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Example of a branching tree



Second Order PDEs

• Second order PDEs in 5D :
zxx = F

(
x, y, z, zx, zy

)
,

zxy = G
(
x, y, z, zx, zy

)
,

zyy = H
(
x, y, z, zx, zy

)
.

• Abbreviate :

p := zx and q := zy.

• Two total differentiation operators :

Dx := ∂x+p ∂z+F ∂p+G∂q, Dy := ∂y+q ∂z+G∂p+H ∂q.

• Complete integrability :

0 =
[
Dx,Dy

]
,

that is :

DxG = DyF and DxH = DyG.



• First jet space :

J1 3
(
x, y, z, p, q

)
.

• Horizontal and vertical 2D distributions :

H := Span
{
∂p, ∂q

}
, V := Span

{
Dx, Dy

}
.

• Nondegeneracy :

C := H ⊕ V

of rank 2 + 2 should be contact in J1.

• Terminologies :

� Para-CR structure of type (2, 2, 1) [Hill-Nurowski]

� Integrable Legendrian contact structure [Doubrov-Medvedev-The]

� Submanifold of solutions [Kamran, Makhmali, M.]

y = Q(x, y, a, b, c).

• Flat model :



zxx = 0, zxy = 0, zyy = 0.

• Symmetry projective group :

x′y′
z′

 :=

α11 α12 α13
α21 α22 α23
α31 α32 α33


xy
z

+

(
β1
β2
β3

)

γ1z1+γ2z2+γ3w+δ
,

SL(4,C) 3

α11 α12 α13 β1
α21 α22 α23 β2
α31 α32 α33 β3
γ1 γ2 γ3 δ

 .

• Possible Lie symmetries dimensions :

15 8 7 6 5

• Gap phenomenon : [Kruglikov-The]

15 ↓ 8.

• Assertion : The gap phenomenon also holds for non-parabolic geometries.



• Submaximal model : [Winkelmann]

zxx = z2
y, zxy = 0, zyy = 0,

with symmetries :

∂x, ∂y, ∂u, x ∂y, x ∂u,

x ∂x − 2u ∂u, y ∂y + 2u ∂u,

x2 ∂y − y ∂u.

• Invariant differential quartic : [r : s] ∈ P1(C)

Fqq r4+2
(
Fpq−Gqq

)
r3s+

(
Fpp−4Gpq+Hqq

)
r2s2+2

(
Hpq−Gpp

)
rs3+Hpp s4.

• Characterization of flatness :

0 ≡ Fqq
≡ Fpq −Gqq
≡ Fpp − 4Gpq + Hqq
≡ Hpq −Gpp
≡ Hpp.



• Types :

Type O : Quartic identically zero.

Type N : A single root of multiplicity 4.

Type D : Two distinct roots, each of multiplicity 2.

Type III : One root of multiplicity 3, another distinct root of multiplicity 1.

Type II : Three distinct roots, of respective multiplicities 2, 1, 1.

Type I : Four mutually distinct roots.

• Classification of multiply transitive PDEs :

� [Doubrov-Medvedev-The]



Item Model Parameters Symmetries Root type N

N.8

uxx = u2
y

uxy = 0
uyy = 0

∂x, ∂y, ∂u, x∂y, x∂u,

x∂x − 2u∂u, y∂y + 2u∂u,

x2∂y − y∂u

N.7-1a
uxx = xκu2

y

uxy = 0
uyy = 0

κ 6=−1,−2,0,−3

∂y, ∂u, x∂y, x∂u,

y∂y + 2u∂u, x∂x + κy∂y + (κ− 2)u∂u,
xκ+2

κ+2
∂y − κ+1

2
y∂u

N.7-1b
uxx = x−1u2

y

uxy = 0
uyy = 0

∂y, ∂u, x∂y, x∂u,

y∂y + 2u∂u, x∂x − y∂y − 3u∂u,

2x log(x)∂y − y∂u

N.7-1c
uxx = exu2

y

uxy = 0
uyy = 0

∂y, ∂u, x∂y, x∂u,

∂x + y∂y + u∂u, y∂y + 2u∂u,

2ex∂y − y∂u

N.7-2
uxx = 1

uy
uxy = 1
uyy = 0

∂y, ∂u, ∂x − ∂u, ∂y + 2x∂u,

2x∂x − ∂y + 2u∂u, x∂y + x2∂u,

x2∂x + u∂y + x(x+ 2u)∂u

N.6-1a
uxx = uµy
uxy = 1
uyy = 0

µ6=−1,2,0,1

∂x, ∂y, ∂u,

∂y + 2x∂u, x∂y + x2∂u,

x∂x + (µ+ 1)y∂y + (µ+ 2)u∂u

N.6-1b
uxx = loguy
uxy = 1
uyy = 0

∂x, ∂y, ∂u,

∂y + 2x∂u, x∂y + x2∂u,

x∂x − (x
2
− y)∂y + 2u∂u

N.6-1c
uxx = uy loguy
uxy = 1
uyy = 0

∂x, ∂y, ∂u,

∂y + 2x∂u, x∂y + x2∂u,

x∂x − (x
2

2
− 2y)∂y + (3u− x3

3
)∂u

N.6-2a
uxx = xκuµy
uxy = 0
uyy = 0

µ6=−1,2,0,1

κ 6=0,−3

∂y, ∂u, x∂y, x∂u,

x∂x + (κ+ 2)y∂y + (κ+ 2)u∂u,

(µ− 1)y∂y + µu∂u

N.6-2b
uxx = xκeuy

uxy = 0
uyy = 0

κ 6=0,−3

∂y, ∂u, x∂y, x∂u,

x∂x + (κ+ 2)y∂y + (κ+ 2)u∂u,

y∂y + (y + u)∂u

N.6-2c
uxx = exeuy

uxy = 0
uyy = 0

∂y, ∂u, x∂y, x∂u,

∂x + y∂y + u∂u,

y∂y + (y + u)∂u

N.6-2d
uxx = xκlogx
uxy = 0
uyy = 0

κ 6=−1,−2,0,−3

∂y, ∂u, x∂y, x∂u,

x∂x + (κ+ 2)y∂y + (κ+ 2)u∂u,

y∂y − xκ+2

(κ+1)(κ+2)
∂u

N.6-2e
uxx = x−2loguy
uxy = 0
uyy = 0

∂y, ∂u, x∂y, x∂u,

x∂x,

y∂y + logx ∂u



Item Model Parameters Symmetries Root type D

D.7a

uxx = u2x
uxy = 0
uyy = λu2y

λ 6=0,−1

∂x, ∂y, ∂u,

2x∂x − ∂u, 2y∂y − 1
λ
∂u,

x2∂x − x∂u, y2∂y − 1
λ
y∂u

D.7b

uxx = u2x
uxy = 0
uyy = 0

∂x, ∂y, ∂u,

y∂y, y∂u,

2x∂x − ∂u, x2∂x − x∂u

D.6-1

uxx = u2x − 1
4
u4y

uxy = uy(ux − 1
2
u2y)

uyy = ux − 1
2
u2y

∂x, ∂y, ∂u,

x∂y − y∂u, 2x∂x + y∂y − ∂u,
x2∂x + xy∂y − (x+ 1

2
y2)∂u

D.6-2a

uxx = uµx
uxy = 0
uyy = 0

µ6=0,1,2

∂x, ∂y, ∂u,

y∂u, y∂y,
µ−1
µ−2x∂x + y∂y + u∂u

D.6-2b

uxx = eux

uxy = 0
uyy = 0

∂x, ∂y, ∂u,

y∂u, y∂y,

x∂x + y∂y + (u− x)∂u

D.6-3a

uxx = λu2x
(u−uxuy)1/2

u3/2

uxy = 1 + λ(uxuy − 2u) (u−uxuy)
1/2

u3/2

uyy = λu2y
(u−uxuy)1/2

u3/2

λ6=0,± 1
2

∂x, ∂y, x∂x + u∂u, y∂y + u∂u,

x∂x + y2∂y + 2yu∂u,

x2∂x + u∂y + 2xu∂u

D.6-3b

uxx = u2x(1− 2uxuy)
1/2

uxy = (uxuy − 1)(1− 2uxuy)
1/2

uyy = u2y(1− 2uxuy)
1/2

∂x, ∂y, ∂u,

x∂x − y∂y,
u∂y + x∂u, u∂x + y∂u

D.6-4

uxx = 0

uxy =
1+uxuy

u

uyy = 0

∂x, ∂y,

2x∂x + u∂u, 2y∂y + u∂u,

x2∂x + xu∂u, y
2∂y + yu∂y



Item Model Parameters Symmetries Root type III

III.6-1

uxx =
ux

x−uy
uxy = 0
uyy = 0

∂y, ∂u,

∂x + y∂u, x∂y +
x2

2
∂u,

y∂y + u∂u, x∂x + u∂u

III.6-2

uxx = 2uy(2ux − uuy)
uxy = u2y
uyy = 0

∂x, ∂y, x∂y − ∂u,
y∂y + u∂u, 2x∂x + y∂y − u∂u,
x2∂x + xy∂y − (y + xu)∂u

• Question : Beyond the possible root types at order 4 :

O, N, D, III, II, I,

what is the branching diagram at orders 5, 6, . . .?



Degenerate para-CR structures and their homogeneous models
[M.-Nuroswski 2020]

Given a C ω real hypersurface M5 ⊂ C3 of complex-graphed equa-
tion w = Θ(z1, z2, z1, z2, w) obtained by solving for w a real impli-
cit equation ρ(z1, z2, w, z1, z2, w) = 0, one can forget about complex
conjugation, work over the fields K = R or K = C, and consider ins-
tead, in coordinates (x, y, z, a, b, c) a so-called submanifold of solutions
M ⊂ K2+1

x,y,z×K2+1
a,b,c having implicit equation ρ(x, y, z, a, b, c) = 0, with

symmetrically dx,y,zρ 6= 0 6= da,b,cρ.
One may therefore assume ρz 6= 0 6= ρc, solve for z and for c by

means of the implicit function theorem, and get two equivalent graphed
equations :

z = Q(x, y, a, b, c) & c = P (a, b, x, y, z).

In view of the intimate relationship with PDE systems, one may think
that (x, y, z) are the variables, while (a, b, c) are the parameters. Two
functional relations must be identically satisfied :

z ≡ Q
(
x, y, a, b, P (a, b, x, y, z)

)
& P

(
a, b, x, y, Q(x, y, a, b, c)

)
≡ c,



with Qc 6= 0 6= Pz by hypothesis, and in fact Qc = 1
Pz

. Two sets of five
intrinsic coordinates may hence be considered :(

x, y, a, b, c
)

&
(
a, b, x, y, z

)
.

The infinite group of biholomorphic transformations of C3 would
yield, by complex conjugation, the group of anti-biholomorphic transfor-
mations, in the (z1, z2, w) variables. Also, for a large class of completely
integrable PDE systems, the natural infinite-dimensional group consists
of split-diffeomorphisms :

(x, y, z, a, b, c) 7−→
(
f (x, y, z), g(x, y, z), h(x, y, z), ϕ(a, b, c), ψ(a, b, c), χ(a, b, c)

)
=:
(
x′, y′, z′, a′, b′, c′

)
,

which are pairs of uncoupled diffeomorphisms both in the variables
space and in the parameters space.

Through these transformations, both 2-dimensional foliations {a =
a0, b = b0, c = c0} and {x = x0, y = y0, z = z0} are invariant. Their
intersections with M = {z = Q} = {c = P} are spanned by two pairs



of vector fields, firstly in coordinates (x, y, a, b, c) :

La :=
∂

∂a
− Qa
Qc

(x, y, a, b, c)
∂

∂c
, Kx :=

∂

∂x
,

Lb :=
∂

∂b
− Qb
Qc

(x, y, a, b, c)
∂

∂c
, Ky :=

∂

∂y
,

and secondly in coordinates (a, b, x, y, z) :

La :=
∂

∂a
, Kx :=

∂

∂x
− Px
Pz

(a, b, x, y, z)
∂

∂z
,

Lb :=
∂

∂b
, Ky :=

∂

∂y
−
Py
Pz

(a, b, x, y, z)
∂

∂z
.

