GRIEG LECTURE 1

JOEL MERKER

www.imo.universite-paris-saclay.fr/~merker/
Département de Mathématique d'Orsay

Université Paris-Saclay

Friday 29 April 2022

An(e’;‘l)




Model Quadric M3 C C?

e Complex space :
C’ 3 (z,w) = (x+¢fly, u+\/flv).
e Model quadric hypersurface :

Rew = 27,
that 1s :
u = :1:2+y2.
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e Affine counterpart : Surface :
5% = {(x,y,u) eR’: u=a’ +y2}.

e Affine group :

r =ar+by+cu+d, ab c
y = kx+ly+mu+n, 0# |k | mj|.
u’:px+qy+ru+s, Pqr

e Doubrov-Komrakov-Rabinovich 1996 & Eastwood-Ezhov 1999 :

Theorem 1. Each locally homogeneous surface in the three-dimensional affine
geometry 1s an open subset of a quadric or cylinder, or is equivalent to an open
subset of one of the following surfaces:

(1) 2 =z%y”.

(2) 2 = (a7 +y?)enmations)

(3) z=Inz 4+ alny.



z=caarg(iz+y)+B8In(z*+4*),a=1,8>00ra=0, 5 =1.
z=x(alnz +Iny).
(2 —Ll’y—|—333/3)2 = aly —2%/2)3, a#0.
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e Open classification problems :
[ S? ¢ R* [Vitushkin’s school — M% ¢ C* Hard!]
1 S° c R? nondegenerate [Wermann, Eastwood-Ezhov]
0 5% C R* degenerate : Hessian rank 2, rank 1.



¢ Infinitesimal affine symmetries :

L = (Ax+By+Cu+D)&E
+(K:U+Ly+l\/|u+N)(9y
+ (Pz+Qy+Ru+S)dy.

e Observation. [Lie]
flow exp (¢t L)(z, y, u) stabilizes §° < L| o2 tangent to 5.

e Compute :

eql == L (—u+2% +y?)

u:$2+y2.

e Weights :

7] =1,
y] =1,
u] = 2

e Expand :



0.0

eql = S: S: Coefficient; ; :z:iyj.
p=0 1+j=p

e Increasing weights :
w=20,1 2 3, 4, ....

e Specifically :
= —5S
+(2D—-P)z+ (2N—=Q)y
+(2A—=R)z° + (2B +2K) 2y + (2L — R) °
+(20) 2% + (2C) 2y” + (2M) 2%y + (2M) ¢
+ O at higher orders.

e LLuck here :

Stop at weight 4!

e Solve :
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O
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N
=

C =0, M = 0.
¢ 4 free constants :
L = (Ax+By+D)8x+(—Bx+Ay+N)3y
+ 2Dz + 2Ny +2Au) dy.
¢ 4 generators :
e1 = x 0y + 1y 0y,
€9 = YOy — 0y,
e3 = Oy + 2x 0y,
eq = Oy + 2y 0y.

e Lie structure :

[617 63} — — €3, [617 64} — — €4, [627 63} — €4, [627 64] — —€3.



A result

e Hypersurface 7> c C*:

u = F(x,y,2).
e Hessian : [Its rank is affinely invariant]
 Fuy Fry Fre
Hp = |Fys Fyy Fyz| .
[y By Fn
e Current hypothesis :
1 = rank Hp.
e Exclude : [Homogeneity hypothesis]
w =2 +0+0,,.(4) = m=clxc?
w=%+ x;y +0+0,,.05) <= H =5 xCh



e Proposition. After affine pre-normalizations :

2 332 563 5132 2 3
T+ Fy 10+ T | F30,1 55| 4 Oy 2(5),

2 12 13 ) 12 12 13
74 x' "y / 'y 'y / 7'
U = S5 + 5+ F37170 gt 9t FB,O,I g | T O:E’,y’,z’(5)7

there appears a relative invariant :

u

FBI,O,l = nonzero - F3 1.

e Precisely : [After group reductions]
2 a 00 —ael| [z]
Y’ _|el0 h Y
4 I j k| 2z
_u’_ 000 a? IKa

/ 1
301 = sk £3.0.1-
e Normalize :
FB,O,l = 1.



