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General scheme: hierarchy of coupled equations
SOpnq-irreducible W. Associated module of trace-free tensors.
MC “ curvature tensors.
Symmetric SOpnq-map ϕ : W ˆ W Ñ MC, trh ρpϕpω, ωqq “ |ω|2.
Generalized gradients A1, . . . , AN , symbols σAi pX qpωq.
Stress-energy tensor: T pωq “ ρpϕpω, ωqq ` 1

2r |ω|2h, some r P R.

hpX , div pT qq “

N
ÿ

i“1
βihpσAi pX qpωq, Aipωqq.

Coupled projective flatness:

Aipωq “ 0, 1 ď i ď N, Riem ´ ϵϕpω, ωq “ ´ κ
npn´1q

h ? h, ϵ P t˘1u.

Coupled Einstein equations:

Aipωq “ 0, 1 ď i ď N, G ` Λh “ ϵT ðñ Ric ´ ϵ ρpϕpω, ωqq “ κ
n h.

Aipωq “ 0, 1 ď i ď N, and constancy of Λ “ n´2
2n

´

s ` ϵ n`2r
rpn´2q

|ω|2
¯

.
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Coupled equations for trace-free Codazzi tensors
Suppose ωi1...ik “ ωpi1...ik q is trace-free. div pωqi1...ik´1 “ Dpωpi1...ik´1 “ 0,
Cpωqiji1...ik´1 “ Driωjsi1...ik´1 .

Kpωqiji1...ik´1 “ Cpωqiji1...ik´1 ´ 1
n`k´3

k´1
ÿ

s“1
his ridiv pωqjsi1...̂is ...ik´1

.

b “ ` ` .

Coupled projective flatness:

Kpωq “ 0, div pωq “ 0, Riem ´ ϵpω ? ωq “ ´ κ
npn´1q

ph ? hq ϵ P t˘1u.

Coupled Einstein equations:

Kpωq “ 0, div pωq “ 0, G ` Λh “ ϵT pωq ðñ Ric ´ ϵ ρpω ? ωq “ κ
n h.

Kpωq “ 0, div pωq “ 0 and constancy of Λ “ n´2
2n ps ´ ϵ|ω|2q “ n´2

2n κ.
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Weitzenböck machinery for Codazzi tensors
h a Riemannian metric on Mn, n ą 2, and ω P ΓpSk

0 pT ˚Mqq.
L the trace-free part of the symmetrized covariant derivative.

General formulas:

uRpωqi1...ik “ k ρpRqppi1ωi2...ik q
p ´ kpk ´ 1qRppi1i2

qωi3...ik qq
p,

QRpωq “ xω, uRpωqy “ kxρpω ? ωq, ρpRqy `
`k

2
˘

xω ? ω,Ry,

∆ω “ 1
k

uRpωq `
n`2pk´2q

n`k´3 Ldiv pωq ` 2K˚Kpωq.

Weitzenböck formula:

1
2∆|ω|2 “ |Dω|2 `

n`2pk´2q

n`k´3 xω,Ldiv pωqy ` 2xω,K˚Kpωqy ` 1
kQRpωq.

With refined Kato ùñ if ω P kerC X kerC˚, wherever ω ‰ 0,

|ω|pn`2pk´1qq{pn`k´2q∆h|ω|pn´2q{pn`k´2q ě n´2
kpn`k´2q

QRpωq.

Dan Fox (ETSAM, UPM) Talk 3: November 30, 2022 3 / 32



AH structures

An AH structure on Mn is a pair pr∇s, rhsq comprising a projective
structure, r∇s, and a conformal structure, rhs, such that for each ∇ P r∇s

and each h P rhs there is a one-form γi such that ∇rihjsk “ 2γrihjsk .

Identify AH structure with the pair p∇, rhsq where ∇ P r∇s is unique
aligned representative satisfying hpq∇ihpq “ nhpq∇phqi .
Faraday primitive: one-form γi “ 1

2nhpq∇ihpq.
Faraday curvature Fij “ ´dγij does not depend on h and equals
curvature of connection induced on ´1{n densities.
AH structure is closed if Fij “ 0.
AH structure is exact if there is h P rhs for which γ vanishes.
Such h is distinguished (it is determined up to homothety).
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Relation between AH and statistical structures

Definition: A statistical structure is a pair p∇, hq such that ∇rihjsk “ 0.

