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Main Theorem (Hwang-Li, H.-Kim)

Let X be a smooth horospherical variety of Picard number one,
and o be a general point in X.

Let M be a uniruled projective manifold of Picard number one with a
family K of minimal rational curves. Assume that (C,(M) C P(T,M)) is
projectively equivalent to (Co(X) C P(T,X)) for general x € M.

Then M is biholomorphic to X.

(Hwang-Li)

(Cnywkvwk—l)v (G25 w?vwl)

(H.-Kim)

(B, @wn—1,@n)(n > 3), (Bs,wi,ws), (Fi,w2,ws)

v
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Smooth horospherical varieties of Picard number one

g = 3,2‘3-4 9,9, + T 49+ D
(Kim) 2= Latlit Lotlot
U= ottt h* Ut Ut .
Let X be a smooth non-hgm_ogeneous h&rospherlcal varieties of Picard

number one. Let g := Lie Auf(X) 5 (E@ C) x U. i

Then there is a grading on [ and U,
p ) (Bp,0n, 00>

such that, with the grading on g = ([ﬁi@) x U defined by

go = ([o@C)DUO
gp = L, dU,forp#0,

the negative part m = @p<0 gp of g is identified with the tangent space of
X at the base point o of X0©.

v
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Smooth horospherical varieties of Picard number one

(Kim)
Furthermore, [ R
. . Hcg"'ar)g e <2\
e g is the prolongation of (g_, go);

e the variety of minimal rational tangents C,(X) of X at the base point
o is given by

Co(X { Hr,( MQ if X is Cm,ozZH,aZ) forl <i<m

Hr (U—l @[ 1), otherwise. < (pcs.>
4—» 3 ‘
cf. When X =G/P

Co(X) = Hgo(g9-1 @ g—2) if P is associated to a short root
© | Hg(9-1) if P is associated to a long root
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Geometric structures

Example
Co(X) CP(D,) C P(T,X) and [, ]:A%g_1 — g2

o (Ga, w2, w1)
P{cv +v*:c€C,u eV} CP(V @ Sym®V) =P(g_1)
where dimV =2 and Ly = A;.

Ag_1 = AV @ (VASym3V) @ (A2(Sym3V))
= AV (VASym*V)® (Sym'V@C) =g o=C
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Geometric structures

Example
Co(X) CP(D,) CP(T,X) and [,]: A%g_1 — g2

L (Bnawnflawn)
P{cv+ v’ @w:ceCveV,we W} CP(V @ (Sym?V @ W)) =P(p

where dimV =2 and dimW =m — 1 and Ly = A1 X A,,—o.
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Geometric structures

Example
Co(X) CP(D,) CP(T,X) and [,]: A%g_1 — g2

e (B, wn—1,wn)
P{ev +v? @w:c€C,o € V,we W} CP(V @ (Sym?V @W)) =P(g
where dimV =2 and dimW =m — 1 and Ly = A1 X A,,—o.
A2g_1 = A2V @ (VA (Sym?V @ W)) @ A2(Sym?V @ W) — g_a

A2(Sym?V @ W)

= (A2(Sym?V) @ Sym?W) @ (Sym?(Sym?V) @ A2W)
(A2(Sym?V) ® Sym>W) & ((Sym*V & (Sym*V) 1) @ A2W)
S (SymTV)E @ AW = gy o
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Geometric structures

Example
Co(X) CP(D,) CP(T,X) and [,]: A%g_1 — g2

e (B, wn—1,wn)
P{ev +v? @w:ce€C,o € V,we W} CP(V @ (Sym?V @ W)) =P(g
where dimV =2 and dimW =m — 1 and Ly = A1 X A,,—o.
A2g_1 = A2V @ (VA (Sym?V @ W)) ® A2(Sym?V @ W) — g_o

A2(Sym?V @ W)

= (A2(Sym?V) @ Sym?W) @ (Sym?(Sym?V) @ A2W)
(A2(Sym?V) ® Sym?W) @& ((Sym*V & (Sym*V) ) @ A2W)
— (Sym*V)t @ AZW = g_,
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Geometric structures

Let X be a smooth horospherical variety of Picard number one,
one of the following types (model)

° (Bn,wnflywn) (n > 3)

 (Bs,a1,as3) X M

° (F4, ’WQ,?Dg) . . ‘ —
and o be a general point. ?"% g ;? t }
Let M be a uniruled projective manifold with a minimal rational
component K. Assume that (C,(M) C P(T,,M)) is projectively equivalent
to (Co(X) C P(T,X)) for general x € M.
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Geometric structures

Let X be a smooth horospherical variety of Picard number one,
one of the following types (model)

o (Bnawnflywn) (n > 3)

o (B3, a1,a3)

o (Fy, w2, ws3)
and o be a general point.
Let M be a uniruled projective manifold with a minimal rational
component K. Assume that (C,(M) C P(T,,M)) is projectively equivalent
to (Co(X) C P(T,X)) for general x € M.