e Proposition. After further normalizations :

2 2 3 2 9 4 2.3 3
2k 2y 2 1y oty | xty’ | 2yz
u=S+5+5 + 5+ 05 5 5 + Oz 2(0).

e Next :

Fg0,0 and F5 1 ( are relative invariants.
e Theorem. Only the branch Iy o = 0 leads to a homogeneous model :

N A - — 22z — 2y + )
U= g 3y —1+y"+3x2+3y—3zyz+4/(1 =222 — 2y + y°)
2

or equivalently :

2
(3z2u+1—3y—3xz+3y2+3xyz—y3) — (1 —2xz—2y+y2)3.
with 1D isotropy :

Soui—m O O
w e © O
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An Inexistence Phenomenon

Letn > 1,letx = (z1,...,2p) €E R, ueRandy = (y1,...,yn) €
R", v € R. We consider equivalences of local analytic hypersurfaces
H™ C jo;l and K" C ]RZH graphed as :

, U

u:F(ajl,...,xn) and U:G<y17"°7yn)7

under affine transformations ¥: R+l —s R+ .

yn — a/n71x1_|_"'+an,nxn+bnu+7-n,
vV =c1x+ - Fepap+du+ T,

where the (n + 1) x (n + 1) linear-part (¢ 2) matrix is invertible, i.e.
belongs to GL(n + 1,R). The collection of all these transformations is
the Lie transformation group Aff(R"+1).



The Lie algebra aff(R"*1) of Aff(R"*1) consists of the vector fields :
L=Tg+ +Thge+Tog+

+ (A171x1+---+A1,nxn+Blu) -+
_|_ ................................. _|_
‘|‘(An1371‘|‘ ‘|‘An,n$n‘|‘BnU)a;gn‘|‘

+ (Clx1+---+0nxn+Du) (f%

A fixed hypersurface H" c R”t! has affine symmetry group the
local Lie group :
Sym(H) = {U ¢ AfF(R"™!): w(H) c H},
where "C" 1s understood up to shrinking /, and where the transforma-
tions W are close to the identity. Then Sym H has Lie algebra :
LieSym(H) = sym(H) = {L: L‘H tangent to H }.
Since all our considerations will be local, we can assume that every-

thing takes place in some neighborhood of a fixed point p) € H. Neigh-
borhood shrinking 1s allowed (a finite number of times).



Definition. The hypersurface H is said to be (locally) atfinely homoge-
neous if :

TpyH = Spang {L| : L € sym(H)}.

According to Lie theory, the 1-parameter groups p — exp(t L)(p)
stabilize H, and Sym(H) is then locally transitive in a neighborhood of
po € H.

The problem of classifying all affinely homogeneous n-dimensional
local analytic smooth submanifolds H" C R""¢ is probably of infinite
complexity. Even for n = 2 = ¢, it 1s not terminated.

In the hypersurface case ¢ = 1 and in dimension n = 2, the classifi-
cation was terminated two decades ago [ Abdalla-Dillen-Vrancken-1997,
Doubrov-Komrakov-Rabinovich-1996, Eastwood-Ezhov-1999], cf. also
[Arnaldsson-Valiquette-2020, Chen-Merker-2020] for a differential in-
variants perspective.

In dimension n = 3, and codimension ¢ = 1, there i1s [Doubrov-
Komrakov-1998] in which all multiply transitive models were classified,
while for the special affine subgroup Saff(R3T1) c Aff(R3T1), there
are the (unpublished) Ph.D. thesis of Marc Wermann [Wermann-2001],



and the works of Eastwood-Ezhov [Eastwood-Ezhov-2001, Eastwood-
Ezhov-2001-2], both complete.

Joint with Chen [Chen-Merker-2019], the author has studied the so-
called parabolic surfaces H?> C R3, those whose Hessian has constant

rank 1 (see also [Chen-Merker-2020]).

Problem. Study algebras of differential invariants and classify homoge-
nous models of constant Hessian rank 1 hypersurfaces H" C R+,

A similar problem can be formulated in the context of CR geometry.

