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SO(n)-irreducible W. Associated module of trace-free tensors.
ME = curvature tensors.

Symmetric SO(n)-map ¢ : W x W — ME, trj, p(¢(w,w)) = |w]|?.
Generalized gradients Ay, ..., Ay, symbols o4, (X)(w).
Stress-energy tensor: T (w) = p(¢(w,w)) + 5=|w|?h, some r € R.

© 6 6 o o

h(X,div (T Eﬁ, (0.4,(X)(w), Ai(w))-

(4]

Coupled projective flatness:

Ai(w)=0,1<i<N, Riem—ep(w,w) = — ho h, ee{£l1}.

n(n’il)
o Coupled Einstein equations:

Ai(w)=0,1<i< N, G+Ah=¢€eT < Ric—ep(p(w,w)) = %h.
(s + € ’(’:25) |w[2).
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o Aj(w)=0,1<i<N, and constancy of A =



Suppose wi__j, = W(jy...i,) is trace-free. div (w);. i, = DPwpiy. i, =0,

C(w)ijiy...ie—s = Dpwiyiy.i_y -

k—1

KW iy = CW)iiniir = 773 D Ml @V (@) i
s=1

TOed=01r0+H-H+m

o Coupled projective flatness:

K(w) =0, div(w) =0, Riem—e(wdPw) = —ﬁ(h@ h) ee{+l

o Coupled Einstein equations:

K(w)=0, diviw) =0, G+ Ah=¢T(w) < Ric—ep(wBw) =

o K(w) = 0,div (w) = 0 and constancy of A = Z=2(s — e|w|?) = 52

ST

K.
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o h a Riemannian metric on M", n > 2, and w € [(SK(T*M)).

o L the trace-free part of the symmetrized covariant derivative.

General formulas:

R(w) = k p(R) p(i,Wi...i) © — k(k = D)Rp(iri, “wis..i)q ¥
A (w) = (w, R(w)) = kp(w ® w), p(R)) + (§){w B w, RY,

Aw = 1R(w) + 2D diy (W) + 2K K (w).

i1k i1 iz

Weitzenbock formula:

LA = [Dwl? + 2,2, Ldiv (w)) + 24w, KFK(W)) + 2x(w).

With refined Kato = if w € ker C n ker C*, wherever w # 0,

jw| (20— (k=) p 1y (=D (n+k=2) > k(nrjr;k{mgy(w).
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An AH structure on M" is a pair ([V], [h]) comprising a projective
structure, [V], and a conformal structure, [h], such that for each V € [V]
and each h e [h] there is a one-form ~; such that Vi;hjy = 2v[ihjjk.

o Identify AH structure with the pair (V, [h]) where V € [V] is unique
aligned representative satisfying hP9V;hy,q = nhP9V ,hg;.

o Faraday primitive: one-form ~; = 2—1nhqu,-hpq.

o Faraday curvature Fj; = —dvj; does not depend on h and equals
curvature of connection induced on —1/n densities.

o AH structure is closed if Fj; = 0.
o AH structure is exact if there is h € [h] for which ~ vanishes.

@ Such h is distinguished (it is determined up to homothety).

Talk 3: November 30, 2022 4/32



Definition: A statistical structure is a pair (V, h) such that V;h;j, = 0. )

o A statistical structure is special if V;|det h| = 0.
o For statistical (V, h), V need not be aligned with respect to [h].

o exact AH structure = homothety class of special statistical structures:

Lemma: The aligned representative of the AH structure ([V], [h])
generated by the statistical structure (V, h) is V=V+ 20(;0j k. where
o = ﬁhpqv,-hpq. In particular, the following are equivalent:
@ V is the aligned representative of ([V],[h]).
@ The statistical structure (V, h) is special.

@ The AH structure ([V], [h]) is exact.
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Locally statistical structure: ([V], [h]) such that every p € M contained in
an open U © M on which there are V € [V] (not necessarily aligned) and
h € [h] such that (V, h) is a statistical structure on U.

Lemma: The following are equivalent.
o ([V],[h]) is locally statistical.
e For the aligned representative V € [V] and any h € [h], there is a
one-form 7; such that V;hj = bk
o For any h e [h] there is V € [V] such that (V, h) is statistical.
o ([V],[h]) is an AH structure.

A closed AH structure is locally statistical for the aligned V € [V]. |
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Curvature of AH ([V], [h]) = curvature of aligned V € [V].

Curvature of statistical (V, h) means curvature of V.

A Kahler affine structure = flat statistical structure.

