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General scheme: hierarchy of coupled equations
SOpnq-irreducible W. Associated module of trace-free tensors.
MC “ curvature tensors.
Symmetric SOpnq-map ϕ : W ˆ W Ñ MC, trh ρpϕpω, ωqq “ |ω|2.
Generalized gradients A1, . . . , AN , symbols σAi pX qpωq.
Stress-energy tensor: T pωq “ ρpϕpω, ωqq ` 1

2r |ω|2h, some r P R.

hpX , div pT qq “

N
ÿ

i“1
βihpσAi pX qpωq, Aipωqq.

Coupled projective flatness:

Aipωq “ 0, 1 ď i ď N, Riem ´ ϵϕpω, ωq “ ´ κ
npn´1q

h ? h, ϵ P t˘1u.

Coupled Einstein equations:

Aipωq “ 0, 1 ď i ď N, G ` Λh “ ϵT ðñ Ric ´ ϵ ρpϕpω, ωqq “ κ
n h.

Aipωq “ 0, 1 ď i ď N, and constancy of Λ “ n´2
2n

´

s ` ϵ n`2r
rpn´2q

|ω|2
¯

.
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Coupled equations for trace-free Codazzi tensors
Suppose ωi1...ik “ ωpi1...ik q is trace-free. div pωqi1...ik´1 “ Dpωpi1...ik´1 “ 0,
Cpωqiji1...ik´1 “ Driωjsi1...ik´1 .

Kpωqiji1...ik´1 “ Cpωqiji1...ik´1 ´ 1
n`k´3

k´1
ÿ

s“1
his ridiv pωqjsi1...̂is ...ik´1

.

b “ ` ` .

Coupled projective flatness:

Kpωq “ 0, div pωq “ 0, Riem ´ ϵpω ? ωq “ ´ κ
npn´1q

ph ? hq ϵ P t˘1u.

Coupled Einstein equations:

Kpωq “ 0, div pωq “ 0, G ` Λh “ ϵT pωq ðñ Ric ´ ϵ ρpω ? ωq “ κ
n h.

Kpωq “ 0, div pωq “ 0 and constancy of Λ “ n´2
2n ps ´ ϵ|ω|2q “ n´2

2n κ.
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Submanifold examples, k P t2, 3u

(k “ 2) For a mean curvature zero nondegenerate hypersurface in a
pseudo-Riemannian space form having induced metric h and second
fundamental form Π, ph, Πq is coupled projectively flat.

(k “ 3) For a mean curvature zero nondegenerate Lagrangian immersion
in a (para/pseudo)-Kähler manifold of constant (para)-holomorphic
sectional curvature having induced metric h and twisted second
fundamental form Π, ph, Πq is coupled projectively flat.

General properties of solutions: results in Riemannian signature
General existence theorems? Affine spheres.
Examples of coupled Einstein not coupled projectively flat.
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Properties of solutions in Riemannian signature
For general scheme, Weitzenböck/Kato inequality machinery applies:

A priori restrictions on the coupled tensors: vanishing theorems.
§ k-forms: Hodge theory.
§ Codazzi tensors: (Berger-Ebin ‘69, Stepanov ‘92).
§ (Conformal) Killing tensors: (Dairbekov-Sharafutdinov ‘11,

Heil-Semmelmann-Moroianu ‘16).
§ General machinery (Hitchin ‘15).

Weitzenböck formulas for A˚A. (Semmelmann-Weingart ‘10).
Refined Kato inequalities. (Calderbank-Gauduchon-Herzlich/Branson).
Together these yield differential inequality for the Laplacian of the
coupled tensor and its norm.
Depending on signs, can be integrated (Simons style gap theorem) or
can apply maximum principles (Cheng-Yau style growth estimates).

Model result (Calabi 1971): If Blaschke metric of a hyperbolic affine
sphere is complete, then it has nonpositive Ricci curvature.
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Weitzenböck machinery for Codazzi tensors
h a Riemannian metric on Mn, n ą 2, and ω P ΓpSk

0 pT ˚Mqq.
L the trace-free part of the symmetrized covariant derivative.