In Winter 2021, using a computer, all affinely homogenous Hessian
rank 1 hypersurfaces H" C R in dimensions n = 2, 3, 4, were deter-
mined.

Then exploring dimensions n = 5,0, 7, it was surprising to realize
that there are no homogenous models, except the degenerate ones ob-
tained by taking a product of R" with a homogeneous hypersurface
H=m « Rr=m+l g5 that 2 <n — m < 4.

To prove a non-existence result, which, incidentally, provides a com-
plete classification (in the constant Hessian rank 1 branch), appeared to



be unexpectedly hard. But the computational task appeared to be unex-
pectedly hard, and it took one year to write a detailed proof in general
dimension n > 5.

Theorem. Ler H" C R be a local affinely homogeneous hyper-
surface having constant Hessian rank 1. Then there exists an integer
1 < nyg < nand affine coordinates (x1, . .., xy) in which :

H" = H'™ x R} i1
H—l—la

is a product of an affinely homogeneous hypersurface H"H C R"H7T!
times a ‘dumb’ R"™""H~L and is graphed as :

2 9 ng -
R P Yl G bl DD 2o =)+ Ve ni(3))
m=3 1,J22
1+j=m+1
+ Z Em<331, ,an>,
man—I—Q
with graphing function F = F(x, Tny) independent of

x?’LH—Fl) <o 751771.



With ng = n, this theorem shows the graphing function up to order
n + 1 included. Up to order n + 3 included, we prove

Theorem. In any dimension n > 2, every local hypersurface H" C
R7HL having constant Hessian rank 1, and which is not affinely equiva-
lent to a product of R (1 < m < n) with a hypersurface H"™" C
R~ can be affinely normalized up to order n + 3 as :

2 2 n
:ﬂ L1 T2 <1xm ml T; T )
“ 2+ 2 +Z m! Z 22—1 N —1)!

m=3

+j m+1

n

Ti T
F, )
+ n+1100( E 22_1 NG — 1!
xn+3 " n+2 To I.n+2 T4 xn—&-Q T
+ Fpt3,0-0 (n+3) + Fp42,10-0 n+2) + £F5+2,0010--0 n+2) + o+ Fpy20-01 (n+2)
n+1 Sy
+ Flii1,10-0 1 272, it E 1 L x.]

n! ~ 2 (i—1lj—1)

i+j=n+3

—I_ O.’L‘Q ..... xn(g) + O$17$2,...7$n (n + 4)

Furthermore, linear GL(n + 1, R) self-maps (fixing the origin) () =
ab)(zx of such a hypersurface are necessarily weighted dilations of
cd

the form, withc € R* :

1 1 2
Yy = Cxy, QQZO, y?):E:ESa sy y’n:Cn 5 Ln, v = C U,



e In dimensionn = 2 :

2
x
u =
2 2
_I_—
: 3 3
+Fyg——+Fy1—,
40 g 3176
the stability group is :
- 13
, a1, 0 —aj 1a9
Gstab: 42,1 l [?22 ’
i 0 O ai |
and 1ts action gives :
0 1 oo 1y L 3
0 = ——aj1Fyo+—a7i1Gyo+=a71a91Gs1+
%1]J 4.0 1211J 40T 5011 02,16G31
31 9
0 = —gaLyﬂu*jyﬁgG&L

1
8

2
1,101+

The free group parameter b9 can be used to normalize G4 () := 0.

|

4

2
a1 1




e In dimensionn = 3 :

2
X
P
. 2
7T
i
2
, 1%, 712
0 4 2 4 4 3
1L iEw X1 L1XOX
141 102 123 11223
+ Froo——+ 10—+ F191—— +
57070 120 4,1,0 24 4,0,1 24 2 Y
the stability group 1s :
- 1 4
a;; 0 0 —a1.102 1
ar1 1 0 —ta3, —2
4 2,1 o9 1 — 341,143,1
Gstab' a 0 1 b )
310 a3 3
0 0 0 2




and 1ts action gives :

0 0 —Eloaing)ooJrﬁloaUGao,()ﬂL2146611a21G410+ 112 ?1652,1@3,1
214a‘111a31G401+1—12a?1