Kahler affine structures are often called Hessian, but seems better to
use Hessian for when h = VdF for a global potential F.

With this convention, Kahler affine structures are locally Hessian.
Locally Kahler affine <= projectively flat AH.
Flat special Hessian = solution of WDVV or associativity equations.

Monge-Ampére metric: Kahler affine (V, h) with V log | det h| parallel.
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Given AH structure ([V], [h]) and h € [h] with Faraday primitive ~;:
@ The trilinear form L = V;hj — 27;hj is symmetric and trace-free.
o The cubic torsion £;; kK = hkPL;;; is independent of h € [h].

Construction

Data: metric h with Levi-Civita connection D, one-form ~;, and
completely symmetric trace-free 3-tensor Ljx = L.
With [h], the connection

V = D+ LijphP* — 276, ¥ + hjjh*P,

generates an AH structure for which it is the aligned representative and +;
is the associated Faraday primitive.
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([V1,[h]) an AH structure with cubic torsion L;; k.

o V =V + L;; ¥ generates with [h] -an AH structure for which it is
aligned and having cubic torsion E,-J-k = —Lj o

o The AH structure ([V], [h]) is conjugate to (V, [h]).

o Conjugacy is involutive.

The following are equivalent:
o ([V],[h]) is self-conjugate.
o Cubic torsion vanishes, L = 0.
o ([V],[h]) is Weyl.
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M" a cooriented nondegenerate hypersurface in (N1, V).

The pair (V, [h]) is an AH structure if there vanishes the trace-free part of
the normal curvature of V (the normal part of R(X, Y)2Z2).

This is always true if Vis projectively flat.

A cooriented nondegenerate immersed hypersurface M in flat affine space
(A, V) acquires two conjugate exact AH structures:
o The AH structure ([V], [h]) induced via the affine normal.
o The pullback [V] via the conormal Gauss map M — P*(A*) of the
flat projective structure on P*(V) constitutes with [h] the AH
structure conjugate to ([V], [h]).

o Definition: ([V], [h]) is conjugate projectively flat.

o Characterizes AH structures locally equivalent to affine hypersurfaces.
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Alternative formulation.

A cooriented nondegenerate hypersurface in flat affine space acquires a pair
of conjugate special statistical structures, one of which is projectively flat.

@ Special statisical <= cubic form L; = V;hj symmetric, trace-free.

o V=V+ Li; k generates with h the conjugate statistical structure
(V, h) having trilinear form Ljj = —Ljj and also special.

V-3l =D=V+1ic;* vV=v+r;*

D is Levi-Civita of h. L% = hkPV/,h;. L;,P = 0.

o Conjugate projectively flat = locally an affine hypersurface.
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Rijxi = Rijj Phpy curvature of V. Ry = Rjj Php curvature of V.

R — R =C(L) and p(R) — p(R) = div (L).
@ Curvature is self-conjugate <= L is Codazzi.

@ Ricci curvature is self-conjugate <= L is divergence free.

Proof: —2Rjjy = 2V iVjih = 2V i Ljjg = 2D Ljj = C(L) ju,
= Rip?j = p(R)y = trap(R) = trn p(R).

Curvature tensor of D: Riem = R + +L ® L + 3C(L),
Ricci curvature of D: Ric = p(R) + 7 p(L ® L) + 3div (L).
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A special statistical structure (V, h) is Einstein if:

o (Naive Einstein) p(R) and p(R) are multiples of h.

o (Conservation) The scalar curvature tr, p(R) = trj, p(R) is constant.

(]

Recover usual Einstein equations if V = D.

(]

If Weyl curvature is self-conjugate, naive Einstein = conservation.

(]

If £ is Codazzi, constancy of s follows from naive Einstein condition.

Better notion (?)

(V, h) Einstein + self-conjugate curvature <= (h, L) coupled Einstein.

(V,h) has R=ah® h <= (h, L) coupled projectively flat. J

o Key pointis R=ah®h — R =ah®h — L Codazzi.

Talk 3: November 30, 2022 13 /32



There exist naive Einstein structures that are not Einstein.

@ h= 2?21 dx’ ® dx’ Euclidean with Levi-Civita connection D.
o dxik = Yi0eS;s dx?() ® dx?) ® dx (k)

112 123 233

L=(x1+x3)dx "+ (x1 — x3)dx=> — (x1 + x3)dx

L* defined by h(LF(u,v),w) = L(u, v, w).
V=D+L"

L is trace-free and divergence free.