However, in general, their sum :

Span
{
La,Lb

}
⊕ Span

{
Kx,Ky

}
is not Frobenius-integrable, as show the four Lie brackets :[

Kx,La

]
=
−QcQxa + QaQxc

QcQc

∂

∂c
,

[
Kx,Lb

]
=
−QcQxb + QbQxc

QcQc

∂

∂c
,[

Ky,La

]
=
−QcQya + QaQyc

QcQc

∂

∂c
,

[
Ky,Lb

]
=
−QcQyb + QbQyc

QcQc

∂

∂c
,



with similar formulas involving P in the other coordinates (a, b, x, y, z).
This conducts to introduce two Levi forms, firstly with respect to para-
meters, having invariant matrix :

Levipar(Q) :=

−QcQxa+QaQxc
Q2
c

−QcQxb+QbQxc
Q2
c

−QcQya+QaQyc
Q2
c

−QcQyb+QbQyc
Q2
c

 ,

and secondly with respect to variables, having invariant matrix :

Levivar(P ) :=

−PzPax+PxPaz
P 2
z

−PzPay+PyPaz
P 2
z

−PzPbx+PxPbz
P 2
z

−PzPby+PyPbz
P 2
z

 .

• Lemma One has :

Levipar(Q) = −Py TLevivar(P ) ⇐⇒ −Qc TLevipar(Q) = Levivar(P ).

• Hint of proof Differentiate above up to order 2, perform suitable eli-
minations, and obtain for 1 6 i, j 6 2, with (a1, a2) := (a, b) and



(x1, x2) := (x, y) :

−QcQxiaj + QajQxic

QcQc
= −Pz

(−PzPxiaj + PxiPajz

Pz Pz

)
.

As a corollary :

rank Levipar(Q) = rank Levivar(P ).

So one can speak of Levi nondegenerate, or of constant Levi rank 1,
submanifolds of solutions.

From the three equations :

z = Q, zx = Qx, zy = Qy,

one can solve the parameters (a, b, c) precisely when the Jacobian matrix
is invertible :

0 6=

∣∣∣∣∣∣
Qa Qb Qc
Qxa Qxb Qxc
Qya Qyb Qyc

∣∣∣∣∣∣ = det Levipar(Q).



But when the Levi matrix is constantly of rank 1 [our current concern],
one must examine ‘higher order Levi forms’, for instance by differentia-
ting up to order 3, which conducts to :

Freemanpar(Q) :=

∣∣∣∣∣∣
Qa Qb Qc
Qxa Qxb Qxc
Qxxa Qxxb Qxxc

∣∣∣∣∣∣ ,
Freemanvar(P ) :=

∣∣∣∣∣∣
Px Py Pz
Pax Pay Paz
Paax Paay Paaz

∣∣∣∣∣∣ .
Indeed, under the assumption of constant Levi rank 1, and more pre-

cisely, under the following assumptions which can be met after a permu-
tation of coordinates :

∣∣∣∣ Qa Qc
Qxa Qxc

∣∣∣∣ 6= 0 ≡

∣∣∣∣∣∣
Qa Qb Qc
Qxa Qxb Qxc
Qya Qyb Qyc

∣∣∣∣∣∣ ,



it can be verified that through a split-diffeomorphism, which transforms
{z = Q(x, y, a, b, c)} into {z′ = Q′(x′, y′, a′, b′, c′)}, one has :∣∣∣∣∣∣

Q′a′ Q′b′ Q′c′
Q′z′a′ Q′z′b′ Q′z′c′
Q′z′z′a′ Q

′
z′z′b′ Q

′
z′z′c′

∣∣∣∣∣∣∣∣∣∣∣∣
Qa Qb Qc

Qza Qzb Qzc

Qzza Qzzb Qzzc

∣∣∣∣∣∣
=

∣∣∣∣∣∣
fx fy fz
gx gy gz
hx hy hz

∣∣∣∣∣∣
3

∣∣∣∣∣∣
ϕa ϕb ϕc
ψa ψb ψc
χa χb χc

∣∣∣∣∣∣
1

(
Ky(g)

∣∣∣∣ Qa Qc

Qza Qzc

∣∣∣∣−Kx(g)

∣∣∣∣ Qa Qc

Qya Qyc

∣∣∣∣)3

∣∣∣∣Kx(f ) Ky(f )
Kx(g) Ky(g)

∣∣∣∣6 ∣∣∣∣ Qa Qc

Qza Qzc

∣∣∣∣3
,

and this guarantees that the nonvanishing of Freemanpar(Q) is an inva-
riant condition.

Of course, there is a similar formula (by symmetry) satisfied by P
which shows that the nonvanishing of Freemanvar(P ) is also invariant.
But we would like to mention that such formulas would be untrue wi-
thout the assumption that the Levi determinant vanishes identically.

When z = Q is a real hypersurface w = Θ(z1, z2, z1, z2, w) in C3,
with :

(x, y, z) := (z1, z2, w), (a, b, c) := (z1, z2, w),



so that Q := Θ and P := Θ, it is clear that :
Freemanvar

(
Θ
)

= Freemanpar(Θ),

so that one determinant is nonzero if and only if the other is.
However, for general submanifolds of solutions, and even contrary

to the ‘equivalence’ between the two Levi determinants expressed by a
lemma above, the two Freeman determinants are totally unrelated. In-
deed, taking for instance :

z = Q = c + xa + β xxb + γ yaa + O4(x, y, a, b, c),

⇐⇒ c = P = z − ax− γ aay − β bxx + O4(x, y, a, b, c),

with two uncoupled [free, independent] constants β, γ, we have at the
origin :

Freemanpar(Q)
∣∣
0 =

∣∣∣0 0 1
1 0 0
0 2β 0

∣∣∣ = 2β,

Freemanvar(P )
∣∣
0 =

∣∣∣∣ 0 0 1
−1 0 0
0 −2γ 0

∣∣∣∣ = 2γ.

So the much studied concept of 2-nondegeneracy for CR manifolds,
when generalized to para-CR geometry, splits into two non-equivalent
concepts.



• Definition A submanifold of solutions
{
z = Q(x, y, a, b, c)

}
=
{
c =

P (a, b, x, y, z)
}

whose Levi form is everywhere of rank 1 will be called :

• 2-nondegenerate with respect to parameters if 0 6=
∣∣∣∣ Qa Qb Qc
Qxa Qxb Qxc
Qxxa Qxxb Qxxc

∣∣∣∣ =:

∆(Q) ;

• 2-nondegenerate with respect to variables if 0 6=

∣∣∣∣∣ Px Py Pz
Pax Pay Paz
Paax Paay Paaz

∣∣∣∣∣ =:

2(P ).
Thus, if we assume constant Levi rank 1 and 2-nondegeneracy with

respect to parameters :

∣∣∣∣ Qa Qc
Qxa Qxc

∣∣∣∣ 6= 0 ≡

∣∣∣∣∣∣
Qa Qb Qc
Qxa Qxb Qxc
Qya Qyb Qyc

∣∣∣∣∣∣ and 0 6=

∣∣∣∣∣∣
Qa Qb Qc
Qxa Qxb Qxc
Qxxa Qxxb Qxxc

∣∣∣∣∣∣ ,
then from the three equations z = Q, zx = Qx, zxx = Qxx, we can solve,
by means of the implicit function theorem, the three parameters (a, b, c),



namely : z = Q(x, y, a, b, c),

zx = Qx(x, y, a, b, c),

zy = Qy(x, y, a, b, c),

⇐⇒

a = A(x, y, z, zx, zxx),

b = B(x, y, z, zx, zxx),

c = C(x, y, z, zx, zxx),

and replace in other derivatives, so that we obtain a completely integrable
system of two PDEs :

zy = F (x, y, z, zx, zxx) & zxxx = H(x, y, z, zx, zxx).

(0, 1)

(0, 0) (1, 0) (2, 0) (3, 0)



The transfer of derivations :
∂

∂z
= Az

∂

∂a
+ Bz

∂

∂b
+ Cz

∂

∂c
,

∂

∂zx
= Azx

∂

∂a
+ Bzx

∂

∂b
+ Czx

∂

∂c
,

∂

∂zxx
= Azxx

∂

∂a
+ Bzxx

∂

∂b
+ Czxx

∂

∂c
,

becomes after some elimination work :

∂

∂z
=

∣∣∣∣Qxb QxxbQxc Qxxc

∣∣∣∣
∆(Q)

∂

∂a
−

∣∣∣∣Qxa QxxaQxc Qxxc

∣∣∣∣
∆(Q)

∂

∂b
+

∣∣∣∣Qxa QxxaQxb Qxxb

∣∣∣∣
∆(Q)

∂

∂c
,

∂

∂zx
= −

∣∣∣∣Qb QxxbQc Qxxc

∣∣∣∣
∆(Q)

∂

∂a
+

∣∣∣∣Qa QxxaQc Qxxc

∣∣∣∣
∆(Q)

∂

∂b
−

∣∣∣∣Qa QxxaQb Qxxb

∣∣∣∣
∆(Q)

∂

∂c
,

∂

∂zxx
=

∣∣∣∣Qb QxbQc Qxc

∣∣∣∣
∆(Q)

∂

∂a
−

∣∣∣∣Qa QxaQc Qxc

∣∣∣∣
∆(Q)

∂

∂b
+

∣∣∣∣Qa QxaQb Qxb

∣∣∣∣
∆(Q)

∂

∂c
.



• Lemma If the submanifold of solutions z = Q has degenerate Levi
form of constant rank 1 and if it is 2-nondegenerate with respect to pa-
rameters, then in its associated PDE system zy = F , zxxx = H , the
function F is independent of zxx :

0 ≡ Fzxx.

Proof. By construction :

F
(
x, y, z, zx, zxx

)
:= Qy

(
x, y, A

(
x, y, z, zx, zxx

)
, B
(
x, y, z, zx, zxx

)
,

C
(
x, y, z, zx, zxx

))
,



whence a differentiation with respect to zxx make re-appear the Levi
determinant :

Fzxx = AzxxQya + BzxxQyb + CzxxQyc

=

∣∣∣∣Qb QxbQc Qxc

∣∣∣∣
∆(Q)

Qya −

∣∣∣∣Qa QxaQc Qxc

∣∣∣∣
∆(Q)

Qyb +

∣∣∣∣Qa QxaQb Qxb

∣∣∣∣
∆(Q)

Qyc

=
1

∆(Q)

∣∣∣∣∣∣
Qa Qb Qc
Qxa Qxb Qxc
Qya Qyb Qyc

∣∣∣∣∣∣
≡ 0.

So we do assume that F is independent of zxx. After a similar work,
one gets

• Proposition The submanifold of solutions {z = Q} is 2-nondegenerate
with respect to variables if and only if :

0 6= Fzxzx. �

Because it corresponds (exercise) to trivial products {z =
Q(x, a, c)} × K1

y × K1
b, the degenerate branch Fzxzx ≡ 0 will not



be studied, and we will constantly assume :

Fzxx ≡ 0 6= Fzxzx.

The graphed model :

z + c =
2xa + x2b + a2y

1− yb
,

conducts to the model PDE system :

zy = 1
4 (zx)2 & zxxx = 0.

Introducing the two total differentiation operators pulled-back to the
PDE system :

D := ∂x+p ∂z+r ∂p+H ∂r & ∆ := ∂y+F ∂z+DF ∂p+D2F ∂r,

the complete integrability expresses as D3F = ∆H , and guarantees that
the general solution is of the form Q(x, y, a, b, c).

Forgetting about submanifolds of solutions, we launch Cartan’s me-
thod by defining a 2-nondegenerate para-CR structure on a real 5-
manifold M 3 (x, y, z, p, r) associated with the above two PDEs as
above as an equivalence class of 1-forms modulo point equivalences in



terms of an initial coframe of (contact) 1-forms, together with lifted 1-
forms, ‘rotated’ by an initial G-structure :

ω1 := dz − pdx− Fdy,

ω2 := dp− rdx−DFdy,

ω3 := dr −Hdx−D2Fdy,

ω4 := dx,

ω5 := dy,


θ1

θ2

θ3

θ4

θ5

 :=


f1 0 0 0 0

f2 ρeφ f4 0 0

f5 f6 f7 0 0

f̄2 0 0 ρe−φ f̄4

f̄5 0 0 f̄6 f̄7




ω1

ω2

ω3

ω4

ω5

 .

