
Symmetric trilinear forms and Einstein-like equations:
from affine spheres to Griess algebras

Daniel Fox
daniel.fox@upm.es

Escuela Técnica Superior de Arquitectura
Universidad Politécnica de Madrid

Online - GRIEG Seminar
Center for Theoretical Physics

Polish Academy of Sciences (CFT PAN)



Structure of talks

Overview and motivation.
Curvature equations coupling a metric to auxiliary tensor.
Examples and properties of solutions.
Affine differential geometry of hypersurfaces.
Generalized affine hypersurface (AH) structures.
Einstein equations for AH structures.
Examples and properties of solutions.
Metrized algebras. Killing/Ricci metrized algebras.



Review: conformal and Weyl structures

Metrics g and ḡ are conformally equivalent if ḡ � ef g for f P C8pMq.
A conformal structure is a conformal equivalence class rgs of metrics.
rgs conformally flat ðñ charts in which represented by flat metric.
Conformal Schouten tensor: Pij� � 1

n�2pRic ij � 1
2pn�1qsgijq.

Conformal Weyl tensor: Wijkl � Rijkl � 2glriPjsk � 2gkriPjsl .
Conformal Cotton tensor: 2∇riPjsk .
If n ¡ 3, rgs conformally flat ðñ conformal Weyl tensor vanishes.
If n � 3, rgs conformally flat ðñ conformal Cotton tensor vanishes.
If n � 2, rgs always conformally flat.
Weyl structure: Torsion-free ∇ and conformal structure rhs such that
for every h P rhs there is a one-form γ such that ∇h � 2γ b h.
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Review: projective structures

Torsion-free connections ∇ and ∇̃ projectively equivalent if

∇̃ � ∇� γ b Id� Idbγ.

Equivalently: traces of geodesics of ∇ and of ∇̃ are the same.
Equivalence class r∇s is projective structure.
r∇s projectively flat ðñ charts in which geodesics are straight lines.

Projective Schouten tensor: Pij � � 1
n�1

�
Ric ij � 2

n�1Ric rijs
	

.

Projective Weyl tensor: Bijk
l � Rijk

l � δi
lPjk � δj

lPik � 2δk
lPrijs.

Projective Cotton tensor: 2∇riPjsk .
If n ¡ 2, ∇ projectively flat ðñ projective Weyl tensor vanishes.
If n � 2, ∇ projectively flat ðñ projective Cotton tensor vanishes.
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Classical hierarchy of curvature conditions
(pseudo)-Riemannian metric h. Curvature conventions (signs!):

ph ? hqijkl � 2hkrihjsl , Ric ij � Riempij
p, s � Ricp

p.

Constant sectional curvature: Riem � � κ
npn�1qph ? hq.

Einstein equation: (G � Ric � 1
2sh is the Einstein tensor)

Ric � 1
n sh � 0 ðñ G � n�2

2n κh � 0.

Constant scalar curvature: s � trh Ric � κ is constant.

Beltrami Theorem
A metric has constant sectional curvature if and only if it is projectively
flat. In this case it is conformally flat and Einstein, and conversely if n ¡ 2.

Goal: study similar hierarchy for more general class of AH structures.
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Background contexts

Common element
Linear algebra of cubic forms on quadratic spaces.
Equivalently: symmetric bilinear form and a symmetric trilinear form.

Hypersurface in (flat) affine manifold: Blaschke metric and Pick form.
Statistical structure p∇, hq � torsion-free ∇, metric h such that
∇rihjsk � 0 ùñ ωijk � ∇ihjk is symmetric.
Lagrangian submanifolds of (para/pseudo)-Kähler manifolds:
Induced metric and modified second fundamental form.
Metrized commutative algebra pA, �, hq: Bilinear multiplication
� : A� AÑ A and nondegenerate symmetric bilinear h (a metric)
that is invariant, meaning hpx � y , zq � hpx , y � zq.

Main theme: Einstein equations in these contexts.
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Preview: affine hypersurface (AH) structures

AH (affine hypersurface) structures are a class of geometric structures
that includes all those mentioned as special cases.

Definition: An AH structure is a pair pr∇s, rhsq comprising a projective
structure, r∇s, and a conformal structure, rhs, such that for each ∇ P r∇s
and each h P rhs there is a one-form γi such that ∇rihjsk � 2γrihjsk .
(Equivalently: the trace-free part of ∇ihjk is completely symmetric.)