0w _ 214a11F410+214a11G410,

0 < —i&%;FszJria G4o1+%a%1a2,1-

The free group parameter as 1 can be used to normalize G4 1 := 0, and
the free group parameter b3 can be used to normalize G5 )  := 0.

e In dimensionn =4 :

X
u = -t
2
2
_|_ .
2
n iy i’
6 2
5131111’4 CC%I% .CL’:{’ZCQCUg
24 2 2
5 5 5 ) 2,4 4 4,.2
+ F R R 2 —— + F; + + zix51s + ,
6,0,0,0 720 5,1,0,0 120 5,0,1,0 120 95,0,0,1 120 9 14243 6 ]



the stability group is :

_ 19
a;; 0 0 0 —a1,102 1
1 2 2
a1 1 0 0 —3505 1 — 501,103,1
1 1
ao az1 0 7 0 —sa11a41 —a2103
stab - ’ 21al 3
—2a21 ]
a1 0 —— — b4
a1 4
00 0 O a?t
- Y -
and its action gives :
w00 1 1 1 1
0 = 720a11F6000‘|‘720a11G6000‘|‘72a4111a31‘|‘48a1111a21@41
1 1 1 1
120G5100a‘?1a21+ 120G5010a?1a31—|— 120G5001a?1a41+48 fl by
1 1
0 100 m a%l F5’170 0+t — 120 1’1 G5,1,0,07
oo 1 1 1 1 1
0= —ma%,ﬂ% 0,1,0 * 754 120 1,1 Gs010 — ﬂa%,l a%; 60 ?15521 T 36 ?1 431
5000 1 1 1
0 = —ma F5001+EOCL11G5,0,0,1+%@%,1 as 1|

The free group parameters aoj, a3j, by can be used to normalize
G5.001:=0,G5010:=0,Gg0.0,0:=0.



e In dimensionn = 5:

2
X
U = -1
2
2
T
_|_ e
2
riry  xiTs
_I_
§ 2
vir, wiry  wiwoxs
24 2 2
5 2.4 4 4,.2
- - +airies +
120 2 0 S
n 2 513615561 F ZC?CBQ 376563 5176374 CIT?SCg)
7.0,0,00 T~ T 161,000 5 6,0,1,0,0 oo 6,0,01,0 o~ 6,0,0,0,1
5040 720 720 720 720

53,3 4 4,2 5 5
+ 4 xle + 3 TITHT3 + 3 xlxgzvS + 5 12 T1T5T4 + 15 12 T1T3T4 + 24 TiX2Ts,




the stability group is :

i ai1 0 0 0 0 —a1,10a2 1 °
ag, 1 0 0 0 —1a3, — 2a1103,
6 as; O ﬁ 0 0 —Q910a31 — %a1,1a4,1
Giab g1 0 —2;%2’11 é 0 —agias — 505, — 201105,
as, 50;%’1 — %Oag’l —56’?’1 3 bs
’ atq atq aty 911
00 o0 0 0 ai
and 1ts action gives :
o ﬁ 1 F70.000 + 50140 1 G7.0000 T 1314 a1 1031 04,1 + 2310 al 1@2,105,1
7;() G6,1,00007 1 2,1 + 5o 790 Go,01,0009; G310 + 7o 790 G.00,1007; aa1 + 720G60001a?1a51+ 2310 ay ;| bs
o 410 _ %0 a2, Fs1000 + %0 ay 1 G6,1,000
= 7;0 ai ) Fso100+ 7;06111G60100— 316a11a21&31+ 418(1%1@;14‘ 144a11a21G60001
- ﬁ atq a31 Geo01 — 3é0 atyaz1 Geoo,10 + 1i4 aq 7
60010 _ %0 a:, Fsoo010 + %0 ay 1 G010 — 3% ajya3, — 114 a$yaz1 Gepp01 + =5 72 as 7
= % a3 1 Fe001 + 7;0 ayy Ge0,0,0,1 + 810 ai,

The free group parameters as 1, a3 1, a4 1, b4 can be used to normalize
G6.000.1:=0,G60010:=0,G601,00:=0,G700,0,0

= 0.




