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Second Order PDEs

e Second order PDEs in 5D :

Zpp = F(x, Y, 2, Zy zy),

Zyy = G(x, Y, 2, 2y, zy),

Zyy = H(x, Y, 2, Zr, zy)
e Abbreviate :

P = Zy and q = zy.

e Two total differentiation operators :
Dy = Oy +p 0.+ F 0p+G 0, Dy = 0y+q0.+G 0p+H 0.
e Complete integrability :

0 = [D%Dy}»
that 1s :



e First jet space :
Jl > (:C,y,z,p, q).
e Horizontal and vertical 2D distributions :
¢ = Span {8 : 8q}, ¥ = Span {Dx, Dy}.
e Nondegeneracy :

C = DYV
of rank 2 + 2 should be contact in J*.

¢ Terminologies :

[1 Para-CR structure of type (2,2, 1) [Hill-Nurowski
[ 1 Integrable Legendrian contact structure [Doubrov-Medvedev-The]
[ 1 Submanifold of solutions [Kamran, Makhmali, M.]

y — Q(ZC7 y? a? b7 C>'
e Flat model :



e Symmetry projective group :

Q1] 12 a3\ (@ B;
” Qo] 092 a3 | | Y +<gz>
y\ \ag) asg azz) \z :
z/ | Y121t7222+73W+0 7

a1 o2 a13 B

9] 92 93 9
SL(4,C) 3 Q3] @39 33 53

1 Y2 Y3 0

e Possible Lie symmetries dimensions :
15 8 7 6 5
e Gap phenomenon : [Kruglikov-The]
15 | 8.

e Assertion : The gap phenomenon also holds for non-parabolic geometries.



e Submaximal model : [Winkelmann]

ZCIS’ZE — 257 Zgjy — O, Zyy — O,
with symmetries :
aﬁlﬁa aya aﬂn Iayv xa@m
x Op — 2u 0Oy, Y Oy + 2u Oy,
z’ Oy — Y Oy.
¢ Invariant differential quartic : r: s] € PY{C)

Faq /42 (Fpg—Gq) rPst(Fpp—4 Gpg+-Hyg) r*s*+2 (Hpg—Glpp) rs°+Hpps™.

e Characterization of flatness :

0 = qu
= Ipg— Gyq
= Fpp —4Gpg+ Hyq
= Hpq — Gpp

pr.



o Types:

Type O : Quartic 1dentically zero.

Type N : A single root of multiplicity 4.

Type D : Two distinct roots, each of multiplicity 2.

Type Ill : One root of multiplicity 3, another distinct root of multiplicity 1.
Type Il : Three distinct roots, of respective multiplicities 2, 1, 1.

Type | : Four mutually distinct roots.

e (lassification of multiply transitive PDEs :

[ [Doubrov-Medvedev-The]



Item Model Parameters Symmetries | Root type N |

Uz :ui 8,5, 81;7 8u7 Qfay, 1"81“
N.8 Ugy =0 20y — 2u0y, YOy + 2uldy,

Uyy =0 20y — YOy
Upy = m”ui ay7 Ou, way, 20,

N.7-la Uy =0 K#—1,-2,0,—3 YOy + 2udy, x0x + Kkydy + (K — 2)udy,

— K+2

uyy =0 2oy 0y — 5y
Upy = m71u§ ay7 Ou, way, 20,

N.7-1b Ugy =0 YOy + 2u0y, 0y — YOy — 3udy,
Uyy =0 2z log(z)0y — yOu
Upe = elug Oy, Ou, Oy, xOu,

N.7-1c Ugy =0 Oz + YOy + ulu, YOy + 2udy,
Uyy =0 2€°8y — YOy
Upw = L Oy, Ou, Op — Ou, Oy + 220,

N.7-2 Upy =17 220, — Oy + 2udy, xOy + 2204,
Uyy =0 220y +udy + x(x + 2u)dy
Uz :uZ‘ aﬂm ayy 8u7

N.6la g, =1 p#—1,2,0,1 Oy + 220, x0, + 20,
Uyy =0 20, + (1 + 1)ydy + (1 + 2)udu
Uzy = lOgUy O, Oy, Ou,

N.61b gy, =1 Oy + 220, ©0, + 20,
Uyy =0 0z — (5 — y)0y + 2udy
Uze = Uyloguy Oz, Oy, Ou,

N.6le Uy =1 Oy + 220, ©0, + 20, ,
Uyy =0 0, — (% —2y)0y + (3u — %)&L
Upw = T"UM Oy, Ou, Oy, Ty,

v u#—1,2,0,1

N.6-2a  uzy =0 0.3 20z + (K + 2)ydy + (k + 2)udy,
Uyy =0 (1= 1)y0y + pudy
Upy = m”euy 8.1/7 8147 xay, 338“,

N.62b  uu, =0 R#0,—3 20z + (K + 2)ydy + (k + 2)udy,
Uy =0 Yy + (y +u)du
Uzpy = €7 eV Oy, Ou, 0y, x0Ou,

N.62c Uy, =0 Oz + YOy + udy,
Uy =0 Yy + (y + u)du
Uz = x"logx Oy, Ou, 0y, O,

N.62d  uy, =0 w#=1,-2,0,—3 20y + (k + 2)ydy + (k + 2)udy,

= " t2

tyy =0 Y0y ~ D O
Upe = T 2loguy 0y, Ou, x0y, TOu,

N.6-2e Ugy = 0 20z,
Uyy =0 yOy + logx 0,




Item Model Parameters Symmetries | Root type D|
Upy = ui 817 aya aua
D.7a Ugy = 0 A#0,-1 2$8£ - au; any o %auv
Uyy = U 120, — 10y, Y20y — Y0,
U ui 8:27 ay7 a?u
D.7b umy =0 y8y7 yaun
Uyy = 220, — 0,, 20, — 10,
Upy = U2 — zl;“;j Oy, Oy, O,
D61y = uy(uy — %u:?/) 20y — YOy, 210y + Y9y — Oy,
Uyy = Uy — FU 120, + zydy — (x + 3y*)0,
Uy u,lmi 8:(:7 8y7 aua
D.6-2a ua:y =0 p#0,1,2 yaua yay7
Uyy =0 /’j—:éxam + y0y + u0,
Upy = etz 817 aya aua
D62b 1, =0 YOu, YOy,
Uyy =0 20; + Y0y + (u — )0,
=\ 2 (u—uxuy)l/Z
Ugy = AUy w3/ aT’ ay’ x@x + ua“’ yay + U8“’
D63a Uy = 14+ A ugu, — 2u)%+y)1/2 A£0, 3 20y + Y20y + 2yudy,
Uyy = A2 (“_1;:;73)1/2 220, + udy, + 2zud,
Upy = u2(1 — 2uyu,)? Oz, Oy, Ou,
D.6-3b  wy, = (uzu, — 1)(1 — 2uxuy)1/2 20y — Y0y,
Uyy = uZ(1 — 2uguy)'/? udy, + 0y, udy + Yo,
Uge = 0 8$7 897
D.6-4 uxy — MTIU?/ 233055 + Uau7 any + Uau,

220, + xudy,, y*0, + yud,




Item Model Parameters Symmetries | Root type Il |
Ugy = xﬁzy a’y? au? ,

61 1, =0 Oz + YOy, 10y + 50y,
Uyy =0 YOy + udy, 0, + ud,
Uy = 2uy (2u,; — uuy) O, Oy, 20y — O,

U162 u,, = ug YOy + udy, 220, + yo, — ud,,
Uyy =0 220, + zyd, — (y + xu)d,

e Question : Beyond the possible root types at order 4 :

O, N, D, 1, |, l,
what is the branching diagram at orders 5, 6, ...?



Degenerate para-CR structures and their homogeneous models
[M.-Nuroswski 2020]

Given a € real hypersurface M° C C? of complex-graphed equa-
tion w = O(zq, 29,%1, 22, w) obtained by solving for w a real impli-
cit equation p(zq, 29, w, z1, 29, w) = 0, one can forget about complex
conjugation, work over the fields K = R or K = C, and consider ins-
tead, in coordinates (x, ¥, z, a, b, ¢) a so-called submanifold of solutions
M C sz'ylz KQH having implicit equation p(x, v, 2, a, b, ¢) = 0, with
symmetrically d;,j n Zp # 0 # dg p cp-

One may therefore assume p, # 0 # p., solve for z and for ¢ by
means of the implicit function theorem, and get two equivalent graphed
equations :

z = Qx,y,a,b,c) & c = Pla,b,x,y, 2).

In view of the intimate relationship with PDE systems, one may think
that (z,y, z) are the variables, while (a, b, c) are the parameters. Two
functional relations must be 1dentically satisfied :

Z = Q(SE,y,CL, b7 P(CL, b,SC,y,Z)) & P(a7b7$7y7 Q(x,y,a, b,C)) = C,



with (). # 0 # P, by hypothesis, and in fact (). = P% Two sets of five
intrinsic coordinates may hence be considered :

(:1:, Y, a,Db, c) & (a, b, x,, z)

The infinite group of biholomorphic transformations of C° would
yield, by complex conjugation, the group of anti-btholomorphic transfor-
mations, in the (21, Zo, w) variables. Also, for a large class of completely
integrable PDE systems, the natural infinite-dimensional group consists
of split-diffeomorphisms :

(‘/E7 y) Z? a) b7 C) 'H (f(x7 y? Z)? g(‘qj? y? Z)? h('qj? y? Z)) QO(CIW b) C>7 ¢(a7 b? C)7 X(a7 b) C))
—. (aj/? y/7 Zl? a/7 bl? Cl)?

which are pairs of uncoupled diffeomorphisms both in the variables
space and 1n the parameters space.

