Le(fe) =&(f)e+ fLee

= [Le; Vxle = Ve xje

It follows that &G acts on £; via the spinorial Lie derivative:



Idea of the proof — continued
for all £ € &5, € € &7 and X € X(M), we have
Vx(Lee) = Le(Vxe) = Vie xe
Eg(i(X F—-3F-X) - ) 14([5 X]-F—3F~[§,X]) - €
2(X LeF —3LeF-X) - e+ 57(X - F—3F-X) - Lee
= L(X - F—3F-X) - Lee.

[\~

[~}

It is also easy to see that the Dirac current is equivariant:
g(Ler(e €), X) = E(g(k(e,€), X)) — g(k(e, €), Le X)
=¢((6X-€)) —(6,LeX - €)
= <££€7X ' €> + <63X ' £f€>
= g(/@(ﬁge,e),X) +g(/€(e,£56),X) .

It remains to show that « takes values in £5 and the odd-odd-odd identity.



Idea of the proof — continued
First of all, for £ = k(e €), we have

g(VXE,Y) :g(VXﬁ(e,e),Y) :2g(m(VXe,e),Y)
= %g(m(X-Ff,e),Y) —3%Q(K(F'X~€,€),Y)
=4 (X -F-eY -e—35(F-X €Y ¢
=—2( X -F-ee)+35 (Y -F-X ce
=—2Z (iyixF e€e)— Z(YANXAF €e)
— 32 (yixF-e,€) +3Z (YAFAX €€

where we used ©2S =2 AV @ A2V @ APV and A2S 2 AV @ A3V @ A*V.
The expression is clearly skew in X and Y, hence V¢ is a section of so(T'M)
and ¢ a Killing vector field! The rest is the difficult part of the proof.



Idea of the proof — continued

To prove that £ = k(e, €) preserves also F', we shall consider the 2-form
w® € Q?(M) constructed quadratically out of €

WX, Y)= (e, XAY -€) .

Since ¢ is a Killing spinor, the 2-form satisfies some interesting PDEs (we
will be back on this in the next lectures). One of them is dw® = —iF.
Then

LeF = digF +1edF = —d(dw'?) =0,
since F'is closed. It remains the odd-odd-odd identity, which amounts to
the vanishing of Lee = Vee + Ag(e) = 2 (€ F — 3F - &)e + A¢(e). Now
Ag(X) = —va = —VX (KJ(E,E)) = —2K(VX€,6)
=—5K((X - F—3F-X)e,e),
so that A¢ and L¢e depend algebraically on €. One then checks L¢e =0
algebraically. B



Examples of supergravity backgrounds

The (elementary) brane solutions are deserived on

MR R « & (a=3-p)
Zm‘”%(%—ﬁuﬁ) T‘a blﬂ'm(%w'ﬂmlﬂ:m&-

of P-dincanansl bk

CE‘}&J\ coled brone .

with a metric of the form j H L@ 2‘»{4? - KU i’) 2% ) where H is
4 harmonic Favction on R = pwz X 5 depending only on the distance from the brave
L O: otb [m’befﬂa;o)
¢

and F or xFis - clH_j;\ chDQ./R»l,P. Heuce P:IL or.P:5 , for real vumbers M,‘?QR

+o be determined via the equations of superaravity.

2

=

ﬁ

L7‘-
/

N



W2 Brane solutions. (i.6.P-2) T +his case D(=—?/:) ) %-% with H(f)= owb —p

% 5 T
- (oub — [oab 4 P
308 (4] G ag)
and F- - CJHAi &%%RM‘ . (This brawe has an electric
charge, given by integrating 1 on §md sending pr> +10.)

W5 Brane solutions. (1,6.2}:@5] Iw this case b(g_% y %g%‘ with Htf)z OL‘H% _%
-4 Z
] 3
J (&+%>gw5 - (QJ'%J (JT + (’35‘)

-4
and xF=-dHA d\hE'RA,S-(This brane has a magnetic

charge, given by integrating T on S and sending P+ . )

Roughly speaking, the brave is located at p-O- which can be thought as a horizon. Physically:
T
—A i * 4
- 'Limit o —— Ois the wear horizon geometry [A&S1x5fan=2, AdExS for P:S);
S prrte! I
,‘Em is the limit at infinity (Minkowski spacetime N in both cases).
The bramne solutions were discovered by Duffé&Stelle i ‘A1 and Guven in ‘A2, Generically they

adwmit 16 K]I[ing spiners but for the above special limits there are mavy more....



Thanks!

o F = = E DA