A statistical structure is special if ∇i | det h| “ 0.
For statistical p∇, hq, ∇ need not be aligned with respect to rhs.
exact AH structure “ homothety class of special statistical structures:

Lemma: The aligned representative of the AH structure pr∇s, rhsq

generated by the statistical structure p∇, hq is ∇̃ “ ∇ ` 2σpiδjq
k , where

σi “ 1
n`2hpq∇ihpq. In particular, the following are equivalent:

∇ is the aligned representative of pr∇s, rhsq.
The statistical structure p∇, hq is special.
The AH structure pr∇s, rhsq is exact.
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AH structures are locally statistical

Locally statistical structure: pr∇s, rhsq such that every p P M contained in
an open U Ă M on which there are ∇ P r∇s (not necessarily aligned) and
h P rhs such that p∇, hq is a statistical structure on U.

Lemma: The following are equivalent.
pr∇s, rhsq is locally statistical.
For the aligned representative ∇ P r∇s and any h P rhs, there is a
one-form τi such that ∇rihjsk “ τrihjsk .
For any h P rhs there is ∇̃ P r∇s such that p∇̃, hq is statistical.

pr∇s, rhsq is an AH structure.

A closed AH structure is locally statistical for the aligned ∇ P r∇s.
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Flat AH structures

Curvature of AH pr∇s, rhsq “ curvature of aligned ∇ P r∇s.
Curvature of statistical p∇, hq means curvature of ∇.

A Kähler affine structure “ flat statistical structure.
Kähler affine structures are often called Hessian, but seems better to
use Hessian for when h “ ∇dF for a global potential F .
With this convention, Kähler affine structures are locally Hessian.
Locally Kähler affine ðñ projectively flat AH.
Flat special Hessian “ solution of WDVV or associativity equations.
Monge-Ampère metric: Kähler affine p∇, hq with ∇ log | det h| parallel.
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Construction of AH structures

Given AH structure pr∇s, rhsq and h P rhs with Faraday primitive γi :
The trilinear form Lijk “ ∇ihjk ´ 2γihjk is symmetric and trace-free.
The cubic torsion Lij

k “ hkpLijp is independent of h P rhs.

Construction
Data: metric h with Levi-Civita connection D, one-form γi , and
completely symmetric trace-free 3-tensor Lijk “ Lpijkq.
With rhs, the connection

∇ “ D ` Lijphpk ´ 2γpiδjq
k ` hijhkpγp

generates an AH structure for which it is the aligned representative and γi
is the associated Faraday primitive.
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Conjugacy of AH structures

pr∇s, rhsq an AH structure with cubic torsion Lij
k .

∇̄ “ ∇ ` Lij
k generates with rhs an AH structure for which it is

aligned and having cubic torsion L̄ij
k “ ´Lij

k .
The AH structure pr∇̄s, rhsq is conjugate to p∇, rhsq.
Conjugacy is involutive.

The following are equivalent:
pr∇s, rhsq is self-conjugate.
Cubic torsion vanishes, Lijk ” 0.
pr∇s, rhsq is Weyl.
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AH structure induced on an affine hypersurface
Mn a cooriented nondegenerate hypersurface in pNn`1, p∇q.

The pair p∇, rhsq is an AH structure if there vanishes the trace-free part of
the normal curvature of p∇ (the normal part of R̂pX , Y qZ ).

This is always true if p∇ is projectively flat.

A cooriented nondegenerate immersed hypersurface M in flat affine space
pA, p∇q acquires two conjugate exact AH structures:

The AH structure pr∇s, rhsq induced via the affine normal.
The pullback r∇̄s via the conormal Gauss map M Ñ P`pA˚q of the
flat projective structure on P`pVq constitutes with rhs the AH
structure conjugate to pr∇s, rhsq.

Definition: pr∇s, rhsq is conjugate projectively flat.
Characterizes AH structures locally equivalent to affine hypersurfaces.
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Special statistical structures on an affine hypersurface

Alternative formulation.

A cooriented nondegenerate hypersurface in flat affine space acquires a pair
of conjugate special statistical structures, one of which is projectively flat.

Special statisical ðñ cubic form Lijk “ ∇ihjk symmetric, trace-free.
∇̄ “ ∇ ` Lij

k generates with h the conjugate statistical structure
p∇̄, hq having trilinear form L̄ijk “ ´Lijk and also special.

∇ ´ 1
2Lij

k “ D “ ∇̄ ` 1
2Lij

k , ∇̄ “ ∇ ` Lij
k .

D is Levi-Civita of h. Lij
k “ hkp∇phij . Lip

p “ 0.