Through these transformations, both 2-dimensional foliations {a =
ap,b = by,c = ¢p} and {x = x0,y = Yo,z = zp} are invariant. Their
intersections with .Z = {z = )} = {c = P} are spanned by two pairs



of vector fields, firstly in coordinates (z, vy, a, b, ¢) :

0 Qa 0 0
ZCL T aa QC<$7y’a’b7 C) 667 ‘%/flf T aﬂj7
_ 9 @y 0 _ 9
og/ﬂb s % — a<$7y7a7b7 C) &7 % T ay7
and secondly in coordinates (a, b, x,y, 2) :
0 0 P, 0
= — = —_— = — b -
Za %&7 % %C gz(aa 73373/72:) %Za
o - _ Y il
2 = ETR Ky 9 Pz(a, b, x,y,2) e

However, 1n general, their sum :
Span {fa,gg)} 6 Span {%, %}

1s not Frobenius-integrable, as show the four Lie brackets :

_Qcha + Qa@xc 0 _Qchb - Qbec 0

Sl T T 00, o S AT TR o
[ 1 _QCan + Qach 0 i 1 —Qchb + Qbec 0
_%7 ga_ B QQe oc’ _%7 0% a Q:Q oc’



with similar formulas involving P in the other coordinates (a, b, x, ¥, 2).
This conducts to introduce two Levi forms, firstly with respect to para-
meters, having invariant matrix :

_Qcha‘gQanc _Qchb;’Qbec

: L Qc QC
Levipar(Q) = | —0.0y01QuQpe —QeQyrsQuQye | -
02 Q?

and secondly with respect to variables, having invariant matrix :

_PZPCLQZ'—l_PI'PCLZ _PZPay—I_PyPCLZ

Leviga(P) = ik i
P? P2

e Lemma One has :

L@lear(@) — Py TLGVIvar(P) < . QC TLGVIpar(Q) — LeViVar(P>.

e Hint of proof Differentiate above up to order 2, perform suitable eli-
minations, and obtain for 1 < 4,5 < 2, with (aj,a9) = (a,b) and



(21, 2) = (2, 9) ;
o Qchz-aj + Qanxic _ _p (_ Psziaj T Pxipajz)
= ' )
Qe Qe P. P,

As a corollary :

l”ank LGlear(Q) — l”ank LGVlvar(P>

So one can speak of Levi nondegenerate, or of constant Levi rank 1,
submanifolds of solutions.
From the three equations :

< = Q? Ry = Qxa Yy = an

one can solve the parameters (a, b, ¢) precisely when the Jacobian matrix
1s invertible :

Qa Qb Qc
0 # |Qua Qup Que| = det LeVipar(Q>.
an be ch




But when the Levi matrix 1s constantly of rank 1 [our current concern],
one must examine ‘higher order Levi forms’, for instance by differentia-
ting up to order 3, which conducts to :

Qa Qb Qc
Freemanpar(Q) = | Qza @up Quc |,
Qx:m Qxajb Qazxc
P, P, P
Freemanyay(P) == | Pax Pay Pz |-
PCLCLZC Paay PCLCLZ

Indeed, under the assumption of constant Levi rank 1, and more pre-
cisely, under the following assumptions which can be met after a permu-
tation of coordinates :

Qa Qb Qc
# 0 = |Qra Qzp Qucl,
an be ch

Qa Qe
QZECL QZIZC




it can be verified that through a split-diffeomorphism, which transforms
{z=Q(z,y,a,b,c)}into {z' = Q'(«', v/, d’, b, )}, one has :

!/ !/ /
% 9 g
Qz’a’ Qzlb/ Qz’c’
/ / !/
Qz’z’a’ Qz’z’b’ Qz’z’c’
Qa Qb Qc

Qza sz ch
sza szb szc

3

9z 9y 9- o Qc Qo Qe

he hy b (%@) Q- Q| 9 q, ch>
Pa b Pc| ‘Jiﬁ;(f) A1 1@ Q.
% % ¢c %(9) %(g> Qza ch

Xa Xb Xe

and this guarantees that the nonvanishing of Freemany,y(Q)) is an inva-

riant condition.

Of course, there 1s a similar formula (by symmetry) satisfied by P
which shows that the nonvanishing of Freemany,,(P) is also invariant.
But we would like to mention that such formulas would be untrue wi-
thout the assumption that the Levi determinant vanishes identically.

When z = () is a real hypersurface w = O(zq, 29,21, Z2, W) in C?,

with :

(aj? y? Z) = (Z17 227 w)?

(a,b,c) = (Z1,Z9, W),



so that ) := © and P := O, it is clear that :

Freemany,, (©) = Freemanpa,(0),

so that one determinant 1s nonzero if and only 1f the other is.

However, for general submanifolds of solutions, and even contrary
to the ‘equivalence’ between the two Levi determinants expressed by a
lemma above, the two Freeman determinants are tofally unrelated. In-
deed, taking for instance :

2z =@ = c+za+ Bxxb+ vyyaa + Oylx,y,a,b,c),
< c¢=P=z—ax—vyaay — Bbrx + Oyx,y,a,b,c),
with two uncoupled [free, independent] constants (3, v, we have at the
origin :

F 700
reemanpar(Q)|, = 5o O‘ = 20,

0 0 1
Freemany(P) 0= —01 _%78 = 2.

So the much studied concept of 2-nondegeneracy for CR manifolds,
when generalized to para-CR geometry, splits into two non-equivalent
concepts.



e Definition A submanifold of solutions {z = Q(x,y,a,b, c)} = {c =
P(a,b,x,y, z)} whose Levi form is everywhere of rank 1 will be called :

Qa Qb Qc
e 2-nondegenerate with respect to parameters if 0 # | Qea Qup Quec | =
Q:U:m Q;m;b Qm;c
A(Q);
P, P, P

e 2-nondegenerate with respect to variables if 0 # | Pax FPay FPaz| =:
PCLCL.CI? Paay PCLCLZ

O(P).
Thus, 1f we assume constant Levi rank 1 and 2-nondegeneracy with
respect to parameters :

0, O Qo Qy Qc Qa  @p Qe
G0 2040 =Qu Qny Que| a0 4| Qea Oy Qe
ra wxc an be ch Qzza Qaij Qe

then from the three equations z = (), 2, = (4, 2z2 = (12, We can solve,
by means of the implicit function theorem, the three parameters (a, b, c),




namely :

z = Q(x,y,a,b,c), a = Alx,y, 2, 2z, Zex),
-y — Qx(xayaaa b7 C), < b = B(xayvzvzxﬁziEﬂ?)?
_Zy — Qy(x7y’ a, b’ C>’ _C — C(xvyaz7zxazxfb)7

and replace in other derivatives, so that we obtain a completely integrable
system of two PDEs :

Zy — F(xayazazxazCCiC) & Lrxr — H<x7yazazxaz[l?ﬁl?)-

! o o o o o

] o o o ) o
(0, 1)@) ) ) ) ) )

oo s -

(0,0) (1,0) (2,0) (3,0)



The transfer of derivations :

9,0 9 F)
_ A B

92, e T Zw@ﬁ%@

o, 0 9 9

B C
Zxxa + meab+ mea

OZopr

becomes after some elimination work :

ngb ng;b Qxa Qxaja Q:pa waa
g o Qze Qrac| O B Qze Qzzc n Q:z:b Qxxb
0z  AQ) Oa A(Q)  0b AQ) Oc
Qb Q:U:Ub Qo Qzza Qa Qrra
i . Qe Quac n Qe Qrac| O B Qb Qazajb
Ozy A(Q) 0Oa A(Q) 0b A(Q) Oc
Qb Qajb Qa Qza Qa Qza
0 Qe Qe Qe Qe Qb Qxb

07e  AQ) 0a  AMO) o6 AQ) oc



e Lemma If the submanifold of solutions z = () has degenerate Levi
form of constant rank 1 and if it is 2-nondegenerate with respect to pa-
rameters, then in its associated PDE system zy = I, zyyp = H, the
function F' is independent of z,, :

xrx’

Proof. By construction :

F(CC,y,Z,Zm,Z:EQ;) = Qy(xay7 A(xayaZnZCEa'ZCIZZC)aB(x)yaZaZZUaZ:ECIZ);
O(x7yvzaz$7le’))a



whence a differentiation with respect to z,, make re-appear the Levi
determinant :

Fzm. — Azxx an + Bzgm be T szaz Q?JC

Qb Qajb Qa Qa;'a Qa QZL’CL
B Qc Qxc B Qc Q:cc Qb Qxb
T AQ) YT A Ay O
1 Ge oy G
— A AN ra Yrh Yxc
A<Q) an be ch
= 0.

So we do assume that F' is independent of z,,. After a similar work,
one gets

e Proposition The submanifold of solutions {z = @)} is 2-nondegenerate
with respect to variables if and only if :

0+ F, .. ]

Because it corresponds (exercise) to trivial products {z =
Q(x,a,c)} X Ké X K%, the degenerate branch F, . = 0 will not



be studied, and we will constantly assume :

F, =0%#F,.,.
The graphed model :

2xa + x2b + a’y
Z+C = :
1 —yb

conducts to the model PDE system :

Introducing the two total differentiation operators pulled-back to the
PDE system :

D =0y +pd.:41rp+HO & A = dy+F,+DFdy+D?Fo,

the complete integrability expresses as D3F = AH, and guarantees that
the general solution is of the form Q(x,y, a, b, ¢).