(V,[h]) is naive Einstein special statistical but not Einstein. lts scalar
curvature is a multiple of x7 + x3.
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A nondegenerate M" — A"*! is an affine sphere if its affine normals meet
in a point (its center) or are parallel (center at infinity).

Theorem (Fox 2009): For a nondegenerate cooriented M" C_A"H with

induced conjugate special statistical structures (V, h) and (V, h) the
following are equivalent:

@ M is an affine sphere.

o (V,h) and (V, h) have self-conjugate curvature.

o (V,h) and (V, h) are Einstein.
These conditions imply and, if n > 2, are implied by

@ (V,h) and (V, h) are projectively flat.

Yields lots of solutions of the coupled projectively flat equations.
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AH structure (V, [h]) on M". For he [h] and s = hRic(V);;, the
one-forms ds; + 2sv; and hP9V ,d~vg; rescale under change of h, and

=2 (ds; + 2s7; — nhPIV ,Fgi) — 27P(Sip + Sip) — hiahP? (VpSq 2 + V542
= EabcRi(abc) = _Eabcjc(ﬁ)iabc - %LI 2 qu

with ’yi = hip’yp, 5,1 = R(U) — %h,’j, Sij = hbe,-b, U,'j = I_?U — R,'j = EU — S,J

o Proof: Adaptation of the usual argument showing the Einstein tensor
Rij — %sh,-j is divergence free by tracing 2V; R, = VR P.

o If n > 2: self-conjugate curvature and vanishing of S; = 3,-]- =
(*) 0 = ds;j + 2s7; + nhPIV pdgi.

(*) generalizes constancy of the scalar curvature of an Einstein metric.
o D. Calderbank: (x) as definition of Einstein for 2-D Weyl structures.
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An AH structure (V, [h]) with conjugate (V, [h]) is:
= ih,’j = F?(,)

i) = hn
o Einstein if it is naive Einstein and for every h € [h] with associated
one-form ~; and scalar curvature s, there holds

o naive Einstein if for any h e [h], R

(*) 0 = ds; + 2sv; + nhPIV pd7y,i.

@ Recovers usual notion of Einstein-Weyl.

By definition, (V, [h]) is Einstein if and only if (V,[h]) is Einstein.
When n > 2, self-conjugate curvature + naive Einstein = Einstein.
When n =2, Ry = 2hy;Sjjic + shypihjjc + Fijhg and

Sj + Sj = 0 is automatic
the naive Einstein equations are equivalent to self-conjugate curvature.
the vanishing of ds; + 2s; + 2hP7V ,dg; has to be required.

©

(]

©
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o Bach tensor Oj; of a Weyl structure ([V], [h]) is the trace-free
symmetric 2-tensor defined by

Ojj = VPWpij + WPIW,iiq = 5 VPV I Wiijq + WP Wpijq.

where Wijjy and W are conformal Weyl and Cotton tensor, Wj; is
conformal Schouten tensor plus %F,J
When n = 4, Oj; is divergence free and vanishes for closed Einstein
Weyl structures and (anti)-self-dual conformal structures are Bach flat
On a compact 4-manifold, Oj; is first variation of [,, |W|2.
Is 4-dimensional special case of ambient obstruction tensor.
@ On a 4-manifold there is a Bach tensor for AH structures. When the
curvature is normal it has the properties:
Symmetric, divergence free, and self-conjugate.
For a closed Einstein AH structure with normal curvature, O;; = 0.
For a projectively flat AH structure with normal curvature, O; = 0.
o Definition is formally the same as for Weyl structures, but checking
the properties is more involved.
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Let M be a convex affine sphere with complete Blaschke metric h.

o (Blaschke-Deicke-Calabi) If M is elliptic, then h has positive constant
curvature and M is an ellipsoid.

o (Jorgens-Calabi-Cheng-Yau) If M is a parabolic affine sphere, then h
is flat and M is an elliptic paraboloid.

o (Calabi) If M is a hyperbolic, then h has nonpositive Ricci curvature.

Theorem (Cheng-Yau ‘86): The interior of a nonempty pointed closed
convex cone is foliated in a unique way by hyperbolic affine spheres
asymptotic to its boundary and center at its vertex.

Many examples of nonconvex affine spheres from level sets of real forms of
relative invariants of irreducible prehomogeneous vector spaces and from
nonassociative algebras (Fox, R. Hildebrand).

Talk 3: November 30, 2022  19/32



Corollary: a properly convex flat projective manifold carries a a canonical
homothety class of metrics that constitute with its projective structure an
exact Einstein AH structure.