e In dimensionn = 6

LB
4 .’L’%ZL‘Q
2
iy wind
6 2
vivy 233 wdwows
24 2 2
wirs  xirg 9 x%xgm :L"l‘xg
0 T g Tt 8
)7 x%x35 5.4, .2 5 4.2 1.5 1,5
790 5 + 3 .7:11‘29[:3 T 3 T1T2T3 + 15 T1ToT4 + 15 T1L3T4 + 57 T1T2T5
2 xix 2 xixy LR wirs LR xiry LR xlrs e xixg
+ £8,0,0,0,0,0 40320 + £7,1,0,0,0,0 5040 7,0,1,0,00 =aA 5040 7,0,0,1,0,0 5040 7,0,0,0,1,0 a7 5040 700001 =70

) 6

5,3, 4 15 4.2 2 6 5 2,6 , 1
+ :I:29:5 + 48 T{T3T5 +1 5 L1X2L3T4 +1 5 T1Ty + T35 T1T2T6,

1
+ 1 x1x3 T a:lx4 T 5 T1T9T3 + g T1Tx3 + ¢ 2 x1x2x4 —|— x

the stability group 1s

- Q7
a1 0 0 0 0 0 —ar 1021
1.2 2
a21 1 0 0 0 0 §CL2,1 — 3&171(1/3,1
1 1
azq 0 . 0 0 0 —Q21031 — 501,104,
2a3,1 1 2 2 2
asy O =z Z, 0 0 a21041 — 35057 — £01,1051 :
a3, 10 a3 Bag,1 1 1 5
as; 0 a3 i . a, 0 —ag1a51 — 5011061 — 503104,
2
az, 1a3 1 a3, as1 45931 as,1 az;1 1
a 0 20=5—==—-15¢ -5 2+ —105 -9 —+ b
6,1 1 1 a%,l a%,l 2 ‘Ifl al 1 al 1 a%,l 6
0 O 0 0 0 0 a?
e 1’1 —




and 1ts action gives :

800000° 40;20 aiq F800000 + 5an 10320 GIJ Gs,0000F
+ ﬁ G7,1,0,0,0,0 GI 1421+ =0 5040 G7,0,1,000 aI 1031+ 5040 Gro0100 az YT, 5040 Gro0010 az T 2040 Gro0001 aI L
+ = ?1 41+ ! aflila21a61+ ! CL6151@31@517L : afy | bs
1152 1440 720 1440~
71900 _ ﬁ aiq Fr10000 + 50140 aqq G'7,1,0,0,0,05
o0 _ 50140 ai1 F701.000 + 50140 a1 G70,1,000 — 1314 aqq 2,1 Q4,1 + 418 a1 ag 1031 — 916 0&1 a§,1 - 2%6 ail ag,l
- ﬁ ajqaz1 Grop1,00 + 2;2 aty ag,1 asy Gro0001 — 3;6 ayy a3y Gro0001 — 10108 a1 1 Gro0001 = 1()108 011031 Gro00.0
15112 CL1 1a31 Gr000,1,0 + 7;0 al 1 v
R _ 50140 aiq Fro0100 + 50140 (11 1 G70,0,1,00 T 2;4 a?; (1371 G'70,0001 — 514 ail,1 a3 G7,0,0001 + % ail Cl;l
418 a:f 1021031 — 10108 aéll 1021 Gro0010 + 26138 ail 1 v
R _ 50140 aiy Fro001,0 + 50140 ay 1 Gr000,1,0 — 5(130 ay az,1 Gr00001 — 810 aiy ay; + 24110 ai, ’
70001 1

5040 “11 Fro0001 + 50140 a1 Groo001 + 3(130 11

The free group parameters as j, a371, a41, a5 1, by can be used to norma-
lize G70.0.001:=0,G700010:=0,G7001,00 :=0,G701000 =0,
G8.0,0,00,0 = 0.

Instead of attempting to dominate the combinatorics of such formulas
in any dimension n > 2, we will infinitesimalize the determination of the
stability group at order n + 1, and also, we will infinitesimalize 1ts action
on coefficients of order n + 2.



The following more advanced theorem gives terms of orders n + 4,
n~+5, which are more complicated, but (unfortunately) necessary in order
to establish the (unexpected) main inexistence result.