Forgetting about submanifolds of solutions, we launch Cartan’s me-
thod by defining a 2-nondegenerate para-CR structure on a real 5-
manifold M > (x,y,z,p,r) associated with the above two PDEs as
above as an equivalence class of 1-forms modulo point equivalences in



terms of an initial coframe of (contact) 1-forms, together with Ilifted 1-
forms, ‘rotated’ by an initial GG-structure :

wl = dz — pdx — de, /91\ /fl 0 0 0 0 \ (wl\
W = dp — rdx — DF'dy, 02 f2 pe¢ f4 0 0 w2
w? = dr — Hdz — D2de, 3| = | o /I f7 0 0 w3
wh = dx, o sz 0 0 pejgb 14 w
W = dy, \95} \f5 0.0 f° f?/ \w5)

Similarly to the CR case, we perform several torsion normalizations,
which lead us to change the initial coframe on M into :

2 O R 5
w? (2H24+9H,—3DH,) H w?
w3 — - 1§ - BT -1 0 0 wg ;
A 0 0 0 1 F, A
o) | e g o g gt |\



and we invariantly reduce the GG-structure to only 4 parameters p, ¢, f 2,
f? (plus one extra parameter w1 ), the bar having nothing to do with com-
plex conjugation except some analogy link with Pocchiola’s computa-
tions :

[ p* 0 0 0 0 )
/gi\ 2 pe? 0 0 0 (5;\
3| <§2%2 fifﬁb 0 0 |.],3
0

p
20 0 pe?

o4 w
S A

e Theorem. [M.-Nuroswski 2020] On the_bundle @) = M° x G* with
M 3 (z,y,z,p,7) times RY 5 (p, &, fo, fo), there exist four 1-forms €y,
Co, (3, (4 with 91, (92, 93, 94, 0°. (1, Qo, Q3, QU4 linearly independent at



every point which satisfy the following para-CR invariant exterior diffe-
rential system :

do' = — 0 AQ + 07 A6,
d6? = 6% A (92—191)—91AQ N
d93:293A92—92A93+ COrLgl p gty ]392/\93

= Ly (2602135 + (I |52+21 g) —de” ¢f213) oL A 6P,
d0* = — 62 A 0° — 0 A (501 + Q) — 01 A Q,
167 = 2" N+ 0 AU+ PN~ St A0

3 3\ pl 5|
= Ly (22 2135 + (1 |52+21 1) =4 Of2 ) 01 A 6



where [ 1, 1 2, I3 are explicit relative differential invariants on the base
M

' .= — 2 (9D*H, — 21DH,, — 18DH, H, + 18 H,H, + 4H; + 54H,),
3 2
]2 L 40Fppp - 45Fpprpprppp + 9Fpprpppp
= . ,
54 By,
73 . 2Eppp + FppHir
and where (-)|; for i = 1,...,5 denote directional derivatives along the

vector fields X; dual to 0"
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Flat model

We would like to mention that when I3 = 0, there are striking links
with the geometry of 3 order ODEs modulo contact transformations

[M.-Nurowski 2020].

Developing the technique of Cartan, we split the study in two
branches : I° # 0 and I? = 0. When I° # 0, we show that one can




normalize p, uy, f 2. Then in the obtained structure equations, / 3|5 be-
comes a relative invariant. We show that I°|5 = 0 conducts to a dif-
ferential contradiction. When [ 3| 5 = (, we can also normalize ¢, f2,
hence obtaining an {e }-structure on the base M. At first, certain 15 scalar
constant curvatures appear, and by looking at differential consequences
of d o d = 0, they reduce to only one pair of solutions, with ¢ = +1, and
we come to Maurer-Cartan type equations :

a0' e — 60" 07+ Jo" N0t — 301 N 6°) + 62 0",

407 =€ — 10" A 67 = 202 A 0%+ 302 7 0" — 02 N 07) — 0" N 6%+
%9%94—%9%95%%94,

— 0 N0 B0 N0~ 30PN )+ h07 A0 — 102 A 0P,

N\

16° =

/_\

e( A0 10T A0 +40° N0 — 01N 0%) — 02 A6,

o~ 50" 0"+ 207 N0~ J0" N 07,



Next, in the branch I3 = 0, the equations above become :

A0t = — 0L Ay + 02 A 0*

6% =07 A (Q — 301) — 0 A Q3+ 67 A 6%,
163 :293AQ2—92A93+65—§11 N

A0 = — 0 N 0° — 0* A (301 + Q9) — 01 A,

d6° = —20° A Qo + 0 A Qy + ep§¢]291 A 62,

Here, / I and I? are relative invariants.

In the sub-branch I # 0, we first normalize p, uj, f2. Then I?|
becomes a relative invariant. We show that I%|5; = 0 leads to a dif-
ferential contradiction. When [/ 2| 5 # 0, we can also normalize ¢, f2,
hence obtaining an {e}-structure on the base M. At first, certain 12 scalar
constant curvatures appear, and by looking at differential consequences
of d o d = 0, they reduce to one pair of 1-parameter solutions and we
come to Maurer-Cartan type equations, parametrized by any s € R, again



with € = +1 :

d91:—€(91A93+91/\95) N
d92:e(591/\92—92/\95) st A 3 A B
d93:e(91A94—93A95) 0 A G2 — 502 A O*

d94:e(—591A94+93A94)+591A92—92A95,

de5:e(—91A94+93A95)+91A92+592A94.

Lastly, when [ 2 = 0, we show that / I' = 0 too necessarily, and we
show that the structure equations are those of the model z; = % (222)°
& zprr = 0. The diagram above summarizes these explanations.

By general features of Cartan’s method, all obtained para-CR struc-
tures are pairwise not equivalent.

To conclude, by setting up the PDEs associated to para-CR subma-
nifolds of solutions inspired from Fels-Kaup’s list, we realize all these
homogeneous models as stated in our main



e Theorem. [M.-Nuroswski 20201 Homogeneous models for 2-
nondegenerate PDE five variables para-CR structures are classified
by the following list of mutually inequivalent models :

(i) 2y = %(zx)Z & zppe =0;

(ii) 2y = %(Zx>2 &  Zpgpxr = <Zxx>3§
y
(iiia) 2, = %(zx)b & zpgw = (2 — b)@ with z, > 0 for any real

<x
bell,2),

(iib) zy = f(zz) & zgar = h(zx)(zm)Z where the function f is
determined by the implicit equation :

(z:% + f(zx)Q)eXp (Zb arctanzii_b;ézg) — 140

and where :
(b° — 3)zy — 4bf(2y)

h(zg) =
(f(2x> — bzx)z

for any real b > 0.



The point automorphism groups for cases (1), (1), (111a), (111b) can be
determined infinitesimally. Indeed, a vector field with unknown coetfi-
cients A' = A'(x,y, z,p,r), i =1,...,5:

X = A9y + A2 0y + A% 0, + A0, + A Oy,

should act on 1-forms as the matrix (2.4), so that :



For instance, in case (1), the first equation writes :

LW Awt = da:/\dy

+dx Adz

+dx Adp _p

+dy Adz

+dy/\dp_

+dz Adp

(A3~ 1p? A2 —p Ay — tp At = Lp ATt pP A2+ h L)),

pas— 1y A= pP AL AL LR A2 - p AL - AY

(Ag — %LpQAZZ) —pAIl))} +dx Adr [p (A‘;’ — %poA% —pAi)]

P AL P ALt At Ay - p T Ay —p A - %Aﬂ

( Aﬁ——p A2 ijlg)]ery/\dr[ ( A3——p A2 pA}n)]

'—A§+§p2A§+pA;] +dz Adr [—A§+ip2A%+pAﬂ.

Solving this linear system of partial differential equations, we get



e Corollary. The Lie algebra of infinitesimal point automorphisms of the
flat model (i) is simple, isomorphic to 503 2(R), with the 10 generators :

X) = a2y0, +y° 0, —2°0. — (py+22)0,— 2ry +2) 0,

= — (2" —y2)0, — 22y 0, — 2220, — (%p2y+22) 0 — (pry—er+2p) O,
= y0, — 220, — 20,

Xy = a;z@x—$26’y—|—z202— (%p%’—pz) 0y + (%pZ—pr:L') O,

alla
o

X5 = z@x—Qx(?y—%pQ(?p—pr@T,
X¢ = 20, +220,+p0,,

X7 = 0,

Xy ==y0,—20,—p0,—ro,

Xg = 0,

X9 = 0,

having commutator table :



X1 Xo X3 Xy X5 Xg X7 X3 X X1
X110 0 0 0 —X, 0 — X3 — X1 —Xg—2Xg 0
Xo | x 0 2X; 0 2X, —Xo 2X45+2Xg O — X5 — X3
X3 * * 0 XQ _2X8 X3 2X10 —Xg —X7 0
X4 * * * 0 0 —2X4 —X5 X4 0 —X6
X5 * X * * 0 —X5 2X9 X5 0 —X7
X6 * * * * * 0 —X7 0 0 —2X10
X7 | % % k% * >:< 0 0 0 0
Xg | * % %  x * * * 0 — Xy X10
Xg | *  x k% * * * >|< 0 0
Xl *  *x k% * * * * >l< 0

In the CR context, observe that if S C R3 is an affinely homo-
geneous parabolic surface, then the tube M° := S2 % iR? has tran-
sitive holomorphic symmetry algebra hol(M), with an Abelian ideal
a = Span{i0;,10z,10y}. Conversely, for an M 0 € €y 1, it is not
difficult to show that if hol(M) D a contains an Abelian ideal a with
ranke a = 3, then M 0 22 62 5 iR is biholomorphically equivalent to the
tube over an affinely homogeneous parabolic surface .S 2 C RS,



In the para-CR context, all the Lie algebras in cases (i), (ii), (iiia),

(i1ib) have a 3-dimensional abelian ideal.