The condition does not depend on the choices involved.
There is an involutive notion of conjugacy of AH structures.
Self-conjugate AH structures � Weyl structures.
AH structures are locally statistical structures.
Exact AH structure � homothety class of special statistical structures.
Locally Kähler affine structures � projectively flat AH structures.
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Einstein-like equations
Einstein-like equations
Some Ricci tensor is a multiple of the metric and some closed/coclosed
conditions on some auxiliary tensor from which Ricci is constructed.

Einstein-Weyl structures.
Affine spheres. Cheng-Yau metric for convex flat projective structures.
Mean curvature zero Lagrangian submanifolds of Kähler space forms.
Einstein equations for statistical manifolds.
Commutative algebras metrized by Killing form: τpx , yq � tr LpxqLpyq
or Ricci form: ρpx , yq � tr Lpx � yq � tr LpxqLpyq.

Einstein-Maxwell equations
Metric h and 2-form F satisfying

dF � 0 � d � F , Ric � F � F � 1
n ps � |F |2qh.

Idea: replace F , d , and d� ...
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General context: linear algebra of symmetric k-forms
k-linear form: ω P bk

V
�.

Symmetric group Sk acts on bk
V
� by pσ � ωqi1...ik � ωiσ�1p1q...iσ�1pkq

.
ω symmetric if σ � ω � ω. That is, ωi1...ik � ωpi1...ikq.
k-form (quadratic, cubic, ...) � degree k homogeneous polynomial P.
k-linear forms and symmetric k-forms correspond via polarization:

Pωpxq � ωpx , . . . , xq,

k!ωpx1, . . . , xkq �
ķ

s�1

¸
|I|�s

p�1qk�sPpxi1 � � � � � xis q.

Kulkarni-Nomizu product and its Ricci trace:

pω ? ωqijkl � 2ωkri
AωjslA,

ρpω ? ωqij � pω ? ωqpijqhpq � ωi
AωjA � wij

AhpqωpqA.
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Geometric interpretrations: symmetric k-linear forms

Linear algebra of pair ph, ωq, where h is nondegenerate symmetric
bilinear form, ω is symmetric k-linear form.

k � 2: Endomorphism ωi
j � hjpωip diagonalizable with respect to h.

� Geometric application: induced metric and second fundamental form.
k � 3: ωij

k � hkpωijp can be viewed as structure tensor of
commutative product invariant with respect to h.

� ∇ihjk for statistical structure p∇, hq.
� Equiaffine metric and cubic Pick form on hypersurface in affine space.
� Induced metric and modified second fundamental form of a Lagrangian

immersion in a (para/pseudo)-Kähler manifold.
k ¥ 4: ωi1...ik�1

j � hjpωi1...ik�1p gives pk � 1q-ary product ...
� Similarly nice geometric interpretations lacking (?).
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What is special about k � 3

Trilinear forms ðñ metrized commutative algebras

Commutative multiplication � : A� AÑ A and metric h determine

ωpx , y , zq � hpx � y , zq.

h metrizes pA, �q ðñ ωpx , y , zq � hpx � y , zq is symmetric.
� and h determine the associated cubic form 6Ppxq � hpx � x , xq.
Conversely: metric h and cubic form P determine � by polarization:

hpx ,y � zq � Ppx � y � zq
� Ppx � yq � Ppy � zq � Ppx � zq � Ppxq � Ppyq � Ppzq.
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Metrized commutative algebras as statistical structures

Metrized commutative algebra pA, �, hq, ωpx , y , zq � hpx � y , zq.
L : AÑ EndpAq defined by Lpxqy � x � y . Lpxqi j � xpωpi

j .
D Levi-Civita connection of h.
∇ � D � ωij

k satisfies ∇ihjk � �2ωijk ùñ p∇, hq is statistical.
ωijk is D-parallel, so curvature of ∇ is algebraic in ωijk .

Curvature Rpx , yq of ∇ measures nonassociativity of �:

Rpx , yqk l � �x iy jpL ? Lqijk l � rLpxq, Lpyqsk l ,

ρpRqpx , yq � x iy jpωip
qωjq

p � ωij
aωap

pq � tr LpxqLpyq � tr Lpx � yq.

Associator: rx , z , y s � px � zq � y � x � pz � yq � �rLpxq, Lpyqsz .
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Affine normal line bundle

An�1 � flat pn � 1q-dimensional affine space.