Conjugate projectively flat ùñ locally an affine hypersurface.
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Curvature of special statistical structures
Rijkl “ Rijk

phpl curvature of ∇. R̄ijkl “ R̄ijk
phpl curvature of ∇̄.

R̄ ´ R “ CpLq and ρpR̄q ´ ρpRq “ div pLq.
Curvature is self-conjugate ðñ L is Codazzi.
Ricci curvature is self-conjugate ðñ L is divergence free.

Proof: ´ 2Rijpklq “ 2∇ri∇jshkl “ 2∇riLjskl “ 2DriLjskl “ CpLqijkl ,

ùñ R̄ijkl “ Rijkl ` 2∇riLjskl “ ´Rijlk ,

ùñ Rip
p

j “ ρpR̄qij ùñ trh ρpRq “ trh ρpR̄q.

Curvature tensor of D: Riem “ R ` 1
4L ? L ` 1

2CpLq,

Ricci curvature of D: Ric “ ρpRq ` 1
4 ρpL ? Lq ` 1

2div pLq.
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Einstein equations for special statistical structures
“Natural” notion of Einstein
A special statistical structure p∇, hq is Einstein if:

(Naive Einstein) ρpRq and ρpR̄q are multiples of h.
(Conservation) The scalar curvature trh ρpRq “ trh ρpR̄q is constant.

Recover usual Einstein equations if ∇ “ D.
If Weyl curvature is self-conjugate, naive Einstein ùñ conservation.
If L is Codazzi, constancy of s follows from naive Einstein condition.

Better notion (?)
p∇, hq Einstein ` self-conjugate curvature ðñ ph, Lq coupled Einstein.

p∇, hq has R “ αh ? h ðñ ph, Lq coupled projectively flat.

Key point is R “ αh ? h ùñ R̄ “ αh ? h ùñ L Codazzi.
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Example: naive Einstein not Einstein

There exist naive Einstein structures that are not Einstein.

h “
ř3

i“1 dx i b dx i Euclidean with Levi-Civita connection D.
dx ijk “

ř

σPS3
dxσpiq b dxσpjq b dxσpkq.

L “ px1 ` x3qdx112 ` px1 ´ x3qdx123 ´ px1 ` x3qdx233

L7 defined by hpL7pu, vq, wq “ Lpu, v , wq.
∇ “ D ` L7.
L is trace-free and divergence free.
p∇, rhsq is naive Einstein special statistical but not Einstein. Its scalar
curvature is a multiple of x2

1 ` x2
3 .
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Einstein special statistical structures and affine spheres

A nondegenerate Mn Ă An`1 is an affine sphere if its affine normals meet
in a point (its center) or are parallel (center at infinity).

Theorem (Fox 2009): For a nondegenerate cooriented Mn Ă An`1 with
induced conjugate special statistical structures p∇, hq and p∇̄, hq the
following are equivalent:

M is an affine sphere.
p∇, hq and p∇̄, hq have self-conjugate curvature.
p∇, hq and p∇̄, hq are Einstein.

These conditions imply and, if n ą 2, are implied by
p∇, hq and p∇̄, hq are projectively flat.

Yields lots of solutions of the coupled projectively flat equations.
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Generalizing constant scalar curvature
AH structure p∇, rhsq on Mn. For h P rhs and s “ hijRicp∇qij , the
one-forms dsi ` 2sγi and hpq∇pdγqi rescale under change of h, and

n´2
n pdsi ` 2sγi ´ nhpq∇pFqiq ´ 2γppSip ` S̄ipq ´ hiahpq `

∇pSq
a ` ∇̄pS̄q

a˘

“ LabcRipabcq “ ´LabcKpLqiabc ´ 1
nLi

pqUpq
,

with γ i “ hipγp, Sij “ Rpijq ´ s
nhij , Si

j “ hjbSib, Uij “ R̄ij ´ Rij “ S̄ij ´ Sij .

Proof: Adaptation of the usual argument showing the Einstein tensor
Rij ´ 1

2shij is divergence free by tracing 2∇riRjsk “ ∇pRijk
p.

If n ą 2: self-conjugate curvature and vanishing of Sij “ S̄ij ùñ

0 “ dsi ` 2sγi ` nhpq∇pdγqi .(‹)

(‹) generalizes constancy of the scalar curvature of an Einstein metric.
D. Calderbank: (‹) as definition of Einstein for 2-D Weyl structures.
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Einstein AH structures
Definition
An AH structure p∇, rhsq with conjugate p∇̄, rhsq is:

naive Einstein if for any h P rhs, Rpijq “ s
nhij “ R̄pijq.