e Corollary. The Lie algebras of infinitesimal point automorphisms of
the homogeneous models (ii), (1iia), (ilib) are all 5-dimensional and sol-
vable, and are given in the (x,y, z,p, r)-space by the following genera-

tors together with their Lie brackets :

X1 =20, +3y0,+320.+1pd,— 310, X1 )1(2 X3 )1(4 )3(5
Xy = yd, —220. — 20, X1l 0 =Xy =Xy —5X4 —5Xs
(i) Y. = 9 Xo| * 0 2X; —X3 0
ST T X3 % % 0 0 0
Xy = 0y, Xy| * * * 0 0
X5 = 0., X5 | * * * * 0
b b—2
X1 ::x8x+ﬁﬁz+%8p—r(b_l)&a, X1 X2 X3 X4 X5
X B a z a p a T a Xl O 0 —X3 O —%X5
R T R A Xol x 0 0 =Xy 75X
(iia) X3 = 0,, X+ x 0 0 0
X, = 0 Xyl * % * 0 0
& Xs| %« * % * 0




X, =20, +y0,+20.—10d, 1 Xo X3 Xy X5

0 —X4 Xg —U.)X5
* 0 0 0
* 0 0

X
Xy = —y &+ 20, +wz0.+ (= F+wp)d,+ (—2DF +wr)d, 1| 0 0 =X =Xy =Xy
*
*
b S
* * * 0

e Summary.

[ 1 In [M.-Nurowski 2020], homogeneous models are determined by means
of Cartan’s equivalence method, branch by branch.

[ Due to computational complexity, the full tree is unknown for CR
manifolds of dimension 5, and / or for 5D second order nondegenerate
PDE:s.

e Problem. For any equivalence problem, determine / construct the com-
plete invariant branching diagram.

e Alternative approach : Power series method of equivalence.



SD Degenerate CR Manifolds

e 5D CR hypersurface :
M° c C°,
graphed as :
U = F(%QZZ),

1n coordinates :

(z, ¢, w :u+¢flv) e C.
e (lass of CR manifolds :

€1,
meaning 2-nondegenerate, with Levi form of constant rank 1 < 2.

The noncylindrical parabolic surfaces S2 C R? can be presented fol-
lowing [Fels-Kaup, Acta Math. 2008] :

(1) {x%%—x% = m%, xrg > O};



(2a) {r(cost,sint, ey e R re Rt and t € R} with w > 0 arbi-
trary ;

2b) {r(1,t,e’) eR3: r e RT andt € R};
(2¢) {fr 1, e eet) cR’: rcRVandt € R} with 6 > 2 arbitrary ;

3) {c(t)+rd(t) € R3: reR"andt € R}, where c(t) = (t,t°,1).
Fels-Kaup’s striking result was :

e Theorem. Every locally homogeneous &5 1 hypersurface M O Cis
locally biholomorphic to S 2 % iR3, with S? C R3 being one of (1), (2a),
(2b), (2¢), (3), distinct such S?2 x iR? are pairwise biholomorphically
inequivalent ; all but the (flat model) tube (1) are simply transitive.

Fels-Kaup’s proof relied on expert knowledge of Lie structure theory.
But only the equivalence method can reach information about CR inva-
riants. The goal now 1s to explore the concerned CR invariants (either
relative or absolute), since nothing about the branchings they create ap-
pears in the literature.



Affine Classification

Before stating CR results, let us present an alternative (elemen-
tary) classification of AfF(RS)-homogeneous noncylindrical parabolic
surfaces, whose final invariant tree 1s :

Flat
model

F5070 1-parameter family
of models (Sy)ger

q2 Fa170 Single
" model

To explain this tree, let SQ C R3 with 0 € S? be €* graphed as u =
Fz,y) =) jvk>1 Flk , x/ k' y". As is known, parabolicity expresses

as Fipp # 0 = ‘?Z %z |, and non-cylindricality as 0 # Fipy Fpp —

Frox Fazyo



A preliminary normalization 1s :

1 2, 1.2 1 3 1 2 2
U= 51" +52Y+gF3127°y +527Y" + Ogy(5).

The coefficient F3 ; is a relative invariant under Aff(R?), hence it creates
a branching.

In the branch F3; # 0, one normalizes F3; := 1, and also Fy ; := 0,
whence up to order 5 :

%x + %ny + %:Eger %:I:QyQ
+ 1—10 F5 0 + %x?’yQ + %IEng + Og.4(6).

One finds that f5( = % necessarily, and that all higher order F ;. are

uniquely determined constants, for instance up to order 8 :
u = ga+ga%y + gty + a7y
_i_5_14x5_|_%x3y2_i_%x2y3
+ 2’ + Lty + Latyt + 2ty + Lty

1 .7, 7 .6 5,52 ,5. 43 ,5,.3 4,125
156 L +1O8:Uy+54a:y +8:1:y +3a:y +2:1:y
1 47

8 7 6, 2 5,3 15 4 4 5 .3, 1 .2 6
+t om0 F sy + 120y e’y + 2ty + 227y + 527 4 0,,(9).



The (transitive) affine Lie symmetry algebra is 2-dimensional, generated
by :

el = (1+x—y—10 )%—F(%x—y 190 w) Oy + (z +2u) Oy,
€y = (—2x+u)8x+(1—%x—y+gu)8y—3u8u,
having Lie bracket :

e1,e0] = —e1 — ea.

This 1s (3).
Next, consider the (invariant) branch £3 1 = 0. Necessarily, Fy 1 = 0,
hence :

u = %SIZ +2m y+2my +120F z” +2x y3+Ox,y(6),

with F5  being a relative invariant, again creating a (sub)branching.
The (sub)branch F3; = 0 = F5( conducts to the flat model — a
graphed representation of (1) above — :

1 22

21—¢’

u =



having 4-dimensional (transitive) affine Lie symmetry algebra generated
by :

el = (1 —y) 0y + x 0y,

eo = (1 —1y) 0y +udy,

€3 = T O0p + 2u 0y,

eq = —uldy + x 0y,
with structure :
e1,e9] = e,
e1,e3] = ey,
e1,e4] = e,
e9,e4] = ey,
e3,e4] = ey.

In the thickest (sub)branch F3; = 0 # F5 (, one normalizes F5 () :=

1, and also F6 0:=0. Necessarily, F5 1 =4 and F6,1 = 0, hence :

1
2" 4 5

2
JrgL y+%xy +5040F7 z! +12xy +2:1:y +Ox,y(8),



with F7 o being an absolute invariant. Call it
Fro =: 0.

One therefore finds a 1-parameter family of affinely inequivalent ho-
mogeneous models (Sg) gep> With 2-dimensional (simply transitive) af-
fine Lie symmetry algebra :

€] = (1 —y+%9u) O + (— %QI—%U) Oy + Oy,
eg = —x0; + (1 —y) Oy —udy,
satisfying :
1,69 = 0.
This unifies (2a), (2b), (2c¢).



CR C(lassification

In coordinates C° > (z, C,w=1u+ /-1 v), the graphed representa-

tion of the flat model 1s :
=, 122 1 27~
2z +52°C+5%2 —
U = 2 C_Q J =: m(z,(,?,().
1 —¢¢

The 5-dimensional Lie group of its automorphisms fixing the origin
writes :

s izt + (iaC—ia)w

< T )
1+ 2z — a?z? — (QQC—O@Jrip)w
(o A (+2az— (a&+i,0)z2+(@2—ipg’—o@§)w
D) 1+2iozz—a2z2—(a2g—oz@+ip)w 7
w' = A\ d

1 +2ioz — az? — (onC — oz@+i,0) w’
where A € C*, o € C, p € R are free.
A general &9 | hypersurface M > C C3 with 0 € M writes as a per-

turbation of this model :

U = F(%C»ZZW) — m(%CaZZ)“‘G(zaQZQU)a



where :

h ._._k l h '_'—k‘
F= N 2"CHCVF 0= Y 2CFCF, ),
h7i7j7k7l

h7i7j7k

with Fp, ;1= Fj i With 0 = Fg o 00,0, and the same for G.
The Poincaré-Moser convergent shows that, after some local biholo-
morphism fixing the origin, one can assume :

0 =
0 =
0

Eyi00(v),
Epi10(v),
Fh,i,2,0<v)7

0
0
0

F3001(v),
Fro01(v) = F301.1(v),
Fro11(v) = F3030(v),

with the exceptions 1 = F 1 (v) and% = 5 0,0.1(v).

Suppose M’ ° €' is another such €5 1 hypersurface, similarly nor-
malized. If :

(2, G w) — (f(2,¢w), gz, Cw), bz, ¢ w)) = (2,0,
is a local holomorphic map fixing the origin which sends M into M’,
then as follows from general Poincaré-Moser theory, it 1s of the form
above for certain five real parameters A € C*, o € C, p € R. Our goal is
to normalize this remaining ambiguity.



Attributing weights [z| := 1, [(| := 1, [w] := 2, let us therefore show
weighted order 5 terms :

w = 22+ 575+ 527+ 230+ L7+ 5 27CCC
—=2
+2Re {23C F3,0,0,2,0} +0, 22000,

the remainder being weighted as well. This coefficient £3 () (2 ¢ 18 a rela-
tive invariant, hence it creates a branching.

s

F30020=0

¢ F3002070 _ Single
2,1 ~ model

Theorem 0.1. In the branch F3090 # 0, one can normalize
F30020 = 1, so A := 1, and 3 supplementary (real) normalizations
hold :
F470707270 = O, SO X = O,
Im F3707271’0 = O, SO P = O,

so that the isotropy is reduced to be zero-dimensional.