Similarly to the CR case, we perform several torsion normalizations,
which lead us to change the initial coframe on M into :
ω1

ω2

ω3

ω4

ω5

 7−→



−1 0 0 0 0
0 1 0 0 0

(2H2
r+9Hp−3DHr)

18
Hr
3 −1 0 0

0 0 0 1 Fp
3FppFpppp−5F 2

ppp

18F 2
pp

0 0
Fppp
3Fpp

FpppFp−3F 2
pp

3Fpp


·


ω1

ω2

ω3

ω4

ω5

 ,



and we invariantly reduce the G-structure to only 4 parameters ρ, φ, f2,
f̄2 (plus one extra parameter u1), the bar having nothing to do with com-
plex conjugation except some analogy link with Pocchiola’s computa-
tions :


θ1

θ2

θ3

θ4

θ5

 :=



ρ2 0 0 0 0

f2 ρeφ 0 0 0
(f2)2

2ρ2
f2eφ

ρ e2φ 0 0

f̄2 0 0 ρe−φ 0

−(f̄2)2

2ρ2 0 0 −f̄2e−φ
ρ e−2φ


·


ω1

ω2

ω3

ω4

ω5

 .

• Theorem. [M.-Nuroswski 2020] On the bundle G 9 = M5 × G4 with
M5 3 (x, y, z, p, r) times R4 3 (ρ, φ, f2, f2), there exist four 1-forms Ω1,
Ω2, Ω3, Ω4 with θ1, θ2, θ3, θ4, θ5, Ω1, Ω2, Ω3, Ω4 linearly independent at



every point which satisfy the following para-CR invariant exterior diffe-
rential system :

dθ1 = − θ1 ∧ Ω1 + θ2 ∧ θ4,

dθ2 = θ2 ∧ (Ω2 − 1
2Ω1)− θ1 ∧ Ω3 + θ3 ∧ θ4,

dθ3 = 2θ3 ∧ Ω2 − θ2 ∧ Ω3 + e3φ

ρ3 I
1 θ1 ∧ θ4 + e−φ

ρ I
3 θ2 ∧ θ3+

1
8ρ3

(
2eφf̄2I3

|5 + ρ(I3
|52 + 2I3

|4)− 4e−φf2I3
)
θ1 ∧ θ3,

dθ4 = − θ2 ∧ θ5 − θ4 ∧ (1
2Ω1 + Ω2)− θ1 ∧ Ω4,

dθ5 = −2θ5 ∧ Ω2 + θ4 ∧ Ω4 + e−3φ

ρ3 I
2 θ1 ∧ θ2 − eφ

2ρI
3
|5 θ

4 ∧ θ5+

1
8ρ3

(
2eφf̄2I3

|5 + ρ(I3
|52 + 2I3

|4)− 4e−φf2I3
)
θ1 ∧ θ5,



where I1, I2, I3 are explicit relative differential invariants on the base
M :

I1 := − 1
54

(
9D2Hr − 27DHp − 18DHrHr + 18HpHr + 4H3

r + 54Hz
)
,

I2 :=
40F 3

ppp − 45FppFpppFpppp + 9F 2
ppFppppp

54F 3
pp

,

I3 :=
2Fppp + FppHrr

3Fpp
,

and where (·)|i for i = 1, . . . , 5 denote directional derivatives along the
vector fields Xi dual to θi.



0 6=

0 6=0 6=

I3

I2

I1I2|5

I3|5

Flat model

zxxx=0
zy=

1
4
z2xx

zxxx=z
3
xx

1-parameter family

Single homogeneous model

0 6=

Differential
zy=

1
4
z2x contradiction

Differential

of homogeneous models contradiction

≡ 0

≡ 0
0 6=

≡ 0

≡ 0

≡ 0

We would like to mention that when I3 ≡ 0, there are striking links
with the geometry of 3rd order ODEs modulo contact transformations
[M.-Nurowski 2020].

Developing the technique of Cartan, we split the study in two
branches : I3 6= 0 and I3 ≡ 0. When I3 6= 0, we show that one can



normalize ρ, u1, f̄2. Then in the obtained structure equations, I3|5 be-
comes a relative invariant. We show that I3|5 ≡ 0 conducts to a dif-
ferential contradiction. When I3|5 6= 0, we can also normalize φ, f2,
hence obtaining an {e}-structure on the baseM . At first, certain 15 scalar
constant curvatures appear, and by looking at differential consequences
of d ◦ d = 0, they reduce to only one pair of solutions, with ε = ±1, and
we come to Maurer-Cartan type equations :

dθ1 = ε
(
− 6θ1 ∧ θ3 + 1

2θ
1 ∧ θ4 − 3

2θ
1 ∧ θ5

)
+ θ2 ∧ θ4,

dθ2 = ε
(
− 1

16θ
1 ∧ θ2 − 2θ2 ∧ θ3 + 1

2θ
2 ∧ θ4 − θ2 ∧ θ5

)
− θ1 ∧ θ3+

1
32θ

1 ∧ θ4 − 1
8θ

1 ∧ θ5 + θ3 ∧ θ4,

dθ3 = ε
(
− 3

16θ
1 ∧ θ3 + 1

2θ
3 ∧ θ4 − 1

2θ
3 ∧ θ5

)
+ 1

32θ
2 ∧ θ4 − 1

8θ
2 ∧ θ5,

dθ4 = ε
(
− 1

8θ
1 ∧ θ4 + 1

4θ
1 ∧ θ5 + 4θ3 ∧ θ4 − 1

2θ
4 ∧ θ5

)
− θ2 ∧ θ5,

dθ5 = ε
(
− 1

16θ
1 ∧ θ5 + 2θ3 ∧ θ5 − 1

4θ
4 ∧ θ5

)
.



Next, in the branch I3 ≡ 0, the equations above become :

dθ1 =− θ1 ∧ Ω1 + θ2 ∧ θ4,

dθ2 =θ2 ∧ (Ω2 − 1
2Ω1)− θ1 ∧ Ω3 + θ3 ∧ θ4,

dθ3 =2θ3 ∧ Ω2 − θ2 ∧ Ω3 + e3φ

ρ3 I
1 θ1 ∧ θ4,

dθ4 =− θ2 ∧ θ5 − θ4 ∧ (1
2Ω1 + Ω2)− θ1 ∧ Ω4,

dθ5 =− 2θ5 ∧ Ω2 + θ4 ∧ Ω4 + e−3φ

ρ3 I
2 θ1 ∧ θ2.

Here, I1 and I2 are relative invariants.
In the sub-branch I2 6= 0, we first normalize ρ, u1, f̄2. Then I2|5

becomes a relative invariant. We show that I2|5 ≡ 0 leads to a dif-
ferential contradiction. When I2|5 6= 0, we can also normalize φ, f2,
hence obtaining an {e}-structure on the baseM . At first, certain 12 scalar
constant curvatures appear, and by looking at differential consequences
of d ◦ d = 0, they reduce to one pair of 1-parameter solutions and we
come to Maurer-Cartan type equations, parametrized by any s ∈ R, again



with ε = ±1 :

dθ1 =− ε
(
θ1 ∧ θ3 + θ1 ∧ θ5

)
+ θ2 ∧ θ4,

dθ2 = ε
(
sθ1 ∧ θ2 − θ2 ∧ θ5

)
− sθ1 ∧ θ4 + θ3 ∧ θ4,

dθ3 = ε
(
θ1 ∧ θ4 − θ3 ∧ θ5

)
− θ1 ∧ θ2 − sθ2 ∧ θ4,

dθ4 = ε
(
− sθ1 ∧ θ4 + θ3 ∧ θ4

)
+ sθ1 ∧ θ2 − θ2 ∧ θ5,

dθ5 = ε
(
− θ1 ∧ θ4 + θ3 ∧ θ5

)
+ θ1 ∧ θ2 + sθ2 ∧ θ4.

Lastly, when I2 ≡ 0, we show that I1 ≡ 0 too necessarily, and we
show that the structure equations are those of the model zy = 1

4 (zxx)2

& zxxx = 0. The diagram above summarizes these explanations.
By general features of Cartan’s method, all obtained para-CR struc-

tures are pairwise not equivalent.
To conclude, by setting up the PDEs associated to para-CR subma-

nifolds of solutions inspired from Fels-Kaup’s list, we realize all these
homogeneous models as stated in our main



• Theorem. [M.-Nuroswski 2020] Homogeneous models for 2-
nondegenerate PDE five variables para-CR structures are classified
by the following list of mutually inequivalent models :

(i) zy = 1
4(zx)2 & zxxx = 0 ;

(ii) zy = 1
4(zx)2 & zxxx = (zxx)3 ;

(iiia) zy = 1
4(zx)b & zxxx = (2 − b)

(zxx)2

zx
with zx > 0 for any real

b ∈ [1, 2) ;

(iiib) zy = f (zx) & zxxx = h(zx)
(
zxx
)2, where the function f is

determined by the implicit equation :(
z2
x + f (zx)2)exp

(
2b arctan

bzx−f (zx)
zx+bf (zx)

)
= 1 + b2

and where :

h(zx) :=
(b2 − 3)zx − 4bf (zx)(

f (zx)− bzx
)2

,

for any real b > 0.



The point automorphism groups for cases (i), (ii), (iiia), (iiib) can be
determined infinitesimally. Indeed, a vector field with unknown coeffi-
cients Ai = Ai(x, y, z, p, r), i = 1, . . . , 5 :

X := A1 ∂x + A2 ∂y + A3 ∂z + A4 ∂p + A5 ∂r,

should act on 1-forms as the matrix (2.4), so that :

0 = LX(ω1) ∧ ω1,

0 = LX(ω2) ∧ ω1 ∧ ω2 ∧ ω3,

0 = LX(ω3) ∧ ω1 ∧ ω2 ∧ ω3,

0 = LX(ω4) ∧ ω1 ∧ ω4 ∧ ω5,

0 = LX(ω5) ∧ ω1 ∧ ω4 ∧ ω5.



For instance, in case (ii), the first equation writes :

Lx(ω
1) ∧ ω1 = dx ∧ dy

[
p
(
A3
y − 1

4 p
2A2

y − pA1
y − 1

4 pA
4 − 1

4 pA
3
x + 1

16 p
3A2

x + 1
4 A

1
x

)]
,

+ dx ∧ dz
[
pA3

z − 1
4 p

3A2
z − p2A1

z + A3
x − 1

4 p
2A2

x − pA1
x − A4

]
+ dx ∧ dp

[
p
(
A3
p − 1

4 p
2A2

p − pA1
p

)]
+ dx ∧ dr

[
p
(
A3
r − 1

4 p
2A2

r − pA1
r

)]
+ dy ∧ dz

[
1
4 p

2A3
z − 1

16 p
4A2

z − 1
4 p

3A1
z + A3

y − 1
4 p

2A2
y − pA1

y − 1
2 A

4
]

+ dy ∧ dp
[
p2
(
1
4 A

3
p − 1

16 p
2A2

p − 1
4 pA

1
p

)]
+ dy ∧ dr

[
p2
(
1
4 A

3
r − 1

16 p
2A2

r − 1
4 pA

1
r

)]
+ dz ∧ dp

[
− A3

p + 1
4 p

2A2
p + pA1

p

]
+ dz ∧ dr

[
− A3

r + 1
4 p

2A2
r + pA1

r

]
.