Einstein if it is naive Einstein and for every h P rhs with associated
one-form γi and scalar curvature s, there holds

0 “ dsi ` 2sγi ` nhpq∇pdγqi .(‹)

Recovers usual notion of Einstein-Weyl.
By definition, p∇, rhsq is Einstein if and only if p∇̄, rhsq is Einstein.
When n ą 2, self-conjugate curvature ` naive Einstein ùñ Einstein.
When n “ 2, Rijkl “ 2hlriSjsk ` shlrihjsk ` Fijhkl and

§ S̄ij ` Sij “ 0 is automatic
§ the naive Einstein equations are equivalent to self-conjugate curvature.
§ the vanishing of dsi ` 2sγi ` 2hpq∇pdγqi has to be required.
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Bach tensor
Bach tensor Oij of a Weyl structure pr∇s, rhsq is the trace-free
symmetric 2-tensor defined by

Oij “ ∇pWpij ` W pqWpijq “ 1
3´n∇p∇qWpijq ` W pqWpijq.

where Wijkl and Wijk are conformal Weyl and Cotton tensor, Wij is
conformal Schouten tensor plus 1

2Fij .
§ When n “ 4, Oij is divergence free and vanishes for closed Einstein

Weyl structures and (anti)-self-dual conformal structures are Bach flat
§ On a compact 4-manifold, Oij is first variation of

�
M |W |2.

§ Is 4-dimensional special case of ambient obstruction tensor.
On a 4-manifold there is a Bach tensor for AH structures. When the
curvature is normal it has the properties:

§ Symmetric, divergence free, and self-conjugate.
§ For a closed Einstein AH structure with normal curvature, Oij “ 0.
§ For a projectively flat AH structure with normal curvature, Oij “ 0.

Definition is formally the same as for Weyl structures, but checking
the properties is more involved.
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Convex affine spheres

Let M be a convex affine sphere with complete Blaschke metric h.
(Blaschke-Deicke-Calabi) If M is elliptic, then h has positive constant
curvature and M is an ellipsoid.
(Jörgens-Calabi-Cheng-Yau) If M is a parabolic affine sphere, then h
is flat and M is an elliptic paraboloid.
(Calabi) If M is a hyperbolic, then h has nonpositive Ricci curvature.

Theorem (Cheng-Yau ‘86): The interior of a nonempty pointed closed
convex cone is foliated in a unique way by hyperbolic affine spheres
asymptotic to its boundary and center at its vertex.

Many examples of nonconvex affine spheres from level sets of real forms of
relative invariants of irreducible prehomogeneous vector spaces and from
nonassociative algebras (Fox, R. Hildebrand).
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Cheng-Yau metric
Corollary: a properly convex flat projective manifold carries a a canonical
homothety class of metrics that constitute with its projective structure an
exact Einstein AH structure.

Proof (Idea due to J. Loftin 2001): descend the Blaschke metric of an
affine sphere asymptotic to the cone over its universal cover.

Yields abundance of nontrivial compact Riemannian Einstein AH.
This is like Kähler-Einstein metric in negative Chern class case.
Corollary yields a canonical duality of properly convex flat real
projective manifolds that extends the duality of affine spheres.

Klartag: there is an (incomplete) elliptic affine sphere over a bounded
convex domain with center at the Santaló point of the domain.

Are there Einstein special statistical structures with self-conjugate
curvature that are not locally equivalent to affine spheres?
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Link with algebra

Theorem (Fox, 2009)
For a metric h with Levi-Civita D and curvature Rijk

l on Mn, n ą 2, the
following are equivalent:

ωijk is trace-free, Codazzi and ph, ωq solves coupled Einstein equations
for κ P R and c “ 1.
∇ “ D ` ωij

k (where ωijk “ ωij
phpk) constitutes with h a special

statistical structure p∇, hq with self-conjugate curvature satisfying

Rij “ Rpij
p “ Rij ´ ωip

qωjq
p “ κ

n hij ,

and hijRij “ Rh ´ |ω|2 “ κ is constant.

Theorem applies with h flat and ωijk parallel ðñ ω is trilinear form of
metrized commutative algebra that is exact Killing metrized with τ “ κh.
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Metrized commutative algebras

Commutative k-algebra pA, ˝q: symmetric k-bilinear ˝ : A ˆ A Ñ A.
metric: a nondegenerate symmetric bilinear form h P S2A˚.
L : A Ñ EndpAq defined by Lpxqy “ x ˝ y . (So pLpxqyqk “ x iy jLij

k .)