Proof (Idea due to J. Loftin 2001): descend the Blaschke metric of an
affine sphere asymptotic to the cone over its universal cover.

o Yields abundance of nontrivial compact Riemannian Einstein AH.
o This is like Kahler-Einstein metric in negative Chern class case.

o Corollary yields a canonical duality of properly convex flat real
projective manifolds that extends the duality of affine spheres.

Klartag: there is an (incomplete) elliptic affine sphere over a bounded
convex domain with center at the Santalé point of the domain. ‘

Are there Einstein special statistical structures with self-conjugate
curvature that are not locally equivalent to affine spheres? ‘
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Theorem (Fox, 2009) |

For a metric h with Levi-Civita D and curvature R,jk’ on M", n> 2, the
following are equivalent:

® wijj is trace-free, Codazzi and (h,w) solves coupled Einstein equations
forkeRand c =1.

o V=D +wj;* (where wijk = wjj Phpi) constitutes with h a special
statistical structure (V, h) with self-conjugate curvature satisfying

R P R . G, P Ep.
Rij = Rpij = Rij — wip Twjq ® = T hjj,

and hVR; = Ry — |w|?> = & is constant.

Theorem applies with h flat and wjj parallel <= w is trilinear form of
metrized commutative algebra that is exact Killing metrized with 7 = xh.
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o Commutative k-algebra (A, 0): symmetric k-bilinear o : A x A — A.
@ metric: a nondegenerate symmetric bilinear form h e S2A*.
o L:A— End(A) defined by L(x)y = xoy. (So (L(x)y)* = x'yiL;¥.)

If his flat and Ljj is parallel, can view L; k as the structure tensor of a
commutative (generally nonassociative) multiplication.

o exact if tr L(x) = 0 for all x € A. (So Ljp? =0.)

o metrized if it admits a metric h that is invariant, meaning:

h(xoy,z) = h(x,y o z), (Equivalently: Lk = Lji).)
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(A,0) a commutative k-algebra (chark = 0 for simplicity).
o Killing metrized: metrized by its Killing form 7(x,y) = tr L(x)L(y).
@ Associator: (xoz)oy —xo(zoy)=—[L(x),L(y)]z.
o Projectively associative: there is symmetric bilinear form ¢ such that

_[L(X>7L(y>] = [X7 ' ,}/] = C(yv ’ )®X_C(X7 : )®y

In this case (1 — n)c(x,y) =trL(xoy) —tr L(x)L(y) is invariant.

[L(x),L(y)]k" = —x"yI(Lo) L) !, so, for (h,£) and V = D+ 3L k:

R(x,y) = Z[L(), Ly)],  p(R) = ztrL(x)L(y) = 37(x,y).

(h, L) coupled projectively flat <= (A, o) projectively associative.

(h, L) coupled Einstein <= (A, o) Killing metrized with 7 = kh.
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Classify CO(n)-orbits of orthogonally indecomposable cubic homogeneous
polynomials P(x) solving

* =0, ess FP(x)|” = r|x|7, # K ER.
(x)  AP=0 | Hess P(x)|* = k|x|? 0 R

Equivalent algebraic problem

Classify isomophism classes of simple exact Killing metrized commutative
algebras (A, o, h) such that Killing form 7(x,y) = tr L(x)L(y) satisfies

T = kh.
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E"(K) is the n-dimensional commutative algebra generated by n + 1
idempotents {e; : 0 < i < n} satisfying

n
Ze,:o, e;oej:—nil(e;—kej), i#j€e{0,...,n}.
i=0

Example: E2(R) is isomorphic to C with para-Hurwitz product x ¢ y = Xy.

Theorem (Fox ‘20): If K is algebraically closed or k = R, an n-dimensional
commutative k-algebra is isomorphic to E"(k) if and only if it is exact,
Killing metrized (and 7 definite if K = R), and projectively associative.

Corollary: an exact Killing metrized commutative algebra not isomorphic
to E"(R) yields a solution of the coupled Einstein equations that is not
coupled projectively flat.
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Most spectacular example.

Griess constructed a simple, exact 196883-dimensional exact commutative
R-algebra whose group of automorphisms is the Monster finite simple
group M. That it is Killing metrized follows from calculations made by Tits
and Conway.

Frenkel-Lepowsky-Meurman constructed a vertex operator algebra (VOA)
with automorphism group M. Its 2-graded piece is Griess's algebra.

Matsuo made calculations like those of Tits and Conway for certain other
VOAEs satisfying a highly technical condition. Their 2-graded pieces are
also exact, Killing metrized commutative algebras.

