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Quantum systems (Q. 5)

• Any Q . S . i s described by a complex H i l b e r t s p a c e , H , We wi l l a s s u m e

H i s finite dimensional, t h a t i s , H e led

i n F o r v .w e l l the i n n e r product i s 5111 W ) .

( o / s ) i s conjugate l i nee r i n f i rs t arg. and l i nee r i n t h e second

→ Riesz Lemma : Any l inear function' f ? H - s ¢ i s given by i n n e r proluct

Ivy s-t . Haese 4 1 4 = 6 1 4 1 4 7
floraF o r

' * L inea r functionals from L' t w i l l b e denoted by 691, 541, e t c

t o vectors i n H wi l l be denoted by
1954¥4
7, e t ,

a - Action of 4 1 EH ' t o n 147 E H i s

<41 (147) = L f 1 4 7
b r a Ke t



• Pure s t a t e s o f Q . 5 . .
r e

→ I n H w e introduce equivalence re l a t i o n :

1 4> n 147 ⇐ > 1 4 7 = 2 1 4 7 £e¢¥¢ , 405

→ Equivalence c l a s s e s o f Mn a r e p u r e states of Q . 5 .

→ Pure s t a t e s a r e points i n P C L )

→ Physicists say p u r e s t a t e s a r e normalized t o T vectors
where w e neglect the 'global phase fector' et '

• Observab les

→ To l e a r n properties of Q . 5 . w e m e a s u r e values of physically
re l evan t quantities, fo r example: s p i n , momentum, energy e t c .

They a r e ca l l ed observables

→ Observables a r e represented by se l fadjoint (Hermitian) operators o n H

F : H → H , F E E t h a t i s a t F Y 7 = 4 - 9 1 4 7 t i e> , 147 E H

G-( F ) - spectrum of F , F - Effa,'t B . ,

B - orthogonal projection onto Hacker ( F - X I )
H=¥oa¥" ↳ t h r



• Observab les

→ To l e a r n properties of Q . 5 . w e m e a s u r e values of physically
re l evan t quantities, fo r example: s p i n , momentum, energy e t c .

They a r e ca l l ed observables

→ Observables a r e represented by se l fadjoint (Hermitian) operators o n H

' * Assume Q . 5. i s i n a s t a t e 145 a nd w e m e a s u r e F

0¥.# L E T
• Possible measurment outcomes a r e E c t )

• Th e probability of getting t e b C F ) i s 1%2)- 8411347
• I f t h e r e s u l t i s 7 t h e s t a t e changes t o

147 → ftp.T#E Ha

• Th e expected v a l u e of F : (FD,#=¥¥⇐F-Rutt) = ( Y / F Y )



• How do w e interprete Pit ,A)?

→ Law of large numbers: Probability i s relative frequency

← ⇐ We m e a s u r e N-copies of Q . 5 . He prepared i n a s ta te 1 4 7 E H

Q%. ¥ £ ¥ H E 5 CF)

Q%. ¥ ¥ # t e e O c t )

•

:
•

• •

0,95
. ¥ £ ¥ d ive O c t )

F o r any AEECF) 14*17*11 ⇒ og R f t )



s o Free t i m e evolution

a - Assume Q . 5. i s i n a s t a t e 1%5 a t t - t . a nd w e do n o t m e a s u r e

anything

→ E Every Q. 5 . h e s o n e special observable H : H → K called Hamiltonian

→ Free t i m e evolution i s given by t i m e evolution operator UH.to): H - H

14 1 T ) ) - Uct , to) 1 4 . )

t h a t satisfies

i#Uct.to) = HUH.to), Ulto.to)- A
1ft

We a s s u m e a f u l l
con t ro l o v e r Q . 5 , t h a t

i f 141T)) = Ht 14107
,

Ne to ) ) - 1407 i s w e c a n u s e any H

• -UH.to) i s unitary

• UH, t . ) - eitt"". Putting to-0 and a c t , o ) - Uc t ) - e''t't

U ( f ) Ucs) = U l t t s )
,
UCO)-A

R a t → U H ) E U ( H ) - continous homomorphism KR , t ) - - U l m
U t t ) 1 5 et-peremeter subgroup o f U K ) generated by Itt



• Mixed s t a t e s

i n s o f a r w e a s s umed t h a t o u r Q . 5 . i s prepared i n a state 1447E d

w h a t i f t h e preparing procedure i s a l s o probabilistic

t h e probability t h a t system HQ's.# - 1 ¥ I s prepared i n s t a t e 14k) i s p k

' → Possible outcomes a r e s t i l l E c t )

← But w e need t o modify P H ) , d e E L F )

* Tota l law of probability

P H ) = ETPIE)-pic = E I P,#H)-pic = EI 84,113%7.pk ¥ t r ( s B )
I

probability t h e t h e outcome i s 7

under t h e condition Q. 5 . i s i n t h e state 1%7 g -ftp./lYcXtkl0tr(ETprlYicXYic/
BFEIpktr(lYkXYkl B ) = I I 84113%7-pic



The probability t h a t system HQ's.Q-L.EE I s prepared i n s t a t e 14k) i s p k

H e g - EI.pk/YkKkl - mixed s ta te

t o Pgh)- t r ( g P , ) = (Px),

← L F } III,}-BH) - ET x . t re s Px ) - t r ( s t )
XEECE)

→ I f the r e s u l t of measurement i s TEECE ) the s t a t e i s

14717,11¥ o r at,F¥¥¥, or...-hide'I¥¥¥, o r . . . .