If h is flat and Lijk is parallel, can view Lij
k as the structure tensor of a

commutative (generally nonassociative) multiplication.

exact if tr Lpxq “ 0 for all x P A. (So Lip
p “ 0.)

metrized if it admits a metric h that is invariant, meaning:

hpx ˝ y , zq “ hpx , y ˝ zq, (Equivalently: Lijk “ Lpijkq.)
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Killing metrized commutative algebras
pA, ˝q a commutative k-algebra (char k “ 0 for simplicity).

Killing metrized: metrized by its Killing form τpx , yq “ tr LpxqLpyq.
Associator: px ˝ zq ˝ y ´ x ˝ pz ˝ yq “ ´rLpxq, Lpyqsz .
Projectively associative: there is symmetric bilinear form c such that

´rLpxq, Lpyqs “ rx , ¨ , y s “ cpy , ¨ q b x ´ cpx , ¨ q b y .

In this case p1 ´ nqcpx , yq “ tr Lpx ˝ yq ´ tr LpxqLpyq is invariant.

rLpxq, Lpyqsk
l “ ´x iy jpL?Lqijk

l , so, for ph, Lq and ∇ “ D ` 1
2Lij

k :

Rpx , yq “ 1
4 rLpxq, Lpyqs, ρpRq “ 1

4 tr LpxqLpyq “ 1
4τpx , yq.

ph, Lq coupled projectively flat ðñ pA, ˝q projectively associative.
ph, Lq coupled Einstein ðñ pA, ˝q Killing metrized with τ “ κh.
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Equivalent problems

Partial differential equations
Classify COpnq-orbits of orthogonally indecomposable cubic homogeneous
polynomials Ppxq solving

∆P “ 0, | Hess Ppxq|2 “ κ|x |2, 0 ‰ κ P R.(˚)

Equivalent algebraic problem
Classify isomophism classes of simple exact Killing metrized commutative
algebras pA, ˝, hq such that Killing form τpx , yq “ tr LpxqLpyq satisfies
τ “ κh.
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Characterization of Griess-Harada algebras

Enpkq is the n-dimensional commutative algebra generated by n ` 1
idempotents tei : 0 ď i ď nu satisfying

n
ÿ

i“0
ei “ 0, ei ˝ ej “ ´ 1

n´1pei ` ejq, i ‰ j P t0, . . . , nu.

Example: E2pRq is isomorphic to C with para-Hurwitz product x ˛ y “ x̄ ȳ .

Theorem (Fox ‘20): If k is algebraically closed or k “ R, an n-dimensional
commutative k-algebra is isomorphic to Enpkq if and only if it is exact,
Killing metrized (and τ definite if k “ R), and projectively associative.

Corollary: an exact Killing metrized commutative algebra not isomorphic
to EnpRq yields a solution of the coupled Einstein equations that is not
coupled projectively flat.
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Griess algebras

Most spectacular example.

Griess constructed a simple, exact 196883-dimensional exact commutative
R-algebra whose group of automorphisms is the Monster finite simple
group M. That it is Killing metrized follows from calculations made by Tits
and Conway.

Frenkel-Lepowsky-Meurman constructed a vertex operator algebra (VOA)
with automorphism group M. Its 2-graded piece is Griess’s algebra.

Matsuo made calculations like those of Tits and Conway for certain other
VOAs satisfying a highly technical condition. Their 2-graded pieces are
also exact, Killing metrized commutative algebras.

Probably many of the algebras on the next slide fit into the same setup.
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Classification problem
Problem: classify simple exact Killing metrized commutative algebras.
Incomplete list of known examples over R:

Enpkq for n ě 2. (Projectively associative.)
Deunitalizations of simple Euclidean Jordan algebras.
Finitely many Hsiang algebras (Tkachev).
Nonunital Griess algebras of certain VOAs, e.g. Monster VOA.
Algebra of Weyl curvature tensors (Fox ‘21).
Certain Norton algebras of association schemes.
Certain algebras associated with Steiner triple systems (Fox ‘22).
Tensor products of simple Lie algebras. (sop3q b sop3q Ø det)
Tensor products of simple EKMCs with E3pkq. (3 is special).