C(X) CcP(TX) C(M)cCP(TM)

X M

proj.equiv.

(Co(M) CP(TpM)) "~ (Co(X) CP(T,X)) for general x € M
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Geometric structures

What we have:

C(X) CcP(TX) C(M)CP(TM)
! :
(Cx(M) C P(T,M)) proJ iy (Co(X) C P(T,X)) for general x € M
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Geometric structures

What we have:

C(X) CcP(TX) C(M)CP(TM)
! :
(Cx(M) C P(T,M)) proJ iy (Co(X) C P(T,X)) for general x € M

Want to show: There exists connected open subsets U C X and V C M
and a biholomorphism

p: U=V

whose differential o, : P(T; X) — P(T,(,)M) sends Cy.(X) to Cy(M) for
all genericx € U.
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Geometric structures

What we have:

C(X) CcP(TX) C(M)CP(TM)
! :
(Cx(M) C P(T,M)) proJ iy (Co(X) C P(T,X)) for general x € M

Want to show: There exists connected open subsets U C X and V C M
and a biholomorphism

p: U=V

whose differential o, : P(T; X) — P(T,(,)M) sends Cy.(X) to Cy(M) for
all genericx € U.

(Local equivalence problem)
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Proof when X is GG/ P associated to a long root

Step. 1 There is a one-to-one correspondence

{S-structures } <+ {Go-structures }

) equlv

such that S; > S, if and only if 2 “K" 5(0)
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Proof when X is GG/ P associated to a long root

Step. 1 There is a one-to-one correspondence

{S-structures } <+ {Go-structures }

equlv

such that S; “2" S, if and only if 29 “E* ()

Step. 2 (Tanaka) There is a one-to-one correspondence

{Gy-structures } «+» { Cartan connections of type G/P}

equlv equlv

such that 3”1( ) 9(0) if and only if &2, Ps.

Furthermore, if any section of vanishes
for all kK > 1, then 20) s M is flat.

J. Hong (IBS CCG) Smooth horospherical varieties September 23, 2022 9/26



Proof when X is GG/ P associated to a long root

Step. 1 There is a one-to-one correspondence

{S-structures } <+ {Go-structures }

) equlv

such that S; > S, if and only if 2 “K" 5(0)
Step. 2 (Tanaka) There is a one-to-one correspondence

{Gy-structures } «+» { Cartan connections of type G/P}

(0) equlv equlv

such that &, 9(0) if and only if &2y ~ .

Furthermore, if any section of vanishes
for all kK > 1, then 20) s M is flat.

Step. 3 Any section of Hi(,@(o)) — M vanishes for all £ > 1.
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Geometric structures

o€ X =G/P
g = ®;0;, the Lie algebra of G = Aut®(X) with a grading
g = ®;<09; identified with T, X
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Geometric structures

o€ X =G/P (0 € X" = G/G® C X when X is horospherical)
g = ®;0;, the Lie algebra of G = Aut®(X) with a grading
g = ®;<09; identified with T, X
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Geometric structures

o€ X =G/P (0 € X" = G/G® C X when X is horospherical)
g = ®;0;, the Lie algebra of G = Aut®(X) with a grading
g = ®;<09; identified with T, X

Denote by H?(g_,g) the Lie algebra cohomology of the g_-module g, the
cohomology of the following complex:

0 0 B
0— g% C'(g-,9) := Hom(g_,g9) = C*(g—,9) := Hom(A\’g_,g) > ...
Denote by H?(g_, g), the cohomology of the following restriction:
9 0 9 9
0—=gr = CHg—0)k = C*(g-,0)k = C*(g_, 0)x = - .-,

where C!(g_,g)r == {¢ € C'(9-,9) : d(gp) C Gpii}
C*(g—,0)r :={0 € C%(g—,9) : #(gpy A Opy) C Gp+potk ) ELC.
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Geometric structures

S :=C,(X) C P(g—1) the variety of mrt of X at the base point o

g0 C go(g—) ~ Go C Go(g—) where Go(g—) is the automorphism group
of the graded Lie algebra g_

A distribution D on a complex manifold M is a subbundle of the tangent
bundle TM of M. A distribution D is called of type g_ if for each x € M
the symbol algebra Symb, (D) is isomorphic to g_ as a graded Lie algebra.
In this case, the pair (M, D) is called a filtered manifold of type g_.