Furthermore, all coefficients Fy, ; ;1.1 € C are uniquely determined
to be specific constants, with :

F =P+ F 4 PP+ PO+ P F 40, oz (9),
where :
F? = 2Z,
FP = 17°¢+ 127
F* = 2z(C,
FP = 30 + (28 + 12200 + 1 (%%,
FO = —22¢22% — 92,2033 4+ 322(3C + L7+ 2350 — 223520 + 32752

=3 —2
+%z3(: — 222",

FT = 8% — 6220235 + 2020 + 4252 + 820 + 27 + 27
+3¢%FC — 42720 —22%20 + 230 — 4203 42575
+ % CSEQZQ +3 ZSCZB — 6272 + %zQCQZB —62°CZ*C —6 22C22Z2
+3 z2C2EZ2 +22°C*7° + 3 ZQQEZZQ + 4 2323¢ — 2 2¢%7%,



F? = zzCSC +zC222C +ZC32C +9ZC2C +9z§3z2C + = ZC3 3¢
F122%CF 0 — 62023 — 62430 +92%C%= c+6zcz3c +12z<72§
+6z3§’2z§+14 3Cz§ —1423C2C — 14 2°¢*73¢ — 42Cz§
42T — 6530 — 62030 + 3B 148 12245

+4z 23C+1O 5z 2C +325_2C+23CC +C23C—5ZCZ +1022C3_3
— 44520 58 - 12203 - 4222 +3z§z _ 250 AT
— 2z523+%c424—2z325—§C325+z C C .

The general infinitesimal CR automorphism, depending on 5 real

constants a,b,c,d,e € R, is L = A0, + B9y + C Oy, where :

= a++/-10,

— (—a+ﬁb)§+(2a—30+2¢jb+ﬁd)2

— (—2a+20)w+(2&—4c+2ﬁd)22+(—6+ﬁd)zfa
— (_2a+20)§w+(—4a+4c)zw,



B’ = ¢+ y-1d,

B' = (2v=1d+4v=1b) (+ (da+4v-1d) 2,

B> = (8a—8c+4y=1d—4vy=1b) 2"+ (—6a+6v=1b—c+y=1d) ¢’
+ (4@—120+8\/—_1d) 2,

B* = (4c—4v1d) 2’ + (2v-1b—2a) 4+ (= 12vTb+12a) 2°¢ + ( — 8a+8¢) (w
+(—12v=1b+12a+6 v=1d — 6¢) 2(°,

B = (8@—80) 22w + (—6a+6\/—_1i)) 24 (—12\/—_1d+24\/—_16—24a+120) 23
+(8a—2c+2v1d—8y=1b) 2’ + (— 12a+ 12y-1b+12¢ — 12 y=1d) 2°C°
+(—12a+120) C*w,

B> = (—12v=1b+12a+6yv=1d —6¢) 2"+ (—24c—30v=1b+30a + 24 v=1d) 2°¢
+(—20a+20v=1b+8c—8y=1d) 2°C* + (— 12¢+ 12y=1d) 2°C + (—4a+4c
+(—24c+24a) 2C2w+ (—24c+24a,) zQCw,



and where :

¢! = vTe,

ol = (2&—2¢flb)z,
(4@—60)w+(c—¢fld)z2,
(4@—40)210,

ct =0,

0,
0
0

)

and the related 5 holomorphic vector fields e1, es, €3, €4, e5 have struc-
ture :

le1,e9] = —4dey —4es, le1,e3] = —2ey, le1,eq] = 2eg +4ey, le1,e5] = 2e9 —4es,
[62763] — _462 _4647 [62764] - 07 [62765] — 07
[63784] — 2647 [63765} - _262+6€57
€4, €s]



This Lie algebra g has the derived series of dimensions 5, 4, 2, 0,
with ;

9,9] = Span (—4dey —4des, —2e1, 2eg+4dey, —deg —dey).

The three underlined vector fields span a 3-dimensional Abelian i1deal
a C g, whose value at the origin 0 & C? spans a maximally real 3-plane.
This is coherent with Fels-Kaup’s item (3).

Next, assume 320 = 0, or equivalently, %Wg = 0. Some diffe-
rential consequences are :

Fy0020 =0, F30120 = 0, F30030 = 0,
hence up to order 6 :
w = 22+ $7°C + § 2°C + 22CC + 1 ZACC + $22CCC + 27¢C¢C
+2Re { 7T P10+ 220 Fyp210) + 0, 2 7,(7)

Suppose the graphed equation for M’ is similar. Then F50.0.1,018 arela-
tive invariant, and it creates a branching :



Flat
model

F500107#0

F30020=0

o F3002070 Single
2,1 ~ model

A further sub-branching could be created by the other relative inva-
riant 3 9 1, but this 1s not the case. The following result establishes,
by normal forms techniques, Pocchiola’s characterization of the flat mo-
del.

e Theorem In the branch F5 020 = 0= F50.1.0 if M° € €91 is ho-
mogeneous, then all Gy, ; ;.1 = 0, and M coincides with the Gaussier-
Merker representation of the flat model :

2Z + %22C+ %222

— [
I =¢¢

u=m-+90 =



Thus, 1n this top-most (degenerate) branch, F3 910 = 0 18 implied,
suprisingly.

Next, in the branch F30090 = 0 and F54010 # 0, one can use
A € C to normalize F5(01,0 = 1, s0 A = 1. The final tree will be
explained by the third theorem :

Flat
model

F5001070 1-parameter family
~ of models (Mp)gecr

F30020=0

¢ F3002070  ginole
2;1 " model



Theorem 0.2. In the branch F3 020 = 0and I50010 = 1, three sup-
plementary (real) normalizations hold :

F6,O,O,1,O = O, SO (¢ ‘= O,
Im F47()737()’0 = O, SO P = O,

so that the isotropy is reduced to be zero-dimensional. Notably, a
constant value for F3 91 0= — 15 is also implied.

1=

Furthermore, abbreviating :
0 = ReFy 0300

which is a free absolute invariant, all coefficients Fy, ; ;1.1 € C are uni-
quely determined in terms of 0 € R, with :

F =R+ +F 4 PP+ PP+ FIy R FP 4 FY4 0, s (1),



where :

F? = 2Z,
s %22£ + 327,
F* = 2z¢C,
_2 _9—
PP = 52500 + 502,
FO — — 1523220 4+ 2¢250° 4+ (20 + 25C — 15223,

F7 = 32522 + 027 — 452223 C + % ZQCQZ?) + 6 2374 — % 24222 +52(Z%
— 10 235222 -+ %C225 — 45 23(7*( — % (77— 10 22C%2° + %C?)ZZZQ
+ 5 24z,

_=3 o= _9=2 _a> 4=
F® = 20%2C° —202°¢%2%C — 15 2°CZ°C — 15 2°(C°7°( — % 2?2 C
— % Z4CEZQ — 20 zQngzQ — % 0252C +26 242 + % 6 2°Z*C
+302'2°C+ 260 2°Z'C +30 2% + % 622z — % 20z -5 24223
— 5203 50 +52(C —L0¢F —L027C 350 — 130277

325 _4—4 3=5 3 ~3=5
—722—1302’ —§Cz7



9 = 93T 102423 — 165222230 — 40 z3gz223 165 23¢%F%C
5 — 5202 — BAGE — B a¢PE'T — 40 20

+ % 6 252222 + 3(9242322 +20z2 ZC + % v zQCQZS +26 2(*7ZY
+302%C%C —5v=12%C0 + 5v=1 ¢ + B0 222 + 1260 242
+302°CZC+1202°(Z°C — £ 0 2¢Z°C — £0 2°CZC — 100 v=12°Z°Cv

Cv—@z ZC+ 5202 — 9(227—@2%25
3827@=
—C C—455Z_C—|—5Z7§Z 6922' 0 —1902°2°C — &£ 6° 257

9222 __ZSCC . CS 5C_25C _C4_5 25€7 + Z
—|—3O\/_ZCZU—|—1OO\/_23CZU—|—75\/_ZCZU—|—475Z4CZ

— 30\/_7;55@1 —75v=iz'z
20C + B AZI—4552°¢20 — L0222 — 190 25473 —

0 — L0h5C 1023037 4 024530 — 210 23¢2F20 — 20 z4gzZ4 105257
— 210 22C3ZSZQ — @ 2*(Z9¢ — @ zﬁCz ¢ — @ Z4C ZC

+ 1725 24¢Z4¢ — 20 2¢*ZC — 70 z3< c — 20 zC3 c — 70 2%¢*Z%C
+ 105 23CZ°C + 50 2°CZC + 50 2(Z7¢ + = 5§ ZCZ + = S92 25%2¢C



=3 =3
— 302225 +202¢°2° + 202520 + 202°2°C — 867 2°¢F
_ A_5= — 6= =7 _2—=
— % 6 20z — % 6 2*z°( — % 6 2°70C — 17—725 0> 22 — %92 2973¢

24 02 B=AF 2402 Ar=5 | 12 2325 T2 2 T=2F 1 2=TF
— 507275072+ 50207 — =07 22— 007Z'¢

— % 6 Z7CZQ — 20 v=12% v+ 20 v=1 (%20 + 240 23 + 15—8 0 z%EEQ

12 g 2,=572 | 18 267 4,237 3 =472
+£02°(2°C + 5 02072°C+1502°CZ C;—1592 (zZ°C 2
+202°CZC+ 180 2°C°Z°C + 180 2°(Z°C + 240 2" ¢z
— 150 yTT '3 0 — 16 v=T60 2%2%0 — 100 =T 2°23C 0 — 90 V=1 2°2C v + Fy o500 2°2°
— % Z5Qf4 + 5 C3§5ZQ + 5 Z5C2ZS — 150 Z5C2ZS + 92ﬁ AP+ 570 257

— 3252%C%%0 — 435 2% — 435272 — 325 257%C — L. (*2C

4570 53¢ + e AT 15023550 + 960 2455 + 10062527+ 207

+ 26072 + %92723 + 2 60°27C+ 90220 + 1802770 + 2 (720

+ % zng + 90 v=1 ZCQZ% + 100 v=1 z3C2§3v + 150 v=1 22C2§4v +16v=10 2’z
— 30 v12°CZCv — 150 v=1 2°CZ* v + 150 v—1 2*(Z°Cv + 30 v=1 2(Z°Cw.