If Mn � An�1 is locally convex, affine normal at p is the tangent to the
curve formed by barycenters of slices of M by parallel translates of TpM.

A different definition is needed in nonconvex case.

A cooriented nondegenerate hypersurface in flat affine space acquires
a pair of conjugate AH structures, one of which is projectively flat:

Second fundamental form induces a conformal structure.
Affine normal induces an affine connection.
Codazzi equations give compatibility between the two.
Conormal Gauss map induces flat projective structure.
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Affine spheres: motivation for Einstein AH equations

A nondegenerate Mn � An�1 is an affine sphere if its affine normals all
meet in a point (its center) or are parallel (center at infinity).

Motivating observation:
There are Einstein equations for AH structures such that the conju-
gate pair of AH structures induced on a cooriented nondegenerate
hypersurface in flat affine space are Einstein if and only if the hyper-
surface is an affine sphere.

Affine spheres are the umbilics in affine geometry.
Examples: ellipsoids, hyperboloids, paraboloids.
There are others! Unlike in Euclidean geometry, in affine
geometry umbilics abound.
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Convex affine spheres

Let M be a convex affine sphere with complete Blaschke metric h.
(Blaschke-Deicke-Calabi) If M is elliptic, then h has positive constant
curvature and M is an ellipsoid.
(Jörgens-Calabi-Cheng-Yau) If M is a parabolic affine sphere, then h
is flat and M is an elliptic paraboloid.

Theorem (Cheng-Yau ‘86): The interior of a nonempty pointed closed
convex cone is foliated in a unique way by hyperbolic affine spheres
asymptotic to its boundary and center at its vertex.

Together with duality of cones yields duality of affine spheres.

No systematic study of nonconvex affine spheres. Examples from level sets
of real forms of relative invariants of irreducible prehomogeneous vector
spaces and from nonassociative algebras (Fox, R. Hildebrand).
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Cheng-Yau metric

Cheng-Yau: a pointed convex cone is foliated by complete hyperbolic
affine spheres asymptotic to its boundary and centered on its vertex.

Together with duality of cones yields duality of affine spheres.

Corollary: a properly convex flat projective manifold carries a canonical
homothety class of metrics.

Proof (J. Loftin 2001): descend the Blaschke metric of an affine sphere
asymptotic to the cone over its universal cover.

This is like Kähler-Einstein metric in negative Chern class case.
Corollary yields a canonical duality of properly convex flat real
projective manifolds that extends the duality of affine spheres.

Klartag: there is an (incomplete) elliptic affine sphere over a bounded
convex domain with center at the Santaló point of the domain.
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Overview: Einstein AH structures

There are Einstein equations for AH structures such that:
An AH structure is Einstein ðñ conjugate AH structure is Einstein.
For Weyl structures specialize to the usual Einstein-Weyl equations.
The conjugate AH structures on a hypersurface in flat affine space are
Einstein if and only if the hypersurface is an affine sphere.
A properly convex flat real projective manifold has a pair of conjugate
Einstein AH structures.
There is AH structure induced on a mean curvature zero
nondegenerate Lagrangian submanifold of a para-Kähler space form
and it is Einstein.
Examples can be constructed by solving usual Einstein field equations
with a stress energy tensor built from a trace-free symmetric 3-tensor
(like Einstein-Maxwell equations).
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Overview: Einstein AH structures

There are Einstein AH structures which are not Weyl and which are
not locally equivalent to ones induced on affine spheres.
The simplest example is defined on SUpnq.
Algebraic avatar: Killing metrized exact commutative algebras -
commutative algebras metrized by Killing form τpx , yq � tr LpxqLpyq.
Many examples, including:

� Tensor products of semisimple Lie algebras.
� Trace-free Hermitian matrices with the trace-free Jordan product.
� Metric curvature tensors with the Hamilton-Huisken product.
� Griess algebra of the Monster finite simple group.
� Combinatorial constructions.
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Hierarchy of curvature conditions
h a (pseudo)-Riemannian metric. Notations (Sign conventions!):

ph ? hqijkl � 2hkrihjsl , Ric ij � ρpRiemqij � Riempijqhpq.

Constant sectional curvature: Riem � � κ
npn�1qph ? hq.

Einstein equation: (G � Ric � 1
2sh is the Einstein tensor)

Ric � 1
n sh � 0 ðñ G � n�2

2n κh � 0. .

Constant scalar curvature: s � trh Ric � κ is constant.