Probably many of the algebras on the next slide fit into the same setup.
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Problem: classify simple exact Killing metrized commutative algebras.
Incomplete list of known examples over R:

o E"(k) for n > 2. (Projectively associative.)
Deunitalizations of simple Euclidean Jordan algebras.

(]

Finitely many Hsiang algebras (Tkachev).

Nonunital Griess algebras of certain VOAs, e.g. Monster VOA.
Algebra of Weyl curvature tensors (Fox '21).

Certain Norton algebras of association schemes.

®© 6 6 o o

Certain algebras associated with Steiner triple systems (Fox ‘22).
@ Tensor products of simple Lie algebras. (s0(3) ® 50(3) < det)
o Tensor products of simple EKMCs with E3(k). (3 is special).
Classification of EKMCS for n < 4 when k=R, 7 > 0:
o n=2 = E?(K).
o n=3 = E3(K).
o n=4 = E?(k) ®E%(k) ~ E?(k) ® E?(k) or E*(K).

Talk 3: November 30, 2022 27 /32



Lemma (Fox): G a connected compact simple Lie group.
e Killing form B < 0. Biinvariant metric h = —B on G.

® wj . i € Sk(g*) the complete polarization of a A,-harmonic
homogeneous G-invariant polyonomial P of degree k > 3.

The pair (h,w) solves the coupled Einstein equations on G.

Proof: G invariance decouples the equations.
o G-invariance implies wj, . ;, is parallel, so Codazzi.
o G-invariance implies p(w ® w) is G-invariant, so is a multiple of h.

o For same reason h is Einstein in usual sense.

In some cases it can be shown that the resulting solutions are not
coupled projectively flat. This will be shown for G = SU(n).
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o G=SU(n), n=3.
o g = su(n) = Lie algebra of skew-Hermitian n x n matrices.
o h = —B for Killing form B(X,Y) = 2ntr(XY).

o t € R, commutative multiplication o on g defined by:

(%) XoY =ti (XY + YX = 2tr(XY)l,).

(]

Trilinear form: x(X,Y,Z) = h(Xo Y, Z) = —2ntitr(XYZ + YXZ).
Cubic form: P(X) = —22 tr X3,

x € S3(g*) is invariant under G-action induced by adjoint action.

(]

(]

Since G acts orthogonally on g, the h-Laplacian is G-equivariant, and
so ApP is G-invariant. An invariant homogeneous linear form on a
simple Lie algebra must be zero, so P is h-harmonic.

(]
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(]

(4]

(]

(]

(]

(]

Define L: g — End(g) by L(X)Y = X o Y.

AP =0 < trL(X)=0.

Invariance of x <= [ad(X),L(Y)] = L([X,Y]) = [L(X),ad(Y)].
Killing form 7(X,Y) = tr L(X)L(Y) is G-invariant:

tr L([X, Y])L(Z) — tr L(X)L([Y, Z])
— tr ([L(X), ad(Y)]L(Z) — L(Z)[ad(Y), L(Z)]) = 0.

Einstein-like condition: Because h is G-invariant, 7 = dir11g|)<|2h.
Associator [X,Y,Z] = (XoY)oZ—-Xo(YoZ2):

[X,Y,Z] =4t ([Y,[Z.X]] + h(Z,X)Y — h(X,Y)Z).
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o Levi-Civita connection D of h satisfies Dx Y = 3[X, Y].
o x is D-parallel by the invariance of x.

o Biinvariant torsion-free connection V! = D — t;; k.

VLY = 1[X, Y] =1L (XY + YX = 2tr(XY)1,),
RY(X,Y)Z = —HE[[X, Y], Z] + 2¢% (h(Y,Z)X — h(X,2)Y),
pEXY) = (3 + (1 — PEE) h(X,Y),
trppt = (n* —1) (3 + %— )t%).
o V! is not projectively flat for any t € R.

(V, h) is Einstein special statistical structure with self-conjugate curvature,
so (h, x) solve coupled Einstein equations, but V! is not projectively flat
for any t € R, so (h, x) not coupled projectively flat.
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H. T. Laquer (also H. Naitoh)
A compact simple Lie group G admits a unique biinvariant torsion-free

affine connection (the Levi-Civita connection of the Killing form) unless G
has type A, with n = 2, in which case there is a unique one-parameter

family of biinvariant torsion-free affine connections.

There is a similar theorem for Riemannian symmetric spaces, with
exceptional examples on the symmetric spaces:

SU(n)/SO(n) | (SU(n) x SU(n))/SU(n) | SU(2n)/Sp(n) | Es/Fa
n>=3 nz=3 n=3
R C H 0
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