Solving this linear system of partial differential equations, we get



• Corollary. The Lie algebra of infinitesimal point automorphisms of the
flat model (i) is simple, isomorphic to so3,2(R), with the 10 generators :

X1 := xy ∂x + y2 ∂y − x2 ∂z − (py + 2 x) ∂p − (2 ry + 2) ∂r,

X2 := − (x2 − yz) ∂x − 2xy ∂y − 2xz ∂z −
(
1
2 p

2y + 2 z
)
∂p −

(
pry − 2 rx + 2 p

)
∂r,

X3 := y ∂x − 2x ∂z − 2 ∂p,

X4 := xz ∂x − x2 ∂y + z2 ∂z −
(
1
2 p

2x− pz
)
∂p +

(
1
2 p

2 − prx
)
∂r,

X5 := z ∂x − 2x ∂y − 1
2 p

2 ∂p − pr ∂r,
X6 := x ∂x + 2 z ∂z + p ∂p,

X7 := ∂x,

X8 := y ∂y − z ∂z − p ∂p − r ∂r,
X9 := ∂y,

X10 := ∂z,

having commutator table :



X1 X2 X3 X4 X5 X6 X7 X8 X9 X10

X1 0 0 0 0 −X2 0 −X3 −X1 −X6 − 2X8 0
X2 ∗ 0 2X1 0 2X4 −X2 2X6 + 2X8 0 −X5 −X3

X3 ∗ ∗ 0 X2 −2X8 X3 2X10 −X3 −X7 0
X4 ∗ ∗ ∗ 0 0 −2X4 −X5 X4 0 −X6

X5 ∗ ∗ ∗ ∗ 0 −X5 2X9 X5 0 −X7

X6 ∗ ∗ ∗ ∗ ∗ 0 −X7 0 0 −2X10

X7 ∗ ∗ ∗ ∗ ∗ ∗ 0 0 0 0
X8 ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 −X9 X10

X9 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 0
X10 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0

In the CR context, observe that if S2 ⊂ R3 is an affinely homo-
geneous parabolic surface, then the tube M5 := S2 × iR3 has tran-
sitive holomorphic symmetry algebra hol(M), with an Abelian ideal
a := Span {i∂z1, i∂z2, i∂w}. Conversely, for an M5 ∈ C2,1, it is not
difficult to show that if hol(M) ⊃ a contains an Abelian ideal a with
rankC a = 3, then M5 ∼= S2× iR3 is biholomorphically equivalent to the
tube over an affinely homogeneous parabolic surface S2 ⊂ R3.



In the para-CR context, all the Lie algebras in cases (i), (ii), (iiia),
(iiib) have a 3-dimensional abelian ideal.

• Corollary. The Lie algebras of infinitesimal point automorphisms of
the homogeneous models (ii), (iiia), (iiib) are all 5-dimensional and sol-
vable, and are given in the (x, y, z, p, r)-space by the following genera-
tors together with their Lie brackets :

X1 := x ∂x + 1
2 y ∂y + 3

2 z ∂z + 1
2 p ∂p −

1
2 r ∂r,

X2 := y ∂x − 2x ∂z − 2 ∂p,

(ii) X3 := ∂x,

X4 := ∂y,

X5 := ∂z,

X1 X2 X3 X4 X5

X1 0 −1
2X2 −X3 −1

2X4 −3
2X5

X2 ∗ 0 2X5 −X3 0
X3 ∗ ∗ 0 0 0
X4 ∗ ∗ ∗ 0 0
X5 ∗ ∗ ∗ ∗ 0

X1 := x ∂x +
b z

b− 1
∂z +

p

b− 1
∂p −

r(b− 2)

b− 1
∂r,

X2 := y ∂y −
z

b− 1
∂z −

p

b− 1
∂p −

r

b− 1
∂z,

(iiia) X3 := ∂x,

X4 := ∂y,

X5 := ∂z,

X1 X2 X3 X4 X5

X1 0 0 −X3 0 − b
b−1X5

X2 ∗ 0 0 −X4
1
b−1X5

X3 ∗ ∗ 0 0 0
X4 ∗ ∗ ∗ 0 0
X5 ∗ ∗ ∗ ∗ 0



X1 := x ∂x + y ∂y + z ∂z − r ∂r,
X2 := −y ∂x + x ∂y + ω z ∂z +

(
− F + ω p) ∂p + (−2DF + ω r) ∂r

(iiib) X3 := ∂x,

X4 := ∂y,

X5 := ∂z,

X1 X2 X3 X4 X5

X1 0 0 −X3 −X4 −X5

X2 ∗ 0 −X4 X3 −ωX5

X3 ∗ ∗ 0 0 0
X4 ∗ ∗ ∗ 0 0
X5 ∗ ∗ ∗ ∗ 0

• Summary.
� In [M.-Nurowski 2020], homogeneous models are determined by means
of Cartan’s equivalence method, branch by branch.

� Due to computational complexity, the full tree is unknown for CR
manifolds of dimension 5, and

/
or for 5D second order nondegenerate

PDEs.

• Problem. For any equivalence problem, determine
/

construct the com-
plete invariant branching diagram.

• Alternative approach : Power series method of equivalence.



5D Degenerate CR Manifolds

• 5D CR hypersurface :

M5 ⊂ C3,

graphed as :

u = F
(
z, ζ, z, ζ),

in coordinates : (
z, ζ, w = u +

√
−1 v

)
∈ C5.

• Class of CR manifolds :

C2,1,

meaning 2-nondegenerate, with Levi form of constant rank 1 < 2.

The noncylindrical parabolic surfaces S2 ⊂ R3 can be presented fol-
lowing [Fels-Kaup, Acta Math. 2008] :

(1)
{
x2

1 + x2
2 = x2

3, x3 > 0
}

;



(2a)
{
r(cos t, sin t, eωt) ∈ R3 : r ∈ R+ and t ∈ R

}
with ω > 0 arbi-

trary ;

(2b)
{
r(1, t, et) ∈ R3 : r ∈ R+ and t ∈ R

}
;

(2c)
{
r(1, et, eθt) ∈ R3 : r ∈ R+ and t ∈ R

}
with θ > 2 arbitrary ;

(3)
{
c(t) + rc′(t) ∈ R3 : r ∈ R+ and t ∈ R

}
, where c(t) = (t, t2, t3).

Fels-Kaup’s striking result was :

• Theorem. Every locally homogeneous C2,1 hypersurface M5 ⊂ C3 is
locally biholomorphic to S2 × iR3, with S2 ⊂ R3 being one of (1), (2a),
(2b), (2c), (3) ; distinct such S2 × iR3 are pairwise biholomorphically
inequivalent ; all but the (flat model) tube (1) are simply transitive.

Fels-Kaup’s proof relied on expert knowledge of Lie structure theory.
But only the equivalence method can reach information about CR inva-
riants. The goal now is to explore the concerned CR invariants (either
relative or absolute), since nothing about the branchings they create ap-
pears in the literature.



Affine Classification

Before stating CR results, let us present an alternative (elemen-
tary) classification of Aff(R3)-homogeneous noncylindrical parabolic
surfaces, whose final invariant tree is :

To explain this tree, let S2 ⊂ R3 with 0 ∈ S2 be C ω graphed as u =
F (x, y) =

∑
j+k>1 Fj,k

1
j! x

j 1
k! y

k. As is known, parabolicity expresses

as Fxx 6= 0 ≡
∣∣ Fxx Fxy
Fyx Fyy

∣∣, and non-cylindricality as 0 6= Fxxy Fxx −
FxxxFxy.



A preliminary normalization is :

u = 1
2 x

2 + 1
2 x

2y + 1
6 F3,1 x

3y + 1
2 x

2y2 + Ox,y(5).

The coefficient F3,1 is a relative invariant under Aff(R3), hence it creates
a branching.

In the branch F3,1 6= 0, one normalizes F3,1 := 1, and also F4,1 := 0,
whence up to order 5 :

u = 1
2 x

2 + 1
2 x

2y + 1
6 x

3y + 1
2 x

2y2

+ 1
120 F5,0 x

5 + 1
2 x

3y2 + 1
2 x

2y3 + Ox,y(6).

One finds that F5,0 = 20
9 necessarily, and that all higher order Fj,k are

uniquely determined constants, for instance up to order 8 :

u = 1
2 x

2 + 1
2 x

2y + 1
6 x

3y + 1
2 x

2y2

+ 1
54 x

5 + 1
2 x

3y2 + 1
2 x

2y3

+ 1
162 x

6 + 1
18 x

5y + 1
8 x

4y2 + x3y3 + 1
2 x

2y4

− 1
486 x

7 + 7
108 x

6y + 5
54 x

5y2 + 5
8 x

4y3 + 5
3 x

3y4 + 1
2 x

2y5

+ 5
5832 x

8 + 1
162 x

7y + 1
4 x

6y2 + 47
216 x

5y3 + 15
8 x

4y4 + 5
2 x

3y5 + 1
2 x

2y6 + Ox,y(9).



The (transitive) affine Lie symmetry algebra is 2-dimensional, generated
by :

e1 :=
(
1 + x− y − 10

9 u
)
∂x +

(10
9 x− y −

10
9 u
)
∂y +

(
x + 2u

)
∂u,

e2 :=
(
− 2x + u

)
∂x +

(
1− 4

3 x− y + 8
9 u
)
∂y − 3u ∂u,

having Lie bracket :

[e1, e2] = − e1 − 1
3 e2.

This is (3).
Next, consider the (invariant) branch F3,1 = 0. Necessarily, F4,1 = 0,

hence :

u = 1
2 x

2 + 1
2 x

2y + 1
2 x

2y2 + 1
120 F5,0 x

5 + 1
2 x

2y3 + Ox,y(6),

with F5,0 being a relative invariant, again creating a (sub)branching.
The (sub)branch F3,1 = 0 = F5,0 conducts to the flat model — a

graphed representation of (1) above — :

u =
1

2

x2

1− y
,



having 4-dimensional (transitive) affine Lie symmetry algebra generated
by :

e1 := (1− y) ∂x + x ∂u,

e2 := (1− y) ∂y + u ∂u,

e3 := x ∂x + 2u ∂u,

e4 := −u ∂x + x ∂y,

with structure :
[e1, e2] = e1,

[e1, e3] = e1,

[e1, e4] = e2,

[e2, e4] = e4,

[e3, e4] = e4.

In the thickest (sub)branch F3,1 = 0 6= F5,0, one normalizes F5,0 :=
1, and also F6,0 := 0. Necessarily, F5,1 = 4 and F6,1 = 0, hence :

u = 1
2 x

2 + 1
2 x

2y + 1
2 x

2y2 + 1
120 x

5 + 1
2 x

2y3

+ 1
30 x

5y + 1
2 x

2y4 + 1
5040 F7,0 x

7 + 1
12 x

5y2 + 1
2 x

2y5 + Ox,y(8),



with F7,0 being an absolute invariant. Call it :
F7,0 =: θ.

One therefore finds a 1-parameter family of affinely inequivalent ho-
mogeneous models

(
Sθ
)
θ∈R, with 2-dimensional (simply transitive) af-

fine Lie symmetry algebra :
e1 :=

(
1− y + 1

3 θ u
)
∂x +

(
− 1

3 θ x−
1
6 u
)
∂y + x ∂u,

e2 := −x ∂x + (1− y) ∂y − u ∂u,
satisfying :

[e1, e2] = 0.

This unifies (2a), (2b), (2c).



CR Classification
In coordinates C3 3

(
z, ζ, w = u +

√
−1 v

)
, the graphed representa-

tion of the flat model is :

u =
zz + 1

2 z
2ζ + 1

2 z
2ζ

1− ζζ
=: m

(
z, ζ, z, ζ

)
.

The 5-dimensional Lie group of its automorphisms fixing the origin
writes :

z′ := λ
z + i α z2 +

(
i α ζ − i α

)
w

1 + 2i α z − α2z2 −
(
α2ζ − αα + i ρ

)
w
,

ζ ′ :=
λ

λ

ζ + 2i α z −
(
αα + i ρ

)
z2 +

(
α2 − i ρ ζ − αα ζ

)
w

1 + 2i α z − α2z2 −
(
α2ζ − αα + i ρ

)
w

,

w′ := λλ
w

1 + 2i α z − α2z2 −
(
α2ζ − αα + i ρ

)
w
,

where λ ∈ C∗, α ∈ C, ρ ∈ R are free.
A general C2,1 hypersurface M5 ⊂ C3 with 0 ∈ M writes as a per-

turbation of this model :
u = F

(
z, ζ, z, ζ, v

)
= m(z, ζ, z, ζ) + G

(
z, ζ, z, ζ, v

)
,



where :
F =

∑
h,i,j,k,l

zhζizjζ
k
vl Fh,i,j,k,l =

∑
h,i,j,k

zhζizjζ
k
Fh,i,j,k(v),

with Fh,i,j,k,l = Fj,k,h,i,l, with 0 = F0,0,0,0,0, and the same for G.
The Poincaré-Moser convergent shows that, after some local biholo-

morphism fixing the origin, one can assume :
0 ≡ Fh,i,0,0(v),

0 ≡ Fh,i,1,0(v),

0 ≡ Fh,i,2,0(v),

0 ≡ F3,0,0,1(v),

0 ≡ F4,0,0,1(v) ≡ F3,0,1,1(v),

0 ≡ F4,0,1,1(v) ≡ F3,0,3,0(v),

with the exceptions 1 ≡ F1,0,1,0(v) and 1
2 ≡ F2,0,0,1(v).