The general infinitesimal CR automorphism, depending on 5 real
constants a,b,c,d,e € R, is L = A0, + B + C Oy, where :

A’ = a+ y710,

Al = (—c+v=id) 2+ (—a+v=1b) (,

A? = (%9a+5\/—_16)22+(—%9a+5\/—_16)w+(—c+\/—_1d)z§,

A3 = (—10a—10\/—_119) z3+(10\/—_16+30a) zw+(—%9a—5\/—_16) Cw,

(—100—5\/_d)w + (10a+10v=1b) 2w + ( — 20¢c+ 10 v=1d) 2w,
( (9&—10\/_6)2 +(—5c+5\/_d)zC+(40a—50\/—_16)z3w
+(75\/_e—69a)zw +(10c—5\/_d)g“w

A = (=20a—20v-1b—2v-10d+:0c) 2"+ (—2a+ 2 v1b) w’
+(—20a+25v=Te) zCw” + (200a + 100 v=1b) z°w’

A" = (10v=1d —10c+ 2y=1fe+ 2-6a) 2" + (100 c + 50 v=1d) 2°
+ (= — 10 b)) Cuw’ + (— 2v=10d+i0¢) 6C+(50a+50\/_b)z§w
+(=50v=1d +70¢) 22w+ (=100 ¢ — 50 v=1d + 20 =10 ¢) zu®,

A = Agpaw' + (- ZFc+2v10b—2L0a+ 2 v-16°d — 122 /1€ 2°
+<8A0,0,4+%Bl70,3)22w3+(—30\/—_1d+300) 5Cw+(—mc——\/_d)zg“w
+ (= 50c+50v=1d) 2'¢+ (—2v=10b+100a — 50 y=Te) z%w,




where :

B’ = ¢+ y-1d,

B' = (30a—10v=Te) z + (2v=1d) ¢,

B* = (—40v=1b—60a) 2"+ (—c+ v=1d) "+ (10a — 10 y=1b) w + (3 0 a + 10 y=Te)
B’ = (=30v=1d+30¢) z*+ (40c+ 20 v=1d) 2w + (60 a) Cw + (40 a — 140 v=1b) 2°(,

B = (= 140a+100v-1e+6v-10b) z* + (20a+25v-1e) w’ + ( — 40 ¢+ 20 v=1d) 2(
+(240a —300v=1e) z°w + (10a+ 10 y=1b) C*w + ( — 90 v=1d + 90 ¢) 2%¢
+ (= 60v=1b+60a) 2°C",

B® = (—860v=1b+900a+2 v=10d —20¢) 2° + (40 ¢ — 40 y=1d) 23¢°
) 5)
+ (12 v=10b—200a — 100 y=T1 e) 2+ ( — 300a — 300 =1 b) 2w
+ (400 a — 200 v=1b) 2w* + (150 y=Te) Cw* + (56 6 a + 200 v=Te€) 2*Cw,

= (= 770v=1d+690c+4v-10e+20"a— 2 y-16°D) 2°

+ (- e+ P mad)w’ + (—250c—350 v=1d — 30 v=10e — £ 6a) z*w

+ (400 @ + 200 v=1b) 2¢w” + ( —20a+25v=1e) Cw’ + (—60a+ 6 v=10b) 2°C°
+ (600 ¢ 4 300 y=1d — 60 y=16 €) z°w” + ( — 1500 @ — 300 y=1b) z°Cw

+ (300 v=Te+240a) 2°Cw+ (2 v=16d — 1360 v=1b + 920a — 26 c) 2°C,



= ({0 =10b—1680a+ 12 0" c — 102 v16°d) 2°

+ (=48 A4p 94— 6Big3+600a— 750 v=Te) 2°w” + ( — 200 ¢) (w®
+(3260%°a— 32 v=16°b+ 1460 c — 1460 v—1d + 4 v=16€) 2°C

+ (- 492a—60\/_96+1000+100\/_d)zCw

+ (B v=16d —20c+900a — 900 y=1b) 2°¢°

+ (3600 a + 144 v=10 b+ 5100 v=1€) z’w + (Bio3) 2w’

+ (= 1000 @ 4 200 v=1b) z°¢C*w + ( — 400 ¢ + 700 y=1d) 2*Cw?,

and where :
CV = /e,

Ol = (2@—2¢—_1b)z,
C? = (c—\/—_1d>z2+(—20)w
C3 = (%QaJrlO\/—_le)zw,
C’4 = (10\/—_1b)w2+(—10a—10\/—_16>z2w,
= (2¢—2v71d) 2’ + (—20c+ 10 v=—1d) 2w’
C6 ( 46@)10 +(29a—25\/_e) 2w,
C7 = (5\/—_903—%90)2 +(—20a—20\/—_b)z5w
+(%a+2§¥0\/—_1b)zw3,

C* = (—26vid+10v-ife)w' + (—FZvad+3Fc) 2"+ (Be+ P vid) 2°w’

+ (10\/—_1d — 10 c) 2w,



09:( 525\/_(92614—%@2) (%\/—_19b+%9a)z7w

(49@ — 50 \/_e) 2w + (2 A070,4) 2w,

and the related 5 holomorphic vector fields eq, es, €3, €4, e5 have struc-

ture :

le1, €] = —%964—4657 e1,e3] = 0, e1, e4]
e, €3] = —2e, €9, €4]

_637 64_

= 262,

0,
264,

1, e5
€3, €3]
:637 65:
:647 65:

= %9 62—2064,

0,
265,

= 0.

This Lie algebra g has the derived series of dimensions 5, 3, 0, with :

g,.9] = Span(—%964—465, 2e9, %(962—2064).

These three vector fields form a 3-dimensional Abelian ideal a C g,
whose value at the origin 0 € C? spans a maximally real 3-plane. This is

coherent with Fels-Kaup’s items (2a), (2b), (2¢).

The proofs rely upon studying the fundamental equation :

,U),

0=—u'+F\(,,7,¢



where :

S = f(Gw),
o )
w/ — <Z7<—7w)7

for (z,¢,w) € M, namely for v = F(z,(,%,(,v).

These power series normal forms confirm Fels-Kaup’s main result
that there 1s a one-to-one correspondence between affine equivalence
classes of homogeneous parabolic surfaces S 2 R?, and biholomorphic
equivalence classes of CR homogeneous &5 ; hypersurfaces M ° C CS.
In the thickest branch F3y020 = 0 # F50,0.1,0, homogeneous mo-
dels both depend upon a (free) real parameter # € R. Therefore, in this
branch, the tubes (2a), (2b), (2¢) are closed representations of models (a
computation of £3 ¢ 2o and of F5 (1 o confirms this). From the impli-
cit equations (2a), (2b), (2¢), some (non-closed) graphed power series
can be written.



SD PDE Systems Under Fiber-Preserving Equivalences

‘Kamran, Kamran-Shadwick, Hsu-Kamran]
(Godlinski, Nurowski]

Foo-Heyd-M.]

Heyd]

e Second order ODEs :

yZEQE — F(:an)yfl?)a
under :

v = f(),
Yy = g(ZE,y)

e Theorem. [Foo-M.-Heyd] There exists a unique choice of formal power
series (f(x), g(x,y)) with :
f( ) — fZC( ) =0,
9(0,0) = g2(0,0) = g4(0,0) = gay(0,0) = 0,



such that the map p(x) = x + f(z), ¥(z,y) =y + g(x,y), brings y;, =
J(x,y,p) to a normal form :

O
Yoex = Z Ki,j(y)xz

i, =0
where the K; ;(y) satisfy :

(1) K; o(y) = 0foralli > 0;

(2) Ko,1(y) = 0;

(3) K;1(0) =0foralli > 1;

(4) Koa(y) =

In the real-analytic category, based on a set of principles and gui-
delines that make full advantage of the formal theory, the convergence
problem can be solved in a natural way. Our construction is based on the
study of flows of suitable vector fields, with appropriate corrections via
the Cauchy-Kovalevskaya theorem. These give our second and the main
result, which 1s the following



e Theorem [Foo-M.-Heyd] There exists a convergent (analytic) fibre-
preserving point transformation that sends an analytic second order or-

dinary differential equation vy, = J(x,y, p) to an analytic normal form
Yrz = K(x,y,p) satisfying (1-4).

As a result, the normal form has the following expansion :

3 9
p Tp
ymf=5hagg+lﬁpz

x1+¢ 2+k

yp
T+ )52+ k)

- i3+ k) |
2+j+k>1 Z+j+k>1

143, 147, 1+Fk
LYy P
+ E K44 145, 1+k - - )
147, | | 1
i T+ )1+ )L+ k)

where the coefficients K 3, /102, /71 1,1 correspond respectively to
the values of the relative differential invariants [1(K), Io(K), I3(K) at

the origin, which are the only primary ones discovered by Hsu-Kamran.