"
% & tic

9k-PCA> I t ) - PK.pe/P1Y#n=EZTqkHicXfkl=PIr5pPg-j -

K

• Properties of g
a t r ( g ) = EI, P k = T

a s ¥ 0 , l e> E k ( 9 1 5 9 7 = E I pic 1411471220
→ I f V. FE LCH ) t r ( g .F ) = t r i g , F ) ⇒ g - g z

( F ) , . = ( F b .



• Pu re s t a t e i s a mixed s ta te t h a t i s given by 14×14
- orthogonal projection onto 4147

• g i s a p u r e s t a te i f f t r ( g ) - t r ( g )

• F o r a fixed G I O ,
t r ( g ) - T there a r e many ensemb les 11%7, plate for

which

f - Z I pic l 4 eXYk l

• A canonical choice i s t o u s e spectral decomposition of g -fII@diclexX
eicl.r° V o n Neumann entropy of s t a t e g i s

5cg)--tr (g logls))-III.intaglio
51g)-O ⇐ s g i s a

pure s t a t e

• Maximally mixed s te te gone to # , 5in)-log ( d )

• Free t i m e evo lu t i on of g i s again unitely ,
{1%7, pic}

get)-Eu" pic 14klttkkcltll-UH.to/*gito)U(t.to)
p Tunitery
Me l t ) ) - U (t.to/lYkCtoD



Systems and subsystems

• Assume w e have IN quantum systems described by Hilber t speces Ha,..., H ,

¥ ÷ § Q 5Q5, Q 5 a 0 , 5 ,

I t

→ I f systems Ha. .- , Hiv a r e distinguishable. then

H-H,@---Ox Hiv

→ I f systems H . , . . . Nm a r e indistinguishable (and d i m (Hk)-d Vk)

→ F e r m i o n i c : H - A'"¢"
→ Bosonic: H-µN¢d

→ W e w i l l focus mostly o n distinguishable c a s e



• As s ume Q . 5 . i s i n t h e pu re s t a t e 147 E s t t h o . - 0 'd ,

o.FI#i$y-Q5-
Wha t a r e the s t a t e s of 0 , 5 ; . . . , Q5µ?

→ 147=1%701427×0.-014N> E H a simple t e n s o r . T h e n

He Q5k i s i n the s t a t e 1 4 7

We say 147 i s separable o r not entangled

→ I n general ( N -2 ) H E 5pan{1%7,-, led>}, H E 5pm 41f t ) , - , I f , 7)

14>
=¥÷,-2
¥; Ci j l e i to l f i >

→ To determine s t a t e s of 0,5, and 0,52 w e consider observables



¥ ⇐ ¥ ¥ i O ¥H / H1JET
IE, c- use . ) t . EE E l e n a )

¥÷g{'147 E H , @ H a

I I l '
FET FELCH,@Hc)

( ( H . ) - i Ll' H,@Hc)
( ( H r ) - L I K , @ H z )

F t ' t " F . O N

E z e r N Ox F ,

A s t a t e of a system i s determined by a l l expected va l u e s of observables.

HE#Lcd.) R t } , = ( F . ON 7.x > ,
t r (gift)-(411501947 ¥ F E L L A )

f - F . E L M ) ( E ) g , - ( H o t z > µ >
,

t r (g , F a ) - ( 4 1 1 0 E Y ) V E E L C H Z )



° g a , g , a r e called reduced s ta tes of Q5 , and 0 , 5 ,

• I f 1 47= 1%70× 1 4 2 7 t h e n

( 4 1 7 0 9 Y ) = LY , I E , Y , > (42,1%2)
⇒

g o 114×141
Pure steters

( Y I TI 0 E Y ) = LY , I E Ya> cY://T.tl 52=14*1/421

- I n general 14> =
¥1, -2
¥; Cij l e i )@I fs>

sa-t r, (14×14) = III.ciktjkleixejl.get r , ( I YAY I ) =?j[CkiIj I f i X f j I

° Entanglement entropy:

Seth 5cg,(Y))-15152(Y)) =-27¥piloglp.) pin's c - eigenvehes of gals,
14> - separable s t a t e ⇒ seats)-O

147-fo, ke,>01ft> t - - - + led)@Ifa> ) ⇒ ga-gz- I N 5 e = 2 log(d ) ← m a x i m a l