Suppose M ′5 ⊂ C′3 is another such C2,1 hypersurface, similarly nor-
malized. If :

(z, ζ, w) 7−→
(
f (z, ζ, w), g(z, ζ, w), h(z, ζ, w)

)
=: (z′, ζ ′, w′),

is a local holomorphic map fixing the origin which sends M into M ′,
then as follows from general Poincaré-Moser theory, it is of the form
above for certain five real parameters λ ∈ C∗, α ∈ C, ρ ∈ R. Our goal is
to normalize this remaining ambiguity.



Attributing weights [z] := 1, [ζ ] := 1, [w] := 2, let us therefore show
weighted order 5 terms :

u = zz + 1
2 z

2ζ + 1
2 z

2ζ + zzζζ + 1
2 z

2ζζζ + 1
2 z

2ζζζ

+ 2 Re
{
z3ζ

2
F3,0,0,2,0

}
+ Oz,ζ,z,ζ,v(6),

the remainder being weighted as well. This coefficient F3,0,0,2,0 is a rela-
tive invariant, hence it creates a branching.

Theorem 0.1. In the branch F3,0,0,2,0 6= 0, one can normalize
F3,0,0,2,0 := 1, so λ := 1, and 3 supplementary (real) normalizations
hold :

F4,0,0,2,0 := 0, so α := 0,

ImF3,0,2,1,0 := 0, so ρ := 0,
so that the isotropy is reduced to be zero-dimensional.



Furthermore, all coefficients Fh,i,j,k,l ∈ C are uniquely determined
to be specific constants, with :

F = F 2 + F 3 + F 4 + F 5 + F 6 + F 7 + F 8 + Oz,ζ,z,ζ,v(9),

where :
F 2 = zz,

F 3 = 1
2 z

2ζ + 1
2 z

2ζ,

F 4 = zzζζ,

F 5 = z3ζ
2

+ ζ2z3 + 1
2 z

2ζζ
2

+ 1
2 ζ

2z2ζ,

F 6 = − 2 zζ2z3 − 2 z2ζz3 + 3 z2ζzζ
2

+ 1
3 ζ

3z3 + zζ2zζ
2 − 2 z3z2ζ + 3 zζ2z2ζ

+ 1
3 z

3 ζ
3 − 2 z3zζ

2
,

F 7 = 8
3 ζ

3z4 − 6 z2ζ2z2ζ + zζ3z2ζ + 4 z3ζz3 + 8
3 z

4ζ
3

+ z4z3 + z3z4

+ 3 ζ3z3ζ − 4
3 z

3zζ
3 − 2 z4zζ

2
+ z2ζzζ

3 − 4
3 zζ

3z3 + 2 z3z2ζ
2

+ 1
2 ζ

3z2ζ
2

+ 3 z3ζζ
3 − 6 z2ζz3ζ + 1

2 z
2ζ2ζ

3 − 6 z3ζz2ζ − 6 z2ζz2ζ
2

+ 3 z2ζ2zζ
2

+ 2 z2ζ2z3 + 3 zζ2z2ζ
2

+ 4 z3z3ζ − 2 zζ2z4,



F 8 = zzζ3ζ
3

+ zζ2z2ζ
3

+ z2ζ3zζ
2

+ 9 z2ζ2zζ
3

+ 9 zζ3z2ζ
2

+ 14
3 zζ

3z3ζ

+ 12 z2ζz4ζ − 6 zζ2z4ζ − 6 z4ζzζ
2

+ 9 z2ζ2z2ζ
2

+ 6 z2ζz3ζ
2

+ 12 z4ζz2ζ

+ 6 z3ζ2z2ζ + 14
3 z

3ζzζ
3 − 14 z3ζz2ζ

2 − 14 z2ζ2z3ζ − 4 z2ζz2ζ
3

− 4 z2ζ3z2ζ − 6 z3ζ2zζ
2 − 6 zζ2z3ζ

2
+ ζ3z3ζ

2
+ 4 z3ζz4 − 12 z4zζ

3

+ 4 z4z3ζ + 10
3 z

3z2ζ
3

+ 3 z5z2ζ + z3ζζ
4

+ ζ4z3ζ − 5 z4ζz3 + 10
3 z

2ζ3z3

− 4 z4z2ζ
2 − 5 z3z4ζ − 12 zζ3z4 − 4 z2ζ2z4 + 3 z2ζz5 − 2

3 z
5ζ

3
+ 13

6 z
4ζ

4

− 2 z5z3 + 13
6 ζ

4z4 − 2 z3z5 − 2
3 ζ

3z5 + z3ζ2ζ
3
.

The general infinitesimal CR automorphism, depending on 5 real
constants a, b, c, d, e ∈ R, is L = A∂z + B ∂ζ + C ∂w, where :

A0 = a +
√
−1 b,

A1 =
(
− a +

√
−1 b

)
ζ +

(
2 a− 3 c + 2

√
−1 b +

√
−1 d

)
z,

A2 =
(
− 2 a + 2 c

)
w +

(
2 a− 4 c + 2

√
−1 d

)
z2 +

(
− c +

√
−1 d

)
zζ,

A3 =
(
− 2 a + 2 c

)
ζw +

(
− 4 a + 4 c

)
zw,



A4 = 0,

A5 = 0,

A6 = 0,

where :
B0 = c +

√
−1 d,

B1 =
(
2
√
−1 d + 4

√
−1 b
)
ζ +

(
4 a + 4

√
−1 d
)
z,

B2 =
(
8 a− 8 c + 4

√
−1 d− 4

√
−1 b
)
z2 +

(
− 6 a + 6

√
−1 b− c +

√
−1 d
)
ζ2

+
(
4 a− 12 c + 8

√
−1 d
)
zζ,

B3 =
(
4 c− 4

√
−1 d
)
z3 +

(
2
√
−1 b− 2 a

)
ζ3 +

(
− 12

√
−1 b + 12 a

)
z2ζ +

(
− 8 a + 8 c

)
ζw

+
(
− 12

√
−1 b + 12 a + 6

√
−1 d− 6 c

)
zζ2,

B4 =
(
8 a− 8 c

)
z2w +

(
− 6 a + 6

√
−1 b
)
z4 +

(
− 12

√
−1 d + 24

√
−1 b− 24 a + 12 c

)
z3ζ

+
(
8 a− 2 c + 2

√
−1 d− 8

√
−1 b
)
zζ3 +

(
− 12 a + 12

√
−1 b + 12 c− 12

√
−1 d
)
z2ζ2

+
(
− 12 a + 12 c

)
ζ2w,

B5 =
(
− 12

√
−1 b + 12 a + 6

√
−1 d− 6 c

)
z5 +

(
− 24 c− 30

√
−1 b + 30 a + 24

√
−1 d
)
z4ζ

+
(
− 20 a + 20

√
−1 b + 8 c− 8

√
−1 d
)
z2ζ3 +

(
− 12 c + 12

√
−1 d
)
z3ζ2 +

(
− 4 a + 4 c

)
ζ3w

+
(
− 24 c + 24 a

)
zζ2w +

(
− 24 c + 24 a

)
z2ζw,



and where :

C0 =
√
−1 e,

C1 =
(
2 a− 2

√
−1 b

)
z,

C2 =
(
4 a− 6 c

)
w +

(
c− √−1 d

)
z2,

C3 =
(
4 a− 4 c

)
zw,

C4 = 0,

C5 = 0,

C6 = 0,

C7 = 0.

and the related 5 holomorphic vector fields e1, e2, e3, e4, e5 have struc-
ture :

[e1, e2] = − 4 e4 − 4 e5, [e1, e3] = − 2 e1, [e1, e4] = 2 e2 + 4 e4, [e1, e5] = 2 e2 − 4 e5,

[e2, e3] = − 4 e2 − 4 e4, [e2, e4] = 0, [e2, e5] = 0,

[e3, e4] = 2 e4, [e3, e5] = − 2 e2 + 6 e5,

[e4, e5] = 0.



This Lie algebra g has the derived series of dimensions 5, 4, 2, 0,
with :

[g, g] = Span
(
−4 e4 − 4 e5, −2 e1, 2 e2 + 4 e4, −4 e2 − 4 e4

)
.

The three underlined vector fields span a 3-dimensional Abelian ideal
a ⊂ g, whose value at the origin 0 ∈ C3 spans a maximally real 3-plane.
This is coherent with Fels-Kaup’s item (3).

Next, assume F3,0,0,2,0 ≡ 0, or equivalently, 1
4W0 ≡ 0. Some diffe-

rential consequences are :

F4,0,0,2,0 = 0, F3,0,1,2,0 = 0, F3,0,0,3,0 = 0,

hence up to order 6 :

u = zz + 1
2 z

2ζ + 1
2 z

2ζ + zzζζ + 1
2 z

2ζζζ + 1
2 z

2ζζζ + zzζζζζ

+ 2 Re
{
z5ζ F5,0,0,1,0 + z3z2ζ F3,0,2,1,0

}
+ Oz,ζ,z,ζ,v(7).

Suppose the graphed equation for M ′ is similar. Then F5,0,0,1,0 is a rela-
tive invariant, and it creates a branching :



A further sub-branching could be created by the other relative inva-
riant F3,0,2,1,0, but this is not the case. The following result establishes,
by normal forms techniques, Pocchiola’s characterization of the flat mo-
del.

• Theorem In the branch F3,0,0,2,0 = 0 = F5,0,0,1,0, if M5 ∈ C2,1 is ho-
mogeneous, then all Gh,i,j,k,l = 0, and M coincides with the Gaussier-
Merker representation of the flat model :

u = m + 0 =
zz + 1

2 z
2ζ + 1

2 z
2ζ

1− ζζ
. �



Thus, in this top-most (degenerate) branch, F3,0,2,1,0 = 0 is implied,
suprisingly.

Next, in the branch F3,0,0,2,0 = 0 and F5,0,0,1,0 6= 0, one can use
λ ∈ C to normalize F5,0,0,1,0 := 1, so λ = 1. The final tree will be
explained by the third theorem :



Theorem 0.2. In the branch F3,0,0,2,0 = 0 and F5,0,0,1,0 = 1, three sup-
plementary (real) normalizations hold :

F6,0,0,1,0 := 0, so α := 0,

ImF4,0,3,0,0 := 0, so ρ := 0,

so that the isotropy is reduced to be zero-dimensional. Notably, a
constant value for F3,0,2,1,0 = − 15 is also implied.