The problem i1s the classification of second order ordinary differential
equations :
Yxx = J<X7 Y, YX)a
up to fibre-preserving maps O :
X = ¢(),
Y = w(xa y)
This problem was solved by HSU-KAMRAN using method of moving
frames, and we briefly summarise the results leading up to the existence
of three relative invariants.
Let J%(R, R) be the second order Jet space with independent coordi-
nates (x, ¥y, Yz, Yz ). For simplicity, we adopt the notation p := y,. The
total differential operator D,. along the x- axis 1S :

0 0
Dy = 5’:13 p +yx:£ +Z

8y (k— 1)
The fibre preserving maps ¢ can be prolonged to second order
o J(R,R) — J*(R,R)
(@, Y, P, Yaz) — (X, Y, P, Yx x)



using the recursive formula well-known to Sophus Lie :

X = (),
Y = w(% y>7
p_ DY the +1yp
D, X Pr
Vior = DoB @t + 2008000+ Pt + (n = YyP) e+ Yl
D, X o3

A given second order differential equation vy, = K (z,y, p) defines a
3-dimensional submanifold M/ C J?(R,R). The cotangent bundle 7* M
1s generated by the following 1-forms :

wh = dx,
w? = dy — p dx,
w?=dp — K(z,y,p) dz.

Now, suppose that * sends M to M’ given by Yy y = J(X,Y, P). A
simple substitution shows that the pull-back & transfers {w', w?, w3} to
(Ol =dX, QO :=dY — PdX, O} :=dP — J(X,Y,P) dX} via the



initial G-structure :

oL A 0 0 !
02l =10 B 0 w2
03 0 BCB/A/ \u?

By applying CARTAN’s method of moving frames, HSU-KAMRAN

obtained a 6-dimensional principal bundle P — M whose cotangent

bundle is generated by six invariant 1-forms {w', w?, w?>, a, 3,7} satis-

fying the structure equations :

dwlzoz/\wl,

dw’ = B A w? +w A w?,

dw’ =y Aw? + (8 — a) Aw?,
doz:—27/\cu1,
dﬁ:wl/\’er]le/\wZ—]lwg/\wQ,
dvzv/\omtlgwl/\cﬂ%—lgwl/\wg.



Parametrically, there are 3 basic relative invariants :
A

I1(K) = —@Kpppv
1
Ih(K) = 2AB<D +Kpp — Kpy),
I3(K) = —Cly + —55(Da Kpy + Kpp Ky — KpyKp — 2Kyy),

2A2B
while the invariant 1-forms «, (3, v are :

A K
o= d (2C+—p> 1,

A A
dB K
—___C pp 2
= — G g i
dA Ky CKp 2 1 pr Kpp 2 Kpp 3
Y= dC—l—CK (AZ_ A —C)LU—l— m— OB w+§w.

e Theorem. Let M = {y,.; = 0} be a second order ordinary differential
(2)

equation. Then dimg s = 6, and its second prolongation g, ; is generated



= 20y — pap — Q?Jazazayma

vé — 220, + ryOy — (22p — y)Op — 3xYz20y,.,.-

Proof. By expanding the left-hand side of :
X(2>(y$$>| 0=0,

we obtain :

Jxx + (29:1:y — f:z::z:)p + gyyp2 = 0.



Solving for f(x), g(x,y) the following system of partial differential
equations :

9grz = 0,
200y = Jzz,
Jyy = Y,

the vector field X can be written as a linear combination of the following
six vector fields :

V] = aﬁl??
V9 = ay,
V3 = Iay,
V4 = yaya
vy = :Cag;,

v = 220, + 2y 0y .
Prolonging all of them to second order finishes the proof. []

The equation :

Jxx T (29517y — fm:)p - gyyp2 = 0,



1s sometimes called the defining function of g T—| in g, and it will also
be used to define our normal form. In fact, let .%, denote the space of all
formal power series in z, let .%; ,, denote the space of all formal power
series in (z, y), and let %, ,, ;, denote the space of all formal power series
in (x,y, p). Introduce the homological operator :

L: ﬁgjxgx’y%ngyjp

(f($)> g<x7 y)) — L<f7 9) = Grx T (29333; — frz)p+ gnyQ-
We seek a subspace .4° C %, which we call the space of normal
forms, satisfying :
Fryp=Im(L)D N,
where .4” consists of representatives K of classes K| in F; g p/Im(L)
whose image part has been completely normalised by L(f, g) for some

(f,9) € Fz x Fzy (or in other words, has been completely absorbed
into Im(L)).

e Question. How can we find an explicit description of A" ?

A clue 1s to look at the kernel of L. To say that there are two different
ways to bring y,, = J(x,y, p) to a normal form is to say that there exist



two different (f, g) and ( f, g) in Fy X Fy 4 such that :
J(z,y,p) = K(z,y,p) + L(f, 9),

J(z,y,p) = K(z,y,p) + L(f, ),
with K in .4/". Then :

Or : R
(f —f,9—g) € ker L.

Therefore, the choices of normalisations are unique up to elements in
ker L. Fortunately, we have information about this indeterminacy be-
cause from a theorem above, (f(x),g(x,y)) € ker L if and only if the
corresponding vector field X = f(x)0; + g(z,y)0, is a fibre-preserving
infinitesimal symmetry of y,, = 0, and we have an explicit basis of this
Lie algebra {v;, v, v3, v4, V5, Vg}.

This piece of information can help us find the subspace .#' C
Fry X Fy 4 0f the source space on which L is injective. Then any element
(f,q) € #' coming from this subspace will give the unique normalisa-
tion, hence giving us a precise description of a normal form. To put this



idea into action, we first have to find out what .#’ is. We expand X in
terms of power series :

0
X = (Oéo+041$+042372+043333+0x(4))£+(ﬁo,o+51,0f13+50,1y+52,05€2+51,137y

Modulo the vector space generated by the first 5 vector fields vq, vo, v3,
V4, V5«

o, 0
X = (042$2+0431‘3+0x(4))%+(52,0332+51,1333/+50,2y2+0x,y(3))a—y mod (v

which can be written either as :

9,
X = ((ag — Br1)a* + agz® + Og(4)) == + (Ba0r” + Booy” + Oag,y(?)))2

ox oy
+ B1.1vg  mod (v1, V9, V3, V4, V5),
or .

0

0
X = (a52” + Ou(4)) 5o+ (Broa” + (B — azdoy + oy’ + Oay(3)) 5

+ agvg  mod (vq, v, V3, vy, V5).



The two choices are valid, and we will choose the first one for our
construction. Hence :

0

9,
X = ((ag — 51,1)332 +agad + Ox(4))% + (52,0513‘2 + 50,2y2 +- Oa;,y(B))a—y

e Proposition. The subspace F' C Fy, X Fy 4 on which the homologi-
cal operator L is injective is given by the set of all tuples (f(x), g(x,y))
satisfying the following conditions :

(1) f(z) starts with z2,

(2) g(x,y) starts with homogeneous terms of order 2, with g;(0,0) =
0. L]



Homogeneous Models

[Heyd]
Qlll"_"ﬂ Qlo'l"'p qdng‘-o B001= \
] 101=7 Rooz=" ( -
R001=° 3 \
" wodad Qui=! Ror =1 Qor=l Q (01=P
Qo2=v Ropr=0 Q gor=1 Qoor= |
Q1= Qpor ="
Q=1 /\ ol sl A
Q 101=" q, -
=" Quz=! Qm=
=0 = |
L g:,i % Rror =l Rior=| Rior="0
Q l‘b'f,:ﬂ Qpp'&zb Q 003=" Q po3=|
§o02="? | ®
walal ]
Qg“:-"‘a CP3H—' QL[ISD Qul-‘-( ] qm-:."b me= [
Qu=°  Qw=" Q=7 Q=" gu=0° |@n ="
Qn= t Q = l QIOL-: | QIDL:"' anl’ﬂ Q"a_‘!’:ﬂ
gtl';lf:o" )02=" Qo002 =" | Q001 =9 : Qoo3 =! 1 Qipq=7
Qm';:t)
) ® ® : ® ol e



The power series method

The power series method

Assume
90(2) / / / /
o = Q(x, ¥, yx)} —> Y = R(X' ¥y y0)h
with
01 (x,y) €CPr— (f(x),8(x,y)) = (x',y"),
where
o) n+1
f(x) = Z fox" = Z fix' + Ox(n+ 2),
n=0 i=0
o0 n+2
g(x,y) = Z Z gijx'yl = Z giix'y + Ox,y(n+3),
n=0 i+j=n i+j=0
n € N.

Julien Heyd, under supervision of Joél Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformat



The power series method

The power series method

@ From the fundamental and vectorial fundamental equations:

gx + 8y P
0= f)?R(fa g, = =7 P 2 )+gxfXX‘l'gnyXP_fxgxx_2fxgxyp_fxgyypz_ x8y Q(Xaya P)7
X
and
0 = —Bux + (Ac — 2By )p + (2Ax — B,)Q(x, v, p) — Byyp?+

+AQx + BQy + [By + (By — Ac)p] Qp,

we extract information for normalizing the power series coefficients of Q and R
order by order:

@ At each order n, by looking at the fundamental equation and by making
appropriate choices of coefficients f,,1, g ; with i +j = n+ 2, we will normalize
the power series coefficients of @ and R.

At the end, such normalizations will end up with normal forms Qrormal of O and
with associated diffeomorphisms

Q)_ ... 00

_ (p[' 1 / _ pAnormalg s 7/
Iy = Q(x, y, ¥x) } — {yX/X/ =Q (x",y 7.yX’)}°

Julien Heyd, under supervision of Joél Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformat



The power series method

The power series method

For the branching Qp 03 = Q1,02 = 1,

Qrermal — 3 in the theorem.