For each x € M, let %, be the set of all isomorphisms

r: g— — Symb, (D) of graded Lie algebras. Then Z(M) := Ugecpy %y is a
principal Go(g—)-bundle on M. We call Z(M) the frame bundle of

(M, D).
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Geometric structures

Go-structures 20 ¢ (M) <«  S-structures S C P(D)

Given a closed subgroup Go C Go(g-), a on (M,D)is a
Go-subbundle 22O of the frame bundle %Z(M) of (M, D).

Two Go-structures @fo) on (My, D) and Qzéo) on (Ms, D3) are
equivalent if there is a biholomorphism ¢ : M} — My such that

dy : TMy — T M> induces an isomorphism from @@ onto 92(0).

A fiber subbundle § C PD is called an on (M, D) if for each
x € M, the fiber S, C PD, is isomorphic to S C Pg_; under a graded Lie
algebra isomorphism g_ — Symb_ (D).

Two S-structures S; on (M1, D) and Sy on (Ma, D2) are said to be
equivalent if there exists a biholomorphism ¢: M; — M> such that

do: PT'My — PT My sends & C PT'M;y to So C PT Ms.
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Proof when X is (G3, ws, @)

Step. 1 There is a one-to-one correspondence

{S-structures } +» {Go-structures }

(0) equlv

such that S; '~ S, if and only if 2 “K" 2{0)
Step. 2 (Hwang-Li) If any section of
CH( 2 )oCH (2O, = 2O g, (C2(g-, 8)1/OC (9-, 9)k)

vanishes for all k > 1, then there exists a Cartan connection of type G/G°
which is flat so that 20 — M is flat.

Step. 3 Any section of C2(2(),/0C1 (29)),, — M vanishes for all
k> 1.
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Proof of Main Theorem

Step. 1 There is a one-to-one correspondence

{S-structures } <+ {Go-structures }

equiv

such that &; f: " Sy if and only if @( ) eqmv

7.
Step. 2 (H.-Morimoto) There is a one-to-one correspondence

{Go-structures } <> { step prolongations of type (Go,G1,...,G)}

(0) equlv equlv

such that 2\% “%" 2{% if and only if 2, Py,

Furthermore, if any section of vanishes
for all k£ > 1, then the corresponding & — M is a Cartan connection of
type G/G° which is flat so that 22 — M is flat.

Step. 3 Any section of H7(2(®)) — M vanishes for all k > 1.
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Geometric structures

Fix a set of subspaces W = {W/}, W, }¢>0 such that

Hom(g—,g)r = W/} ® dg
Hom(A’g_,9)11 = Wy, @ OHom(g—,9)e1.

(H.-Morimoto)
Let 22(9) be a Gy-structure on a filtered manifold M of type g_. Then for
each ¢ > 1, there is a step prolongation

0 () G, FEVPO sy D p0) Gy p0) Soy

of type (g—> Go, - - aGf)'

(We call the limit Ay &2 = limy Yv(‘f)gz the W -normal complete step
prolongation of &. )
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Geometric structures

If, furthermore, HO(M, H)(2()) is zero for all k > 1, then the
W-normal complete step prolongation .y 2 of 2() is a Cartan
connection of type G//G° which is flat, and 2 s locally isomorphic to

the standard G-structure on G/G°.
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Geometric structures
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Proof of Main Theorem (Step.3)

Recall

Let X be a smooth horospherical variety of Picard number one,
one of the following type

e (Bp,@wp_1,@y) (n>3)
e (Bs,aq,q3)
o (Fy,wy,ws)

and o be a general point in X.

Let M be a uniruled projective manifold of Picard number one with a
family K of minimal rational curves. Assume that

proj.equiv.

(Co(M) CP(TM)) "~ (Co(X) CP(T,X)) for general z € M.