Classification of EKMCS for n ď 4 when k “ R, τ ą 0:
n “ 2 ùñ E2pkq.
n “ 3 ùñ E3pkq.
n “ 4 ùñ E2pkq ‘ E2pkq » E2pkq b E2pkq or E4pkq.

Dan Fox (ETSAM, UPM) Talk 3: November 30, 2022 27 / 32



Example: Algebraic solutions on nonflat background

Lemma (Fox): G a connected compact simple Lie group.
Killing form B ă 0. Biinvariant metric h “ ´B on G .
ωi1...ik P Skpg˚q the complete polarization of a ∆h-harmonic
homogeneous G-invariant polyonomial P of degree k ě 3.

The pair ph, ωq solves the coupled Einstein equations on G .

Proof: G invariance decouples the equations.
G-invariance implies ωi1...ik is parallel, so Codazzi.
G-invariance implies ρpω ? ωq is G-invariant, so is a multiple of h.
For same reason h is Einstein in usual sense.

In some cases it can be shown that the resulting solutions are not
coupled projectively flat. This will be shown for G “ SUpnq.
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Example: SUpnq

G “ SUpnq, n ě 3.
g “ supnq “ Lie algebra of skew-Hermitian n ˆ n matrices.
h “ ´B for Killing form BpX , Y q “ 2n trpXY q.
t P R, commutative multiplication ˝ on g defined by:

X ˝ Y “ t i
`

XY ` YX ´ 2
n trpXY qIn

˘

.(‹)

Trilinear form: χpX , Y , Z q “ hpX ˝ Y , Z q “ ´2nt i trpXYZ ` YXZ q.
Cubic form: PpX q “ ´2nti

3 tr X 3.
χ P S3pg˚q is invariant under G-action induced by adjoint action.
Since G acts orthogonally on g, the h-Laplacian is G-equivariant, and
so ∆hP is G-invariant. An invariant homogeneous linear form on a
simple Lie algebra must be zero, so P is h-harmonic.
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Example: SUpnq

Define L : g Ñ Endpgq by LpX qY “ X ˝ Y .
∆P “ 0 ðñ tr LpX q “ 0.
Invariance of χ ðñ radpX q, LpY qs “ LprX , Y sq “ rLpX q, adpY qs.
Killing form τpX , Y q “ tr LpX qLpY q is G-invariant:

tr LprX , Y sqLpZ q ´ tr LpX qLprY , Z sq

“ tr prLpX q, adpY qsLpZ q ´ LpZ qradpY q, LpZ qsq “ 0.

Einstein-like condition: Because h is G-invariant, τ “ 1
dim g |χ|2h.

Associator rX , Y , Z s “ pX ˝ Y q ˝ Z ´ X ˝ pY ˝ Z q:

rX , Y , Z s “ 4t2 `1
4 rY , rZ , X ss ` hpZ , X qY ´ hpX , Y qZ

˘

.
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Example: SUpnq

Levi-Civita connection D of h satisfies DX Y “ 1
2 rX , Y s.

χ is D-parallel by the invariance of χ.
Biinvariant torsion-free connection ∇t “ D ´ tχij

k .

∇t
X Y “ 1

2 rX , Y s ´ i t
2

`

XY ` YX ´ 2
n trpXY qIn

˘

,

RtpX , Y qZ “ ´1`t2

4 rrX , Y s, Z s ` 2t2 phpY , Z qX ´ hpX , Z qY q ,

ρtpX , Y q “
`1

4 ` p 1
n2 ´ 1

4qt2˘

hpX , Y q,

trh ρt “ pn2 ´ 1q
`1

4 ` p 1
n2 ´ 1

4qt2˘

.

∇t is not projectively flat for any t P R.

p∇, hq is Einstein special statistical structure with self-conjugate curvature,
so ph, χq solve coupled Einstein equations, but ∇t is not projectively flat
for any t P R, so ph, χq not coupled projectively flat.
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No other examples on compact Lie groups

H. T. Laquer (also H. Naitoh)
A compact simple Lie group G admits a unique biinvariant torsion-free
affine connection (the Levi-Civita connection of the Killing form) unless G
has type An with n ě 2, in which case there is a unique one-parameter
family of biinvariant torsion-free affine connections.

There is a similar theorem for Riemannian symmetric spaces, with
exceptional examples on the symmetric spaces:

SUpnq{SOpnq pSUpnq ˆ SUpnqq{SUpnq SUp2nq{Sppnq E6{F4
n ě 3 n ě 3 n ě 3

R C H O
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