Furthermore, abbreviating :

θ := ReF4,0,3,0,0,

which is a free absolute invariant, all coefficients Fh,i,j,k,l ∈ C are uni-
quely determined in terms of θ ∈ R, with :

F = F 2 + F 3 + F 4 + F 5 + F 6 + F 7 + F 8 + F 9 + F 10 + Oz,ζ,z,ζ,v(11),



where :

F 2 = zz,

F 3 = 1
2 z

2ζ + 1
2 z

2ζ,

F 4 = zzζζ,

F 5 = 1
2 z

2ζζ
2

+ 1
2 ζ

2z2ζ,

F 6 = − 15 z3z2ζ + zζ2zζ
2

+ ζz5 + z5ζ − 15 z2ζz3,

F 7 = 3
2 z

5ζ
2

+ θ z4z3 − 45 z2ζz3ζ + 1
2 z

2ζ2ζ
3

+ θ z3z4 − 15
2 z

4zζ
2

+ 5 zζz4ζ

− 10 z3z2ζ
2

+ 3
2 ζ

2z5 − 45 z3ζz2ζ − 15
2 zζ

2z4 − 10 z2ζ2z3 + 1
2 ζ

3z2ζ
2

+ 5 z4ζzζ,

F 8 = zζ3zζ
3 − 20 z3ζ2z2ζ − 75 z3ζz2ζ

2 − 75 z2ζ2z3ζ − 75
2 zζ

2z4ζ

− 75
2 z

4ζzζ
2 − 20 z2ζz3ζ

2 − 1
5 θ z

6zζ + 2 θ z4ζz3 + 12
5 θ z

5z2ζ

+ 3 θ z4z3ζ + 2 θ z3z4ζ + 3 θ z3ζz4 + 12
5 θ z

2ζz5 − 1
5 θ zζz

6 − 5 z4zζ
3

− 5 zζ3z4 + 5 ζ2z5ζ + 5 z5ζζ
2 − 1

35 θ ζz
7 − 1

35 θ z
7ζ − 3

2 z
5ζ

3 − 130 z5z3

− 325
6 z4z4 − 130 z3z5 − 3

2 ζ
3z5,



F 9 = θ z3z4ζ
2

+ θ z4ζ2z3 − 165 z2ζ2z3ζ
2 − 40 z3ζz2ζ

3 − 165 z3ζ2z2ζ
2

− 5 z4ζ2zζ
2 − 5 zζ2z4ζ

2 − 75
2 z

4ζzζ
3 − 75

2 zζ
3z4ζ − 40 z2ζ3z3ζ

+ 18
5 θ z

5z2ζ
2

+ 3 θ z4z3ζ
2

+ 2 θ z6zζ
2

+ 18
5 θ z

2ζ2ζ
5

+ 2 θ zζ2z6

+ 3 θ z3ζ2ζ
4 − 5

√
−1 z6ζv + 5

√
−1 ζz6v + 24

5 θ z
2ζz5ζ + 12 θ z4ζz3ζ

+ 24
5 θ z

5ζz2ζ + 12 θ z3ζz4ζ − 1
5 θ zζz

6ζ − 1
5 θ z

6ζzζ − 100
√
−1 z3z3ζv

− 30
√
−1 z5zζv − 75

√
−1 z4z2ζv − 335

3 z5z3ζ + 5 zζz7 − 6
35 θ ζ

2ζ
7 − 335

3 z3ζz5

+ 1
2 z

2ζ3ζ
4

+ 475
2 z4z4ζ − 455 z2ζz6 − 6

25 θ
2 z5z4 − 190 z5ζz3 − 6

35 θ z
7ζ

2

+ 1
2 ζ

4z2ζ
3 − 455 z6z2ζ + 5 z7zζ − 6

25 θ
2 z4z5 − 190 z3z5ζ − 4

25 θ
2 z6z3

− 4
25 θ

2 z3z6 − 15
2 z

5ζζ
3 − 15

2 ζ
3z5ζ − z5ζ4 − ζ4z5 + 25

4 ζz
8 + 25

4 z
8ζ

+ 30
√
−1 zζz5v + 100

√
−1 z3ζz3v + 75

√
−1 z2ζz4v + 475

2 z4ζz4,

F 10 = zζ4zζ
4

+ θ z3ζ3z4 + θ z4z3ζ
3 − 210 z3ζ2z2ζ

3 − 20 z4ζzζ
4

+ 105 z5ζz3ζ

− 210 z2ζ3z3ζ
2 − 1525

2 z2ζz6ζ − 1525
2 z6ζz2ζ − 255

2 z4ζ2zζ
3

+ 1725 z4ζz4ζ − 20 zζ4z4ζ − 70 z3ζ
3
z2ζ

2 − 255
2 zζ3z4ζ

2 − 70 z2ζ2z3ζ
3

+ 105 z3ζz5ζ + 50 z7ζzζ + 50 zζz7ζ + 3
175 θ

2 zζz8 + 3
175 θ

2 z8zζ



− 4
5 θ

2 z3ζz6 + 2 θ zζ3z6 + 2 θ z6zζ
3

+ 12
5 θ z

5z2ζ
3 − 18

25 θ
2 z5ζz4

− 8
25 θ

2 z6ζz3 − 18
25 θ

2 z4z5ζ − 8
25 θ

2 z3z6ζ − 72
175 θ

2 z2ζζ
7 − 4

5 θ
2 z6z3ζ

− 24
25 θ

2 z5z4ζ − 24
25 θ

2 z4ζz5 + 12
5 θ z

2ζ3z5 − 72
175 θ

2 z7z2ζ − 1
5 θ ζ

2z7ζ

− 1
5 θ z

7ζζ
2 − 20

√
−1 z6ζv + 20

√
−1 ζ2z6v + 24 θ z3ζ2z4ζ + 18

5 θ z
6ζzζ

2

+ 12
5 θ z

2ζz5ζ
2

+ 18
5 θ zζ

2z6ζ + 15 θ z4ζ2z3ζ + 15 θ z3ζz4ζ
2

+ 12
5 θ z

5ζ2z2ζ + 18 θ z2ζ2z5ζ + 18 θ z5ζz2ζ
2

+ 24 θ z4 ζz3ζ
2

− 150
√
−1 z4z2ζ

2
v − 16

√
−1 θ z3z5v − 100

√
−1 z3z3ζ

2
v − 90

√
−1 z5zζ

2
v + F5,0,5,0,0 z

5z5

− 15
2 z

5ζζ
4

+ 5 ζ3z5ζ
2

+ 5 z5ζ2ζ
3 − 150 z5ζ2ζ

3
+ 975

2 z4ζ2z4 + 570 z3ζ2z5

− 325 z2ζ2z6 − 435 zζ2z7 − 435 z7zζ
2 − 325 z6z2ζ

2 − 15
2 ζ

4z5ζ

+ 570 z5z3ζ
2

+ 975
2 z4z4ζ

2 − 150 z3z5ζ
2

+ 9 θ z4z6 + 164
7 θ z3z7 + 4

7 θ ζ
3z7

+ 1
525 θ

2 ζz9 + 4
7 θ z

7ζ
3

+ 1
525 θ

2 z9ζ + 9 θ z6z4 + 164
7 θ z7z3 + 95

4 ζ
2z8

+ 95
4 z

8ζ
2

+ 90
√
−1 zζ2z5v + 100

√
−1 z3ζ2z3v + 150

√
−1 z2ζ2z4v + 16

√
−1 θ z5z3v

− 30
√
−1 z5ζzζv − 150

√
−1 z2ζz4ζv + 150

√
−1 z4ζz2ζv + 30

√
−1 zζz5ζv.



The general infinitesimal CR automorphism, depending on 5 real
constants a, b, c, d, e ∈ R, is L = A∂z + B ∂ζ + C ∂w, where :

A0 = a +
√
−1 b,

A1 =
(
− c +

√
−1 d
)
z +

(
− a +

√
−1 b
)
ζ,

A2 =
(
2
5 θ a + 5

√
−1 e
)
z2 +

(
− 2

5 θ a + 5
√
−1 e
)
w +

(
− c +

√
−1 d
)
zζ,

A3 =
(
− 10 a− 10

√
−1 b
)
z3 +

(
10
√
−1 b + 30 a

)
zw +

(
− 2

5 θ a− 5
√
−1 e
)
ζw,

A4 =
(
− 10 c− 5

√
−1 d
)
w2 +

(
10 a + 10

√
−1 b
)
zζw +

(
− 20 c + 10

√
−1 d
)
z2w,

A5 =
(
− 4

5 θ a− 10
√
−1 e
)
z5 +

(
− 5 c + 5

√
−1 d
)
z4ζ +

(
4 θ a− 50

√
−1 e
)
z3w

+
(
75
√
−1 e− 6 θ a

)
zw2 +

(
10 c− 5

√
−1 d
)
ζw2,

A6 =
(
− 20 a− 20

√
−1 b− 1

5

√
−1 θ d + 1

5 θ c
)
z6 +

(
− 200

3 a + 100
3

√
−1 b
)
w3

+
(
− 2 θ a + 25

√
−1 e
)
zζw2 +

(
200 a + 100

√
−1 b
)
z2w2,

A7 =
(
10
√
−1 d− 10 c + 2

7

√
−1 θ e + 4

175 θ
2 a
)
z7 +

(
100 c + 50

√
−1 d
)
z3w2

+
(
− 200

3 a− 100
3

√
−1 b
)
ζw3 +

(
− 1

5

√
−1 θ d + 1

5 θ c
)
z6ζ +

(
50 a + 50

√
−1 b
)
z4ζw

+
(
− 50

√
−1 d + 70 c

)
z5w +

(
− 100 c− 50

√
−1 d + 20

√
−1 θ e

)
zw3,

A8 = A0,0,4w
4 +
(
− 3

175 θ
2 c + 4

7

√
−1 θ b− 31

7 θ a + 3
175

√
−1 θ2 d− 125

2

√
−1 e
)
z8

+
(
8A0,0,4 + 1

2 B1,0,3

)
z2w3 +

(
− 30

√
−1 d + 30 c

)
z5ζw +

(
− 100

3 c− 50
3

√
−1 d
)
zζw3

+
(
− 50 c + 50

√
−1 d
)
z7ζ +

(
− 2

√
−1 θ b + 10 θ a− 50

√
−1 e
)
z6w,



where :
B0 = c +

√
−1 d,

B1 =
(
4
5 θ a− 10

√
−1 e
)
z +

(
2
√
−1 d
)
ζ,

B2 =
(
− 40

√
−1 b− 60 a

)
z2 +

(
− c +

√
−1 d
)
ζ2 +

(
10 a− 10

√
−1 b
)
w +

(
4
5 θ a + 10

√
−1 e
)
zζ,

B3 =
(
− 30

√
−1 d + 30 c

)
z3 +

(
40 c + 20

√
−1 d
)
zw +

(
60 a

)
ζw +

(
40 a− 140

√
−1 b
)
z2ζ,

B4 =
(
− 14 θ a + 100

√
−1 e + 6

√
−1 θ b

)
z4 +

(
2 θ a + 25

√
−1 e
)
w2 +

(
− 40 c + 20

√
−1 d
)
zζw

+
(
24 θ a− 300

√
−1 e
)
z2w +

(
10 a + 10

√
−1 b
)
ζ2w +

(
− 90

√
−1 d + 90 c

)
z3ζ

+
(
− 60

√
−1 b + 60 a

)
z2ζ2,

B5 =
(
− 860

√
−1 b + 900 a + 24

5

√
−1 θ d− 24

5 θ c
)
z5 +

(
40 c− 40

√
−1 d
)
z3ζ2

+
(
12
√
−1 θ b− 20 θ a− 100

√
−1 e
)
z4ζ +

(
− 300 a− 300

√
−1 b
)
z3w

+
(
400 a− 200

√
−1 b
)
zw2 +

(
150

√
−1 e
)
ζw2 +

(
56 θ a + 200

√
−1 e
)
z2ζw,

B6 =
(
− 770

√
−1 d + 690 c + 4

√
−1 θ e + 32

25 θ
2 a− 24

25

√
−1 θ2 b

)
z6

+
(
− 100

3 c + 50
3

√
−1 d
)
w3 +

(
− 250 c− 350

√
−1 d− 30

√
−1 θ e− 12

5 θ
2 a
)
z4w

+
(
400 a + 200

√
−1 b
)
zζw2 +

(
− 2 θ a + 25

√
−1 e
)
ζ2w2 +

(
− 6 θ a + 6

√
−1 θ b

)
z4ζ2

+
(
600 c + 300

√
−1 d− 60

√
−1 θ e

)
z2w2 +

(
− 1500 a− 300

√
−1 b
)
z3ζw

+
(
300

√
−1 e + 24 θ a

)
z2ζ2w +

(
48
5

√
−1 θ d− 1360

√
−1 b + 920 a− 48

5 θ c
)
z5ζ,



B7 =
(
1056
7

√
−1 θ b− 168 θ a + 144

175 θ
2 c− 144

175

√
−1 θ2 d

)
z7

+
(
− 48A0,0,4 − 6B1,0,3 + 60 θ a− 750

√
−1 e
)
z3w2 +

(
− 200 c

)
ζw3

+
(
56
25 θ

2 a− 48
25

√
−1 θ2 b + 1460 c− 1460

√
−1 d + 4

√
−1 θ e

)
z6ζ

+
(
− 24

5 θ
2 a− 60

√
−1 θ e + 100 c + 100

√
−1 d
)
z4ζw

+
(
24
25

√
−1 θ d− 24

25 θ c + 900 a− 900
√
−1 b
)
z5ζ2

+
(
360 θ a + 144

√
−1 θ b + 5100

√
−1 e
)
z5w +

(
B1,0,3

)
zw3

+
(
− 1000 a + 200

√
−1 b
)
z3ζ2w +

(
− 400 c + 700

√
−1 d
)
z2ζw2,

and where :
C0 =

√
−1 e,

C1 =
(
2 a− 2

√
−1 b
)
z,

C2 =
(
c− √−1 d

)
z2 +

(
− 2 c

)
w,

C3 =
(
4
5 θ a + 10

√
−1 e
)
zw,

C4 =
(
10
√
−1 b
)
w2 +

(
− 10 a− 10

√
−1 b
)
z2w,

C5 =
(
2 c− 2

√
−1 d
)
z5 +

(
− 20 c + 10

√
−1 d
)
zw2,

C6 =
(
− 4 θ a

)
w3 +

(
2 θ a− 25

√
−1 e
)
z2w2,

C7 =
(
2
35

√
−1 θ d− 2

35 θ c
)
z7 +

(
− 20 a− 20

√
−1 b
)
z5w

+
(
400
3 a + 200

3

√
−1 b
)
zw3,

C8 =
(
− 25

√
−1 d + 10

√
−1 θ e

)
w4 +

(
− 25

2

√
−1 d + 25

2 c
)
z8 +

(
100
3 c + 50

3

√
−1 d
)
z2w3

+
(
10
√
−1 d− 10 c

)
z6w,



C9 =
(
− 2

525

√
−1 θ2 d + 2

525 θ
2 c
)
z9 +

(
4
7

√
−1 θ b + 4

7 θ a
)
z7w

+
(
4 θ a− 50

√
−1 e
)
z5w2 +

(
2A0,0,4

)
zw4,

and the related 5 holomorphic vector fields e1, e2, e3, e4, e5 have struc-
ture :