Want to show: M is biholomorphic to X.
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Proof of Main Theorem (Step.3)

Enough to show: There is a connected open subset MY C M
such that C(M)]| 0 defines an S-structure on MY, and
for the corresponding Go-structure 220 on MO,

HO(MO, #2(2©)) =0 for all k > 1.
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Proof of Main Theorem (Step.3)

o9 2, HoM(Q-ﬂ)zi Hou(n' 9., 3) ..
Step 3-1 Lie algebra cohomology. N . a
00 4 %5 M (9.,9)3 HauwlN5,58) -
@ If (g_,g0) is of type (B, Qm—1, ), where m > 3, then H%(g_, g)x

vanishes except for k = 1,2, and 9 =9 +u_

07t *% > H%(g_,g)1 C A, @U_)
H*(g_,g)2 C Ag*,®@UpC (A’g1®g-1)" @ U_1.

Q If (g_,g0) is of type (Fy, a2, a3), then H?(g_, ) vanishes except for
k=1, and

H*(g_ .91 C A5, @U,

Remark. g is not reductive, so that we cannot apply Kostant's theory
directly.
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Proof of Main Theorem (Step.3)

ﬂ’ U +C¢ ,0 (,mfuc- ‘\‘Hq:
(BN N~

Step 3-1 Lie a:lgebra cohomology. q.: y. + Q. BX=K'+x5
¢<Hom (N'S., 9), = E T ytaye
o> 3 (X,X.2) = Ok, &1 8] - O, éx2)]+Q2, flx0)] 222" ¢3®

aNA_A~~—

~ (Cx, Y, 2 + £ (QX22.0) ‘¢(W.é),x>w

@) o CF. duaglre @ 7w 3-C -
= boa(CK 7] 2] ¢ -
o &{‘(Lﬁrh -

RRVERRTETY 50(4(9):0 K. e =0

I ——

Hy- 31
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Proof of Main Theorem (Step.3)

- \\,4/ Mv

S \

Step 3-2 Parallel tfansbvrt:o{\/'MRT.

Let S C P(g_1) be the minimal rational tangents of

(Bm, Qm—1, @), m > 30r ,ag,ag) at the b

Let 7 : PE — P! be the projectivization of a holdmorphic vector bundle E
over P! and let C C PE be an irreducible subvariety. Denote by w the

restriction of m to C. Assume that

Q C :=w !(t) C PE, := 7~ 1(t) is projectively equivalent to
cP 9—1) for all t € P! — {tl, ce ,tk};
@ for a general section g.C C of w,

the relative second fundamental form and
the relative third fundamental form of C along o are constants.

Then for any t € P!, C,_C P(E}) is projectively equivalent to S C P(g_1).

—
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Proof of Main Theorem (Step.3)

Step 3-3 HO(MO, H2(2©)|310) = 0 for all k > 1

Proof. By Step 3-1 it suffices to show
Q@ H' (M, A2D*®@U_1) =0and HO(MY, (A’D® D)*®@U_1) =0
when (m, go) is of type (B, Qm—1, @m);
Q@ H(M° A2D* @U_1) = 0 when (m, go) is of type (Fy, s, a3).

Claim: For C ¢ M° c M,
D|c, U-1|c have the same splitting type as those in X.
(Use the projective geometry of (C,(M) C P(T,M)). )

Then, the existence of a nontrivial bundle map ¢ : A2D — V gives rise to
a contradiction to the irreducibility of U/_1. Ll
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Main Theorem (H.-Kim)

Let X be a smooth horospherical variety of Picard number one of the
following type

® (anwn—hwn) (TL > 3)

e (B3, a1,0a3)

o (Fy, w2, ws3)
and o be a general point in X.
Let M be a uniruled projective manifold of Picard number one with a
family K of minimal rational curves. Assume that

proj.equiv.
~

(Cx(M) CP(TpM))" "~  (Co(X) C P(T,X)) for general z € M.

Then M is biholomorphic to X.
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Applications

X, smooth horospherical variety of Picard number one

Fact
HYX,TX)=0,ie., X is locally rigid except for X = (G, w2, w1).

Question

Let 7 : X — A be a smooth and projective morphism from a complex
manifold X to the unit disc A. Assume that for any t € A — {0},

X, := m1(t) is biholomorphic to X, then is Xg := 7—1(0) also
biholomorphic to X7

Assume X, := 7~ 1(t) is biholomorphic to X for any t € A — {0}

Show: there is a minimal rational component Ky on X such that
Cx(Xo) C P(T Xo) is projectively equivalent to Co(X) C P(75X)

Then by our characterization theorem, Xy is biholomorphic to X.
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Thank you!
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