General formulas:

uRpωqi1...ik “ k ρpRqppi1ωi2...ik q
p ´ kpk ´ 1qRppi1i2

qωi3...ik qq
p,

QRpωq “ xω, uRpωqy “ kxρpω ? ωq, ρpRqy `
`k

2
˘

xω ? ω,Ry,

∆ω “ 1
k

uRpωq `
n`2pk´2q

n`k´3 Ldiv pωq ` 2K˚Kpωq.

Weitzenböck formula:

1
2∆|ω|2 “ |Dω|2 `

n`2pk´2q

n`k´3 xω,Ldiv pωqy ` 2xω,K˚Kpωqy ` 1
kQRpωq.

With refined Kato ùñ if ω P kerC X kerC˚, wherever ω ‰ 0,

|ω|pn`2pk´1qq{pn`k´2q∆h|ω|pn´2q{pn`k´2q ě n´2
kpn`k´2q

QRpωq.
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Properties of solutions

Calabi-Cheng-Yau style growth theorem for ϵ ą 0 :
M a manifold of dimension n ě 3. Suppose h is a complete Riemannian
metric which with a trace-free symmetric k-tensor ω solves

Cpωq “ 0 “ C˚pωq, Riem ´ pω ? ωq “ ´ κ
npn´1q

ph ? hq, for κ P R.

If κ ě 0 then ω ” 0, and h has constant curvature. If κ ă 0 then:
if k ě 3: supM |ω|2 ď ´κ, so sh “ |ω|2 ` κ ď 0;
if k “ 2: supM |ω|2 ď ´κ{pn ´ 1q, so sh “ |ω|2 ` κ ď n´2

n´1κ.

Applies to maximal spacelike hypersurfaces in AdS space (Ishihara ‘87).

k “ 3: a complete solution with κ ă 0 has nonpositive Ricci curvature.
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Properties of solutions
Simons style gap theorem for ϵ ă 0 :
M a compact oriented manifold of dimension n ě 3. If a Riemannian
metric h and trace-free symmetric k-tensor ω solve

Cpωq “ 0 “ C˚pωq, Riem ` pω ? ωq “ ´ κ
npn´1q

ph ? hq, for κ P R,

then there is a constant cn,k ą 0 such that

0 ě

�
M

|ω|2
´

n`k´2
npn´1q

κ ´ cn,k |ω|2
¯

dvolh,

“ cn,k

�
M

pκ ´ sq

´´

n`k´2
npn´1qcn,k

´ 1
¯

κ ` s
¯

dvolh,

where
κ “ s ` |ω|2,

cn,2 “ 1 (Simons ‘68), cn,3 “ 2n´1
n (Chen-Ogiue ‘74),

cn,k ď p1 `
p2n`1qpk´1q

n q k ą 3 (Fox 2021) (Not sharp!).
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Algebraic solutions on flat background

Flat h with Levi-Civita D. ωi1...ik “ ωpi1...ik q is trace-free and parallel.
Coupled projective flatness: ω ? ω “ κ

npn´1q
ph ? hq.

Coupled Einstein equations: ρpω ? ωq “ ´κ
n h.

Purely algebraic equations for a tensor.
The coupled Einstein equations admit many such solutions.
Determining whether these are coupled projectively flat
requires some additional argument.
When k “ 3, real coupled projectively flat solutions are
classified. Unique up to isomorphism in each dimension.
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Algebraic solutions from isoparametric polynomials

n-dimensional Euclidean vector space pV, hq.
F an h-harmonic polynomial homogeneous of degree g ě 2 on V.
ω “ DpgqF is trace-free, Codazzi, and divergence-free.

ph, ωq solves coupled Einstein equations ðñ there is c P R such that:

0 “ Fip1...pg´1Fj
p1...pg´1 ´ chij ,

0 “ DiDj

´

|Dpg´1qF |2 ´ c|x |2
¯

,

0 “ |Dpg´1qF |2 ´ c|x |2.

(‹)

In this case nc “ |DpgqF |2.