Julien Heyd, under supervision of Joél Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformat



The power series method

The power series method

@ To find the associated Lie algebra structure, we look the vectorial fundamental
equations with

n+1 n+-2
, o . 0
L= ( E Aix" + Ox(n + 2)) P ( E Bi jx'y + Ox,y(n + 3)) By’

tangentto
{yXX — Q(X,y,}/x)}-

@ At each order n, by looking at the vectorial fundamental equation, we will
normalize coefficients A,;1, B; j with i + j = n+ 2, hence we will normalize the
coefficients of L.

At the end of the process, we will obtain vector fields of the form

0 0
crormal Oz(Ao, Bo,o, B1,0, A1, A2, 30,1) — + B(Ao, Bo,o, B1,0, A1, A2, 30,1) —,

Ox oy
with all other coefficients Ax and B « normalized, where o and 3 are linear in
their 6 arguments.

Julien Heyd, under supervision of Joél Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformat



The power series method

The power series method

Next, to obtain the associated Lie algebras in all branches, we will prolong the
concerned vector field to Jl(C)%,y) = Ci’y,p, getting

Lnormal, 1

Then putting one of the arguments to 1 and the others to 0, we get generators e; with
1 <i<3orl<i<6 of the associated Lie algebra given in the theorems.
For example :

e = £rormalillg o 0).

Julien Heyd, under supervision of Joél Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformat



The power series method

The power series method

@ Remark : We cannot normalize the coefficients order by order at the infinity.

7T<n(§ Qi,j,kxiyjpk) = g Qi,j,kXiyij (neN),

i,k i+j+k<n

@ In fact, normalization of the coefficients of ¢ will create a decreasing and
stationary sequence of subsets of

(2)
Gstab — {90 ‘ {yxx — Q(X,y,}/x)} (P—> {)/)/(/X/ — R(Xlaylay)/d)}} :

Gstab =: G tab DG stab = -

S

(2)
-, stab {90 ‘ {yXX — ﬂ-gn(Q)(X7y7yX)} SD—> {y>/<’x’ — 7T<n(R)(X/7)/,,Y>/</)}} )

r+1
F D stab Gstab "

@ At the order r,the process of normalization stops.

@ In geometric terms, we make Ggiap, act on {yxw = Q(x, y, yx)}-

Julien Heyd, under supervision of Joél Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformat



The power series method

The power series method

In the branch
(0,03 = Q1,02 = 1.

@ Assume Qo,o,o = Ro,o’o =0
e and ¢ fixes (0,0,0) in J* :

fo = 80,0 = 81,0 =0.

@ ¢ is a local diffeo :
f1 # 07 80,1 # 0.

@ Nouvelle projection :

wn(z Q;,j,kxiyjpk) = Z Qi kx'y! p* (nEN),

ij,k i+j+k=n

Julien Heyd, under supervision of Joél Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformat



The power series method

The power series method

Order n =0,

Q = Ox,y,p(1) and R = OX’,y’,P’(1)>

0+1 2
f(x) =) fix' +0x(2) and g(x,y) = Y &ijx'y) + Ox,y(3).
i=0 i+j=0

We make Ggiap act on {yx = Q(x, Y, yx)} on the order 0 by applying 7 to the
fundamental equation :

0 = mo (fSR + 8xfx + gyfxxp — fx8xx — 2fxgxyp — fxgny2 — fxng) .

Therefore
0= —2f1g2,0,
hence by f; # 0, we get
g2.0 = 0.

Julien Heyd, under supervision of Joél Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformat



The power series method

The power series method

Order n =1,

Q= Z Qi,j,kXiyij + Ox,y,p(2) and R = Z Ri.j K X“yUPIk + Ox’,y’,p’(2)>

i+j+k=1 i+j+k=1
1+1
f(x) = Z fix + Ox(3) and g(x,y) = Z gi jx' y + O,y (4).
i+j=0

We look the action of Ggiap, on {yxx = Q(x, ¥, yx)} at the order 1 by applying 71 to
the fundamental equation, we get

(E1) 0= R10,0f{ — Q1,0,0f180,1 — 611830,
(E2) 0= Ro10fg01+ Roo1fg11— Qo1,0fig01 — 2figr1 + 2hgr 1,
(E3) 0= Ro0.1f 80,1 — Q001801 — 2fig11 + 2H80.1.

Julien Heyd, under supervision of Joél Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformat



The power series method

The power series method

(E1) 0= Ri0,0f{ — Q1,0,0f180,1 — 611830,
(E2) 0= Ro10f 801+ Roo1fg11 — Qo1,0fig01 — 2figr1 + 2hgr 1,
(E3) 0= Ro0.1f 80,1 — Q0011801 — 2fig1,1 + 2H80.1.

@ By the freeness of g3 in (E1) we can normalize Ry 0,0 = 0 and by equivalence:
({1,0,0 = R1,00 = 0.

So :
83,0 = 0.
e By looking at (E3), and by a choice of g1.1, we can normalize Ry 0,1 = 0 and by
equivalence:
Q0,0,1 = Ro,0,1 = 0.

Therefore (E3) gives
_ fa
81,1 = 80,1 f
@ By the same idea, from (E2) we get:

(,1,0 = Ro,1,0 =0,

82,1 — 80,1\ —

Julien Heyd, under supervision of Joél Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformat




The power series method

The power series method

Conclusion :

The subgroup G}

0 ; _ _ .
i “stab C Gstab V‘_/hICh sends Q = OX,%P(2) to R = Ox’,y’,p’ (2) consists
of fiber-preserving transformations such that

fo=0,f #0, g0,0=2g81,0=282,0=283,0=0, 8,1 #0,

f2 i
8i,1 = 80,1 - (1<i<2).
1

For order n > 2, it is the same process :
1) Normalization of the Q;; and R; ;.
2) Reducing of Ggap.

Julien Heyd, under supervision of Joél Merker

Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformat



The power series method

The power series method

About the vectorial fundamental equation, with

1+1

(ZAX + Oy (n—I—2)>——|—(ZBny +Oxy(n+3))

i+j=0

By applying 79 to the vectorial fundamental equation, we get:

8270 = 0.
Then by 71, we get

B3z o =0,

B>1 =0,

Bl,l = A».

Hence

0 0
L= (Ao + Arx 4 Aox? + Ox(n + 2)) Ix + (Bo,o + B1,0x 4+ Bo,1y + Ox,y(n+ 3)) Ix

About the vectorial fundamental equation, we do the same: at each order n:
Normalization of A,y1 and B; j, with i +j = n+ 2.

Julien Heyd, under supervision of Joél Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformat



e Again :

SD Fiber-Preserving PDE systems

frx — Q(xay7z7zxazy)7
Zpy = R(x,y,z,zx,zy),
Zyy — S<xayaz7zxazy)7

but under fiber-preserving transformations :

with :

7= f(z,y),
/
y = g(x,y),
= h(z,y, z),
fo fy 0
0 # |92 Jy 01.
he hy he
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[Olver 1999]

Canonical Forms for Complex Binary Quartics

I p*4+up®+1 p#+2, A#£0 simple roots
II1. p’+1 A=0,T#0 one double root
III. D A=0,T=0,1#0 two double roots
IV. D i=5=0, H#£0 triple root
V. 1 H=0,Q#0 quadruple root
VI 0 Q=0

[Gurevich 1964]



Type Canonical form
I | xt+6ux®y*+ys, u+ i}
11 6x2yt 4 yt
1 6xty?
1V 4x3y
\Y x4
V1 | the form vanishes identically

Arithmetic
characteristics

(Ppu_g)_ﬁ_ B

(222)
(221)
(220)
(210)
(100)
(000)

Algebraic characteristics

i*—27*#0
i*—27j* = 0,2iH—-3jf# 0
2iH-3jf =0,i#0
i=j=0,H#0
H=0,j+0
f=0

e Open problem. Classify homogeneous PDEs zyy = @), 2zy

Zyy = S over R.

R,

[C : Doubrov-Medvedev-The]

12. 1If the coefficients of a form f of Type I are real, prove that the form H
decomposes into real linear factors for at least one of the roots of the resolvent (2
13. Classify binary fourth order forms in the real domain, assuming that the
criminant j3—27;2 3£ 0.

I14. Classify in the real domain those binary fourth order form. for which the
criminant i*—27,2 is equal to zero.



12. Use 11, (25.19) and (25.26); consider separately the cases i*—27j* > 0 and
*—27* <0,

13. Hint: Use 10 and 12; apply Descartes’ rule to (25.27).

Answer: 12, Canonical form: x*+46ux?*y*+ %, u < —}. The form determines four
real points. Algebraic characteristic: i*—27j* > 0; for any point of the straight line
H < 0; 12H—if* > 0.

I, Ic. Canonical forms: a(x*+ 6uxty*+y%), u > —3}, « = + 1. The form determines
four imaginary points. Algebraic characteristic: i*—27j* > 0; for any point of the
straight line af > 0 and either H =0 or 12H*—if* < 0.

I4. Canonical form: x*+6ux3y®*—)*. Among the points determined by the form,
two are real and two imaginary. Algebraic characteristic: i*—27* < 0.

14. Hint: Cf. (25.26) and 11.

Answer: Types 1V and VI are preserved. Type 11 becomes four with the canonical
forms 6ax®y*+fys, a = +1,8 = +1, aj < 0, af(QIH—3jf) = 0. Type 111 becomes
four: IIls, III® (for H < 0) with the canonical forms 6xx?®?, «j <0 and Ilc, I1Id
(for H = 0) with the canonical forms y(x*+y®)3, y = +1, yj > 0. Type V becomes
two with canonical forms axt, a = +1.
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