[e1, e2] = − 4
5 θ e4 − 4 e5, [e1, e3] = 0, [e1, e4] = 2 e2, [e1, e5] = 2

5 θ e2 − 20 e4,

[e2, e3] = − 2 e2, [e2, e4] = 0, [e2, e5] = 0,

[e3, e4] = 2 e4, [e3, e5] = 2 e5,

[e4, e5] = 0.

This Lie algebra g has the derived series of dimensions 5, 3, 0, with :

[g, g] = Span
(
− 4

5 θ e4 − 4 e5, 2 e2,
2
5 θ e2 − 20 e4

)
.

These three vector fields form a 3-dimensional Abelian ideal a ⊂ g,
whose value at the origin 0 ∈ C3 spans a maximally real 3-plane. This is
coherent with Fels-Kaup’s items (2a), (2b), (2c).

The proofs rely upon studying the fundamental equation :

0 = −u′ + F ′
(
z′, ζ ′, z′, ζ

′
, v′
)
,



where :
z′ = f (z, ζ, w),

ζ ′ = g(z, ζ, w),

w′ = h(z, ζ, w),

for (z, ζ, w) ∈M , namely for u = F (z, ζ, z, ζ, v).
These power series normal forms confirm Fels-Kaup’s main result

that there is a one-to-one correspondence between affine equivalence
classes of homogeneous parabolic surfaces S2 ⊂ R3, and biholomorphic
equivalence classes of CR homogeneous C2,1 hypersurfaces M5 ⊂ C3.
In the thickest branch F3,0,0,2,0 = 0 6= F5,0,0,1,0, homogeneous mo-
dels both depend upon a (free) real parameter θ ∈ R. Therefore, in this
branch, the tubes (2a), (2b), (2c) are closed representations of models (a
computation of F3,0,0,2,0 and of F5,0,0,1,0 confirms this). From the impli-
cit equations (2a), (2b), (2c), some (non-closed) graphed power series
can be written.



5D PDE Systems Under Fiber-Preserving Equivalences

[Kamran, Kamran-Shadwick, Hsu-Kamran]
[Godlinski, Nurowski]
[Foo-Heyd-M.]
[Heyd]

• Second order ODEs :

yxx = F (x, y, yx),

under :

x′ = f (x),

y′ = g(x, y).

• Theorem. [Foo-M.-Heyd] There exists a unique choice of formal power
series (f (x), g(x, y)) with :

f (0) = fx(0) = 0,

g(0, 0) = gx(0, 0) = gy(0, 0) = gxy(0, 0) = 0,



such that the map ϕ(x) = x + f (x), ψ(x, y) = y + g(x, y), brings yxx =
J(x, y, p) to a normal form :

yxx =

∞∑
i,j=0

Ki,j(y)xipj,

where the Ki,j(y) satisfy :

(1)Ki,0(y) ≡ 0 for all i > 0 ;

(2)K0,1(y) ≡ 0 ;

(3)Ki,1(0) = 0 for all i > 1 ;

(4)K0,2(y) ≡ 0.

In the real-analytic category, based on a set of principles and gui-
delines that make full advantage of the formal theory, the convergence
problem can be solved in a natural way. Our construction is based on the
study of flows of suitable vector fields, with appropriate corrections via
the Cauchy-Kovalevskaya theorem. These give our second and the main
result, which is the following



• Theorem [Foo-M.-Heyd] There exists a convergent (analytic) fibre-
preserving point transformation that sends an analytic second order or-
dinary differential equation yxx = J(x, y, p) to an analytic normal form
yxx = K(x, y, p) satisfying (1–4).

As a result, the normal form has the following expansion :

yxx = K0,0,3
p3

3!
+ K1,0,2

xp2

2!
+ K1,1,1xyp

+
∑

i+j+k>1

Ki,j,3+k
xiyjp3+k

i!j!(3 + k)!
+

∑
i+j+k>1

K1+i,j,2+k
x1+iyjp2+k

(1 + i)!j!(2 + k)!

+
∑

i+j+k>1

K1+i,1+j,1+k
x1+iy1+jp1+k

(1 + i)!(1 + j)!(1 + k)!
,

where the coefficients K0,0,3, K1,0,2, K1,1,1 correspond respectively to
the values of the relative differential invariants I1(K), I2(K), I3(K) at
the origin, which are the only primary ones discovered by Hsu-Kamran.



The problem is the classification of second order ordinary differential
equations :

YXX = J(X, Y, YX),

up to fibre-preserving maps Φ :
X = ϕ(x),

Y = ψ(x, y).

This problem was solved by HSU-KAMRAN using method of moving
frames, and we briefly summarise the results leading up to the existence
of three relative invariants.

Let J2(R,R) be the second order Jet space with independent coordi-
nates (x, y, yx, yxx). For simplicity, we adopt the notation p := yx. The
total differential operator Dx along the x-axis is :

Dx :=
∂

∂x
+ p

∂

∂y
+ yxx

∂

∂p
+

+∞∑
j=3

y
x(k)

∂

∂y
x(k−1)

.

The fibre preserving maps Φ can be prolonged to second order
Φ2 : J2(R,R) 7−→ J2(R,R)

(x, y, p, yxx) 7−→ (X, Y, P, YXX)



using the recursive formula well-known to Sophus Lie :

X = ϕ(x),

Y = ψ(x, y),

P =
DxY

DxX
=
ψx + ψyp

ϕx
,

YXX =
DxP

DxX
=
ϕxψyyp

2 + 2ϕxψxyp + ϕxψxx + (−ψx − ψyp)ϕxx + ψyϕxyxx
ϕ3
x

A given second order differential equation yxx = K(x, y, p) defines a
3-dimensional submanifold M ⊂ J2(R,R). The cotangent bundle T ∗M
is generated by the following 1-forms :

ω1 := dx,

ω2 := dy − p dx,
ω3 := dp−K(x, y, p) dx.

Now, suppose that Φ2 sends M to M ′ given by YXX = J(X, Y, P ). A
simple substitution shows that the pull-back Φ2 transfers {ω1, ω2, ω3} to
{Ω1 := dX, Ω2 := dY − P dX, Ω3 := dP − J(X, Y, P ) dX} via the



initial G-structure :Ω1

Ω2

Ω3

 =

A 0 0
0 B 0
0 BC B/A

ω1

ω2

ω3

 .

By applying CARTAN’s method of moving frames, HSU-KAMRAN

obtained a 6-dimensional principal bundle P → M whose cotangent
bundle is generated by six invariant 1-forms {ω1, ω2, ω3, α, β, γ} satis-
fying the structure equations :

dω1 = α ∧ ω1,

dω2 = β ∧ ω2 + ω1 ∧ ω3,

dω3 = γ ∧ ω2 + (β − α) ∧ ω3,

dα = −2γ ∧ ω1,

dβ = ω1 ∧ γ + I2 ω
1 ∧ ω2 − I1 ω

3 ∧ ω2,

dγ = γ ∧ α + I3 ω
1 ∧ ω2 + I2 ω

1 ∧ ω3.



Parametrically, there are 3 basic relative invariants :

I1(K) = − A

2B2
Kppp,

I2(K) =
1

2AB
(DxKpp −Kpy),

I3(K) = −CI2 +
1

2A2B
(DxKpy + KppKy −KpyKp − 2Kyy),

while the invariant 1-forms α, β, γ are :

α =
dA

A
−
(

2C +
Kp

A

)
ω1,

β =
dB

B
− Cω1 +

Kpp

2B
ω2,

γ = dC + C
dA

A
+

(
Ky

A2
−

CKp

A
− C2

)
ω1 +

(
Kpy

2AB
−

CKpp

2B

)
ω2 +

Kpp

2B
ω3.

• Theorem. Let M = {yxx = 0} be a second order ordinary differential
equation. Then dimgM = 6, and its second prolongation g

(2)
M is generated



by :

v
(2)
1 = ∂x,

v
(2)
2 = ∂y,

v
(2)
3 = x∂y + ∂p,

v
(2)
4 = y∂y + p∂p + yxx∂yxx,

v
(2)
5 = x∂x − p∂p − 2yxx∂yxx,

v
(2)
6 = x2∂x + xy∂y − (2xp− y)∂p − 3xyxx∂yxx.

Proof. By expanding the left-hand side of :

X(2)(yxx)
∣∣
yxx=0 ≡ 0,

we obtain :

gxx + (2gxy − fxx)p + gyyp
2 = 0.



Solving for f (x), g(x, y) the following system of partial differential
equations :

gxx = 0,

2gxy = fxx,

gyy = 0,

the vector field X can be written as a linear combination of the following
six vector fields :

v1 = ∂x,

v2 = ∂y,

v3 = x∂y,

v4 = y∂y,

v5 = x∂x,

v6 = x2∂x + xy∂y.

Prolonging all of them to second order finishes the proof. �

The equation :

gxx + (2gxy − fxx)p + gyyp
2 = 0,



is sometimes called the defining function of g{yxx=0} in g, and it will also
be used to define our normal form. In fact, let Fx denote the space of all
formal power series in x, let Fx,y denote the space of all formal power
series in (x, y), and let Fx,y,p denote the space of all formal power series
in (x, y, p). Introduce the homological operator :

L : Fx ×Fx,y −→ Fx,y,p

(f (x), g(x, y)) 7−→ L(f, g) := gxx + (2gxy − fxx)p + gyyp
2.

We seek a subspace N ⊂ Fx,y,p which we call the space of normal
forms, satisfying :

Fx,y,p = Im(L)⊕N ,

where N consists of representatives K of classes [K] in Fx,y,p/Im(L)
whose image part has been completely normalised by L(f, g) for some
(f, g) ∈ Fx × Fx,y (or in other words, has been completely absorbed
into Im(L)).

• Question. How can we find an explicit description of N ?

A clue is to look at the kernel of L. To say that there are two different
ways to bring yxx = J(x, y, p) to a normal form is to say that there exist



two different (f, g) and (f̂ , ĝ) in Fx ×Fx,y such that :
J(x, y, p) = K(x, y, p) + L(f, g),

J(x, y, p) = K(x, y, p) + L(f̂ , ĝ),

with K in N . Then :
L(f̂ − f, ĝ − g) = 0,

or :
(f̂ − f, ĝ − g) ∈ ker L.

Therefore, the choices of normalisations are unique up to elements in
ker L. Fortunately, we have information about this indeterminacy be-
cause from a theorem above, (f (x), g(x, y)) ∈ ker L if and only if the
corresponding vector field X = f (x)∂x + g(x, y)∂y is a fibre-preserving
infinitesimal symmetry of yxx = 0, and we have an explicit basis of this
Lie algebra {v1, v2, v3, v4, v5, v6}.