Next are given some examples for which it can be shown the resulting
solutions are not coupled projectively flat.
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Algebraic solutions from isoparametric polynomials

Σn´2 Ă Sn´1 is isoparametric if its principal curvatures are constant.
(Münzner 1980-81) showed:

Number g of distinct principal curvatures λi satisfies g P t1, 2, 3, 4, 6u;
Multiplicities of λ1 ą λ2 ą ¨ ¨ ¨ ą λg satisfy mi “ mi`2 (indices mod
g) ùñ at most two distinct m1 and m2 (if g “ 3 then m1 “ m2);
Σ part of a level set in Sn´1 of a degree g homogeneous polynomial
P : Rn Ñ R (a Cartan-Münzner polynomial) solving

|dP|2 “ g2|x |2g´2, ∆P “ m2´m1
2 g2|x |g´2.

Corollary (Fox): For a Cartan-Münzner polynomial P, the trace-free part
ωi1...ig of DpgqP solves (‹), so ph, ωq solves the coupled Einstein equations.
When g “ 3, ph, ωq is not coupled projectively flat.

Proof: algebra with harmonic polynomials.
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Combinatorial algebraic solutions

E “ te1, . . . , enu edge set of k-regular graph with finite vertex set V .
Partial Steiner system B “ collection of k-element subsets (blocks) of
t1, . . . , nu such that edges ei1 , . . . , eik incident at some vertex in V .
V “ RxEy with metric h for which E is ordered orthonormal basis.
px1, . . . , xnq coordinates of x P V. I P B Ñ monomial xI “ xi1 . . . xik .
Choose ϵ P t˘1uB, so ϵI P t˘1u for each I P B.

Theorem (Fox): Associate with pE , V q and ϵ P t˘1uB the k-form

Ppxq “
ÿ

IPB
ϵIxI .

The pair ph, DpkqPq solves the coupled Einstein equations.

When k “ 3 there are one-parameter variants of this construction.
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Conformal structure from second fundamental form
A cooriented nondegenerate immersed hypersurface in a manifold with
projective structure acquires a conformal structure.

i : Mn Ñ pNn`1, r p∇sq immersed hypersurface. Projective structure
r p∇s.
Second fundamental form Π: normal bundle valued symmetric two
tensor defined by projecting p∇X TipY q onto normal bundle.
Π depends only on the projective equivalence class r p∇s of p∇.
Immersion is nondegenerate ðñ Π is nondegenerate.
Local transversal W determines h representing Π and a connection ∇:

p∇X TipY q “ Tip∇X Y q ` hpX , Y qW .

W Ñ W̃ “ f pW ` Z q ùñ h Ñ h̃ “ f ´1h and ∇̃ ´ ∇ “ ´h b Z .
M cooriented ùñ conformal structure rhs.
rhs invariant with respect to automorphisms of r p∇s.
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Blaschke metric

Nothing so far depends on choice of transversal W .
Ψ a volume density on N.
Determines a unique representative p∇ P r p∇s such that p∇Ψ “ 0.
Local transversal W determines two volume densities:

|ιpW qΨ| and | det h|1{2.

For cooriented W such that these coincide, h is the equiaffine metric.
Also called the Blaschke metric.
Depends only on trivialization of normal bundle, not on splitting.
Preserved by automorphisms of pr p∇s, Ψq.
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Affine normal in flat affine space

Nothing so far depends on direction of W .

If Mn Ă An`1 is locally convex, affine normal at p is the tangent to the
curve formed by barycenters of slices of M by parallel translates of TpM.

A nondegenerate immersed hypersurface, Mn, in pAn`1, p∇q acquires a
connection, ∇, via projection along the affine normal line bundle.

The affine normal line bundle is defined more generally:
With nondegeneracy in place of convexity.
Without assuming flatness of p∇.

For indefinite signature rhs or nonflat p∇ need a different definition.
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Alignment

Lemma: Given a projective structure r∇s and a conformal structure rhs on
Mn there is a unique ∇ P r∇s that is aligned with respect to rhs, meaning:

hpq∇ihpq “ nhpq∇phqi (alignment condition).

Equivalently H ij “ | det h|1{nhij is divergence free: ∇pH ip “ 0.

An AH structure on Mn is a pair pr∇s, rhsq comprising a projective
structure, r∇s, and a conformal structure, rhs, such that for each ∇ P r∇s

and each h P rhs there is a one-form γi such that ∇rihjsk “ 2γrihjsk .

Identify AH structure with the pair p∇, rhsq where ∇ P r∇s is aligned.
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The affine normal

Lemma: The affine normal line bundle of a cooriented nondegenerate
Mn Ă pNn`1, p∇q is determined uniquely by the requirement that the
induced connection be aligned with respect to the conformal structure
determined by the second fundamental form and coorientation.