Beltrami Theorem
A metric has constant sectional curvature if and only if it is projectively
flat. In this case it is conformally flat and Einstein, and conversely if n ¡ 2.

Goal: explain similar hierarchy for the geometric structure abstracting that
induced on a hypersurface in flat affine space.
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Example: Einstein-Maxwell equations

Electromagnetic 2-form F . pF � F qij � Fi
pFjp. |F |2 � hikhjlFijFkl .

Einstein-Maxwell equations:

dF � 0 � d � F , Ric � F � F � 1
n ps � |F |2qh.

Equivalently, stress-energy tensor: T � F � F � 1
4 |F |2h,

dF � 0 � d � F , G � Λh � T , Λ � 2�n
2n

�
s � n�4

2pn�2q |F |2
	

.

div pGq � 0 and div pT q � 0 ùñ constancy of Λ.

Is there a coupled projectively flat condition that traces to give
Einstein-Maxwell equations?
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Coupled equations for p-forms
For a p-form Fija1...ap�2 � FijA:

pF � F qijkl � 2
3pFkri

AFjslA � Fij
AFklAq, ρpF � F qij � Fi

qAFjqA.

Stress-energy tensor: T � ρpF � F q � 1
2p |F |2h.

hpX , div pT qq � hpιpX qF , div pF qq � 1
p hpιpX qdF , F q pBaird ‘08q.

Coupled projective flatness:

dF � 0 � d � F , Riem � ϵpF � F q � � κ
npn�1qh ? h, ϵ P t�1u

Coupled Einstein equations:

dF � 0 � d � F , G � Λh � ϵT , ðñ Ric � ϵ ρpF � F q � κ
n h,

dF � 0 � d � F and constancy of Λ � n�2
2n

�
s � ϵ n�2p

ppn�2q |F |2
	

.
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Einstein-Maxwell couplings: examples
Let ph, Jq be a Kähler structure with Kähler form ωp � , � q � hpJ � , � q.

(E. Flaherty ‘78, C. Lebrun ‘10) If n � 4 and ph, Jq has constant
scalar curvature, taking the primitive part of the Ricci form,

F � ω � 1
2pρ�1

4sωq, ρp � , � q � RicpJ � , � q,

ph, F q solves the Einstein-Maxwell equations.

ph, Jq has constant holomorphic sectional curvature 4κ if and only if

Riem � 3κpω � ωq � �κph ? hq pκ � s{24q.

If κ ¡ 0, F � ?
3κω, ph, F q is coupled projectively flat with ϵ � 1.

If κ   0, F � ?�3κω, ph, F q is coupled projectively flat with ϵ � �1.

Are there any other solutions?
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General scheme
SOpnq-irreducible W. MC � curvature tensors. Symmetric
SOpnq-map ϕ : W�WÑMC normalized so trh ρpϕpω, ωqq � |ω|2.
Stress-energy tensor: T pωq � ρpϕpω, ωqq � 1

2r |ω|2h, some r P R.
Generalized gradient A so that, for some β, γ P R,

hpX , div pT qq � βhpιpX qω, A�pωqq � γhpιpX qApωq, ωq.

Coupled projective flatness:

Apωq � 0 � A�pωq, Riem � ϵϕpω, ωq � � κ
npn�1qh ? h, ϵ P t�1u.

Coupled Einstein equations:

Apωq � 0 � A�pωq, G � Λh � ϵT ðñ Ric � ϵ ρpϕpω, ωqq � κ
n h.

Apωq � 0 � A�pωq and constancy of Λ � n�2
2n

�
s � ϵ n�2r

rpn�2q |ω|2
	

.
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Aside: relaxing A�pωq � 0

In some cases the condition A�pωq � 0 can be relaxed.

Suppose A� : WÑ U.
Symmetric bilinear map Ψ : W�WÑ U.
Consider A�pωq � Ψpω, ωq in place of A�pωq � 0:

Apωq � 0, A�pωq � Ψpω, ωq, G � Λh � ϵT .

To have div pT q � 0, and corresponding constancy of Λ, need
hpιpX qω, Ψpω, ωqq � 0 when Apωq � 0.

Might be interesting to explore systematically other similar variations of
the basic scheme.
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Example: p3p � 1q-dimensional supergravity
Data: pseudo-Riemannian pMn, hq, p-form F .
Suppose n � 1 � 3p (e.g. pp, nq � p2, 5q, p3, 8q, p4, 11q, etc.)
dF � 0 and d � F � cF ^ F , constant c ùñ div T � 0.