This piece of information can help us find the subspace F ′ ⊂
Fx×Fx,y of the source space on which L is injective. Then any element
(f, g) ∈ F ′ coming from this subspace will give the unique normalisa-
tion, hence giving us a precise description of a normal form. To put this



idea into action, we first have to find out what F ′ is. We expand X in
terms of power series :

X =
(
α0+α1x+α2x

2+α3x
3+Ox(4)

) ∂
∂x

+
(
β0,0+β1,0x+β0,1y+β2,0x

2+β1,1xy+β0,2y
2+Ox,y(3)

) ∂
∂y
.

Modulo the vector space generated by the first 5 vector fields v1, v2, v3,
v4, v5 :

X ≡
(
α2x

2+α3x
3+Ox(4)

) ∂
∂x

+
(
β2,0x

2+β1,1xy+β0,2y
2+Ox,y(3)

) ∂
∂y

mod 〈v1, v2, v3, v4, v5〉,

which can be written either as :

X ≡
(
(α2 − β1,1)x2 + α3x

3 + Ox(4)
) ∂
∂x

+
(
β2,0x

2 + β0,2y
2 + Ox,y(3)

) ∂
∂y

+ β1,1v6 mod 〈v1, v2, v3, v4, v5〉,
or :

X ≡
(
α3x

3 + Ox(4)
) ∂
∂x

+
(
β2,0x

2 + (β1,1 − α2)xy + β0,2y
2 + Ox,y(3)

) ∂
∂y

+ α2v6 mod 〈v1, v2, v3, v4, v5〉.



The two choices are valid, and we will choose the first one for our
construction. Hence :

X ≡
(
(α2 − β1,1)x2 + α3x

3 + Ox(4)
) ∂
∂x

+
(
β2,0x

2 + β0,2y
2 + Ox,y(3)

) ∂
∂y

mod g{yxx=0}.

• Proposition. The subspace F ′ ⊂ Fx ×Fx,y on which the homologi-
cal operator L is injective is given by the set of all tuples (f (x), g(x, y))
satisfying the following conditions :

(1) f (x) starts with x2,

(2) g(x, y) starts with homogeneous terms of order 2, with gxy(0, 0) =
0. �



Homogeneous Models
[Heyd]
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The power series method

Assume
{yxx = Q(x , y , yx )} ϕ(2)

−→ {y ′x′x′ = R(x ′, y ′, y ′x′ )},
with

ϕ : (x , y) ∈ C2 7−→
(
f (x), g(x , y)

)
=: (x ′, y ′),

where

f (x) =
∞∑

n=0

fnxn =
n+1∑

i=0

fix i + Ox (n + 2),

g(x , y) =
∞∑

n=0

∑

i+j=n

gi,jx iy j =
n+2∑

i+j=0

gi,jx iy j + Ox,y (n + 3),

n ∈ N.

Julien Heyd, under supervision of Joël Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformations: The Power Series Method
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The power series method

From the fundamental and vectorial fundamental equations:

0 = f 3x R
(
f , g , gx + gyp

fx

)
+gx fxx+gy fxxp−fxgxx−2fxgxyp−fxgyyp2−fxgyQ(x , y , p),

and

0 = −Bxx + (Axx − 2Bxy )p + (2Ax − By )Q(x , y , p)− Byyp2+

+AQx + BQy +
[
By + (By − Ax )p

]
Qp ,

we extract information for normalizing the power series coefficients of Q and R
order by order:
At each order n, by looking at the fundamental equation and by making
appropriate choices of coefficients fn+1, gi,j with i + j = n + 2, we will normalize
the power series coefficients of Q and R.
At the end, such normalizations will end up with normal forms Qnormal of Q and
with associated diffeomorphisms

{yxx = Q(x , y , yx )}
ϕ

(2)
� =ϕ

(2)
r ◦···◦ϕ

(2)
1−→ {y ′x′x′ = Qnormal(x ′, y ′, y ′x′ )}.

Julien Heyd, under supervision of Joël Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformations: The Power Series Method
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Example
For the branching Q0,0,3 = Q1,0,2 = 1,

Qnormal = Q in the theorem.

Julien Heyd, under supervision of Joël Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformations: The Power Series Method
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To find the associated Lie algebra structure, we look the vectorial fundamental
equations with

L =
( n+1∑

i=0

Aix i + Ox (n + 2)
)
∂

∂x
+
( n+2∑

i+j=0

Bi,jx iy j + Ox,y (n + 3)
)
∂

∂y
,

tangent to {
yxx = Q(x , y , yx )

}
.

At each order n, by looking at the vectorial fundamental equation, we will
normalize coefficients An+1,Bi,j with i + j = n + 2, hence we will normalize the
coefficients of L.
At the end of the process, we will obtain vector fields of the form

Lnormal = α
(
A0,B0,0,B1,0,A1,A2,B0,1

) ∂
∂x

+ β
(
A0,B0,0,B1,0,A1,A2,B0,1

) ∂
∂y
,

with all other coefficients A∗ and B∗,∗ normalized, where α and β are linear in
their 6 arguments.

Julien Heyd, under supervision of Joël Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformations: The Power Series Method
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Next, to obtain the associated Lie algebras in all branches, we will prolong the
concerned vector field to J1(C2

x,y ) = C3
x,y,p , getting

Lnormal,1.

Then putting one of the arguments to 1 and the others to 0, we get generators ei with
1 6 i 6 3 or 1 6 i 6 6 of the associated Lie algebra given in the theorems.
For example :

e1 := Lnormal,1(1, 0, ..., 0).

Julien Heyd, under supervision of Joël Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformations: The Power Series Method
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Remark : We cannot normalize the coefficients order by order at the infinity.

π6n

(∑

i,j,k

Qi,j,kx iy jpk
)

:=
∑

i+j+k6n

Qi,j,kx iy jpk (n∈N),

In fact, normalization of the coefficients of ϕ will create a decreasing and
stationary sequence of subsets of

Gstab =
{
ϕ | {yxx = Q(x , y , yx )} ϕ(2)

−→ {y ′x′x′ = R(x ′, y ′, y ′x′ )}
}

:

Gstab =: G0
stab ⊃G1

stab ⊃ . . .

· · · ⊃ Gn
stab =:

{
ϕ | {yxx = π6n(Q)(x , y , yx )} ϕ(2)

−→ {y ′x′x′ = π6n(R)(x ′, y ′, y ′x′ )}
}
⊃ . . .

· · · ⊃ G r
stab = G r+1

stab = . . . ,

At the order r ,the process of normalization stops.
In geometric terms, we make Gstab act on {yxx = Q(x , y , yx )}.

Julien Heyd, under supervision of Joël Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformations: The Power Series Method
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In the branch
Q0,0,3 = Q1,0,2 = 1.

Assume Q0,0,0 = R0,0,0 = 0
and ϕ fixes (0, 0, 0) in J1 :

f0 = g0,0 = g1,0 = 0.

ϕ is a local diffeo :
f1 6= 0, g0,1 6= 0.

Nouvelle projection :

πn

(∑

i,j,k

Qi,j,kx iy jpk
)

=
∑

i+j+k=n

Qi,j,kx iy jpk (n∈N),

Julien Heyd, under supervision of Joël Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformations: The Power Series Method
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Order n = 0,

Q = Ox,y,p(1) and R = Ox′,y′,p′ (1),

f (x) =
0+1∑

i=0

fix i + Ox (2) and g(x , y) =
2∑

i+j=0

gi,jx iy j + Ox,y (3).

We make Gstab act on {yxx = Q(x , y , yx )} on the order 0 by applying π0 to the
fundamental equation :

0 = π0

(
f 3x R + gx fxx + gy fxxp − fxgxx − 2fxgxyp − fxgyyp2 − fxgyQ

)
.

Therefore
0 = −2f1g2,0,

hence by f1 6= 0, we get
g2,0 = 0.

Julien Heyd, under supervision of Joël Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformations: The Power Series Method
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Order n = 1,

Q =
∑

i+j+k=1

Qi,j,kx iy jpk + Ox,y,p(2) and R =
∑

i+j+k=1

Ri,j,kx ′iy ′jp′k + Ox′,y′,p′ (2),

f (x) =
1+1∑

i=0

fix i + Ox (3) and g(x , y) =
3∑

i+j=0

gi,jx iy j + Ox,y (4).

We look the action of Gstab on {yxx = Q(x , y , yx )} at the order 1 by applying π1 to
the fundamental equation, we get

(E1) 0 = R1,0,0f 41 − Q1,0,0f1g0,1 − 6f1g3,0,

(E2) 0 = R0,1,0f 31 g0,1 + R0,0,1f 21 g1,1 − Q0,1,0f1g0,1 − 2f1g2,1 + 2f2g1,1,

(E3) 0 = R0,0,1f 21 g0,1 − Q0,0,1f1g0,1 − 2f1g1,1 + 2f2g0,1.

Julien Heyd, under supervision of Joël Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformations: The Power Series Method
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The power series method

(E1) 0 = R1,0,0f 41 − Q1,0,0f1g0,1 − 6f1g3,0,

(E2) 0 = R0,1,0f 31 g0,1 + R0,0,1f 21 g1,1 − Q0,1,0f1g0,1 − 2f1g2,1 + 2f2g1,1,

(E3) 0 = R0,0,1f 21 g0,1 − Q0,0,1f1g0,1 − 2f1g1,1 + 2f2g0,1.

By the freeness of g3,0 in (E1) we can normalize R1,0,0 = 0 and by equivalence:
Q1,0,0 = R1,0,0 = 0.

So :
g3,0 = 0.

By looking at (E3), and by a choice of g1,1, we can normalize R0,0,1 = 0 and by
equivalence:

Q0,0,1 = R0,0,1 = 0.
Therefore (E3) gives

g1,1 = g0,1
f2
f1
.

By the same idea, from (E2) we get:
Q0,1,0 = R0,1,0 = 0,

g2,1 = g0,1

( f2
f1

)2
.

Julien Heyd, under supervision of Joël Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformations: The Power Series Method
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Conclusion :

Lemma

The subgroup G1
stab ⊂ G0

stab which sends Q = Ox,y,p(2) to R = Ox′,y′,p′ (2) consists
of fiber-preserving transformations such that

f0 = 0, f1 6= 0, g0,0 = g1,0 = g2,0 = g3,0 = 0, g0,1 6= 0,

gi,1 = g0,1

( f2
f1

)i
(16i62).

For order n > 2, it is the same process :
1) Normalization of the Qi,j and Ri,j .
2) Reducing of Gstab .

Julien Heyd, under supervision of Joël Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformations: The Power Series Method
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About the vectorial fundamental equation, with

L =
( 1+1∑

i=0

Aix i + Ox (n + 2)
)
∂

∂x
+
( 1+2∑

i+j=0

Bi,jx iy j + Ox,y (n + 3)
)
∂

∂y
,

By applying π0 to the vectorial fundamental equation, we get:

B2,0 = 0.

Then by π1, we get
B3,0 = 0,
B2,1 = 0,
B1,1 = A2.

Hence

L =
(
A0 + A1x + A2x2 + Ox (n + 2)

)
∂

∂x
+
(
B0,0 + B1,0x + B0,1y + Ox,y (n + 3)

)
∂

∂x

About the vectorial fundamental equation, we do the same: at each order n:
Normalization of An+1 and Bi,j , with i + j = n + 2.

Julien Heyd, under supervision of Joël Merker Homogeneous Second Order ODEs Under Fiber-Preserving Point Transformations: The Power Series Method



5D Fiber-Preserving PDE systems

• Again :

zxx = Q
(
x, y, z, zx, zy

)
,

zxy = R
(
x, y, z, zx, zy

)
,

zyy = S
(
x, y, z, zx, zy

)
,

but under fiber-preserving transformations :

x′ = f (x, y),

y′ = g(x, y),

z′ = h(x, y, z),

with :

0 6=

∣∣∣∣∣∣
fx fy 0
gx gy 0
hx hy hz

∣∣∣∣∣∣ .



































[Olver 1999]

[Gurevich 1964]



• Open problem. Classify homogeneous PDEs zxx = Q, zxy = R,
zyy = S over R. [C : Doubrov-Medvedev-The]
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Discrete Equivalences
Summarize ideas
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