A transversal W determines a connection ∇ on M.
If W̃ “ f pW ` Z q, then ∇̃ ´ ∇ “ ´hijZ k .
∇ depends on line bundle spanned by W , not on W .
∇ varies projectively if p∇ is varied projectively with W fixed.

Lemma: There is a unique choice of transverse line bundle so that the
induced connection ∇ is aligned with respect to rhs.

This unique choice is the affine normal line bundle.
A p∇-parallel volume density determines an affine normal vector field.
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Flat ambient space: conormal Gauss map

A nondegenerate immersed hypersurface, Mn, in flat affine space, An`1,
acquires a flat projective structure.

Conormal Gauss map: ν : M Ñ PpA˚q, νppq “ Ann TpM.
M nondegenerate ðñ ν is an immersion.
r∇̄s “ pullback via ν of flat projective structure on PpA˚q.

If the immersion is cooriented, the projective structure r∇̄s generates an
AH structure with the conformal structure determined by the second
fundamental form and coorientation.
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AH structure induced on an affine hypersurface

An AH structure on Mn is a pair pr∇s, rhsq comprising a projective
structure, r∇s, and a conformal structure, rhs, such that for each ∇ P r∇s

and each h P rhs there is a one-form γi such that ∇rihjsk “ 2γrihjsk .

A cooriented nondegenerate immersed hypersurface M in flat affine space
pA, p∇q acquires two conjugate exact AH structures:

The AH structure pr∇s, rhsq induced via the affine normal.
The pullback r∇̄s via the conormal Gauss map M Ñ P`pA˚q of the
flat projective structure on P`pVq constitutes with rhs the AH
structure conjugate to pr∇s, rhsq.

Definition: pr∇s, rhsq is conjugate projectively flat.
Characterizes AH structures locally equivalent to affine hypersurfaces.
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Special statistical structures on an affine hypersurface

Alternative formulation.

A cooriented nondegenerate hypersurface in flat affine space acquires a pair
of conjugate special statistical structures, one of which is projectively flat.

Special statisical ðñ cubic form Lijk “ ∇ihjk symmetric, trace-free.
∇̄ “ ∇ ` Lij

k generates with h the conjugate statistical structure
p∇̄, hq having trilinear form L̄ijk “ ´Lijk and also special.

∇ ´ 1
2Lij

k “ D “ ∇̄ ` 1
2Lij

k , ∇̄ “ ∇ ` Lij
k .

D is Levi-Civita of h. Lij
k “ hkp∇phij . Lip

p “ 0.

Conjugate projectively flat ùñ locally an affine hypersurface.
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Einstein special statistical structures and affine spheres

A nondegenerate Mn Ă An`1 is an affine sphere if its affine normals meet
in a point (its center) or are parallel (center at infinity).

Theorem (Fox 2009): For a nondegenerate cooriented Mn Ă An`1 with
induced conjugate special statistical structures p∇, hq and p∇̄, hq the
following are equivalent:

M is an affine sphere.
p∇, hq and p∇̄, hq have self-conjugate curvature.
p∇, hq and p∇̄, hq are Einstein.

These conditions imply and, if n ą 2, are implied by
p∇, hq and p∇̄, hq are projectively flat.

Yields lots of solutions of the coupled projectively flat equations.
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Convex affine spheres

Let M be a convex affine sphere with complete Blaschke metric h.
(Blaschke-Deicke-Calabi) If M is elliptic, then h has positive constant
curvature and M is an ellipsoid.
(Jörgens-Calabi-Cheng-Yau) If M is a parabolic affine sphere, then h
is flat and M is an elliptic paraboloid.
(Calabi) If M is a hyperbolic, then h has nonpositive Ricci curvature.

Theorem (Cheng-Yau ‘86): The interior of a nonempty pointed closed
convex cone is foliated in a unique way by hyperbolic affine spheres
asymptotic to its boundary and center at its vertex.

Many examples of nonconvex affine spheres from level sets of real forms of
relative invariants of irreducible prehomogeneous vector spaces and from
nonassociative algebras (Fox, R. Hildebrand).
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