Coupled projective flatness:

dF � 0, d � F � cF ^ F , Riem � ϵpF � F q � � κ
npn�1qh ? h.

Variant of supergravity equations:

dF � 0, d � F � cF ^ F ,

G � Λh � ϵT ðñ Ric � ϵ ρpF � F q � Λh.

(Up to normalizations, generalizes usual 11-D supergravity equations.)

dF � 0, d � F � cF ^ F , constancy of Λ � n�2
2n

�
s � ϵ n�2p

ppn�2q |F |2
	

.
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Codazzi and Killing tensors, stress-energy tensors
ωi1...ik completely symmetric, ωi1...ik � ωpi1...ikq, trace-free.

Kulkarni-Nomizu product and its Ricci trace:

pω ? ωqijkl � 2ωkri
AωjslA, ρpω ? ωqij � pω ? ωqpij

p � ωi
AωjA.

Divergence: div pωqi1...ik�1 � Dpωpi1...ik�1 .
Codazzi tensor: Cpωq � 0 where Cpωqijp1...pk�1 � Driωjsp1...pk�1 .
Killing tensor: Lpωq � 0 where Lpωqi1...ik�1 � Dpiωi2...ik�1q.
Formally C � �div � and L � �div �.
Note: when trh ω � 0, Cpωq � 0 or Lpωq � 0 ùñ div pωq � 0.

TCodpωq � ρpω ? ωq � 1
2 |ω|2h, TKilpωq � ρpω ? ωq � 1

2k |ω|2h.

hpX , div pTCodpωqqq � hpιpX qω, div pωqq � 2hpω, ιpX qCpωqq,
hpX , div pTKilpωqqq � hpιpX qω, div pωqq � k�1

k hpω, ιpX qLpωqq.
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Coupled equations for trace-free Codazzi/Killing tensors

Suppose ωi1...ik � ωpi1...ikq is trace-free.

In both cases, coupled projective flatness:

Cpωq � 0 � C�pωq, Riem � ϵpω ? ωq � � κ
npn�1qph ? hq ϵ P t�1u.

In both cases, coupled Einstein equations:

Cpωq � C�pωq, G � Λh � ϵTCod{Kilpωq ðñ Ric � ϵ ρpω ? ωq � κ
n h.

Codazzi case: constancy of Λ � n�2
2n ps � ϵ|ω|2q � n�2

2n κ.
Killing case: constancy of Λ � n�2

2n ps � ϵ n�2k
kpn�2q |ω|2q.

Comment: in the Killing case, κ need not be constant.
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k � 2 Example: minimal hypersurfaces in space forms

i : Mn Ñ pNn�1, gq in a space form with curvature � sg
npn�1qpg ? gq.

Suppose h � i�pgq is nondegenerate.
Π the second fundamental form with respect to a unimodular
orthogonal transversal T satisfying ϵ � �gpT , T q P t�1u.

Gauss-Codazzi equations:

CpΠq � 0, div pΠq � D trh Π, Riem � ϵpΠ ? Πq � � κ
npn�1qph ? hq,

with κ � sh � ϵp|Π|2h � ptrh Πq2q � n�1
n�1sg .

For a mean curvature zero nondegenerate hypersurface in a
pseudo-Riemannian space form, ph, Πq is coupled projectively flat.
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k � 3 Example: minimal Lagrangian submanifolds
pN2n, g , Jq (para/pseudo-)Kähler. J � J � ϵ Id, ωp � , � q � gpJ � , � q.
Constant (para)-holomorphic curvature 4ĉ:

zRiem � �3ĉϵpω � ωq � ĉpg ? gq.
i : Mn Ñ N2n nondegenerate (h � i�pgq nondegenerate) Lagrangian.
Π P ΓpS3T �Mq defined by ΠpX , Y , Z q � ωpp∇X TipY q, TipZ qq.
Mean curvature one-form: Hi � hpqΠipq.

Gauss-Codazzi equations:

CpΠq � 0, div pΠq � DH, Riem � ϵpΠ ? Πq � �ĉph ? hq.

For a mean curvature zero nondegenerate Lagrangian immersion in a
(para/pseudo)-Kähler manifold of constant (para)-holomorphic sectional
curvature, ph, Πq is coupled projectively flat.
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