Theorem. In any dimension n > 2, every local hypersurface H" C
R7 L having constant Hessian rank 1 which is not affinely equivalent to
a product of R™ (1 < m < n) with a hypersurface H"~™ c R?—m+l
can be affinely normalized as :

n

2 2 m
_ :El 1’1 CEQ <x1 Qjm m—1 l $i .CE] )
TP Gk DY 2 —1)(j — 1)

m=3 i,j>2 '

i+j=m+1
g T; X,
—|—Fn+1,10...0 L —I—ZIZ? % ; j
(n+1)! ;;2 (2 — D5 — 1)!
1+j=n+2
xn+3 xn+2 To an+2 T4 xn+2 T
+ Fri30.0 —— 4+ Fio10.. + F 0 + oot Fio g0l ——
R T T
+ Fli11000 — + it 1 it
LT " Z 2(i—=1)I(j —1)!
1,722

i+j=n+3



:L‘n+4 xn+3 To x?f+3 T3 xrlz+3 T4 x?f+3 T,

Foinoo———+ F 3100 — + F, + F, 4o+ F g0
+ +4.,0---0 <n+4)' +3,10---0 (n+3)' +3,010---0 (n+3)' +3,0010---0 (n+3)' +3,0---01 (n+3)'

Fii2,10--0 Fri1,10-0 Fi12,0010--0 Frio0.-01
+£E7f+2 n—"x2x2+n'—"x2xg+ L — T2T4 ---+n—"x2xn

(n+1)! 2In (n+1)! (n+1)!

N 1 x; :z:] ]
E : 2
e (i— D7 —1)!

t+j=n-+4
xn+5 xn+4 To IE?+4 T3 .CL’71H_4 T4 x?f+4 T,

+ Fn+570...0 T Fn+4,0---01

1 1
() 100 Ty T 0100 7 Ry o Haa 001040 1 ) (n +4)!

F, F, F; F, F, F
n-+3 n+3,10--0  £'n43,0-0 ):1: — ( n+3,010---0 n n+2,10---0 )x S ( n+3,0010---0 n n—|—1,10~~0)x .
0 K(n+m! N+ )/ U in+2)l " 2Am+1)1/77 (n +2)! 3lnl )

F43.00010---0 Foi3.0-.01
+ : ToXy + + -+ (7 Lok
(n+2)l 7F7° (n+2) 7"
F42.0010--0 Fri20-01
Tyt o+ T T3T
N (n+2)l 20 (n+2)1 "

X; L;
™ Z % ; j |] + Ox2>---7$n(3) + Ox1>x2>---a$n(n + 6)

At order n + 5, the 1sotropy is at most one-dimensional.

Main Theorem. In any dimension n = 5, there are no affinely homoge-
neous constant Hessian rank 1 nondegenerate hypersurfaces :

Hn C Rn—l—l.



Summary of the Proof of the Main Theorem

Now, we take a general affine vector field which does not necessarily
vanish at the origin :

0

L = (To—l—cl.CCl—FCQCEQ—I—"'+Cn_1CEn_1—|—Cn£IZn)%

0
+ (T1 + Al,l T+ ALQ To+ -+ Al,n—l Tpn—1+ Al,n Jin) (37
1
0
+ (TQ + Agjl T+ A2,2 To+ -+ A27R_1 Tp_1+ Agm Zlin) (97
2
_I_ .........................................................
0
+ (Tn—l + A1+ Ao+ A1 T A xn) o
n—1
0
+ (Tn + Ao+ Ao+ -+ A1 + A xn) Er
Remind that if L 1s tangent to the hypersurface H = {u =

F(x1,...,2n)}, then Ty = 0, since u = F' = Oy(2).



Here, the parameters 17, . . ., 1}, are tightly related to the infinitesimal
transitivity of the action, since the value of L at the origin is :

0 0
Y LT

since homogeneity requires that :

ToH = SpanR{L|O: L|f tangent to H},

Ll =

and since, due again to F' = O;(2) :

8 0
ToH = S { | —}
Observation. For (infinitesimal) affine homogeneity to hold, the parame-
ters 11, ..., 1y should remain absolutely free in all computations. []

Now, such a general affine vector field L 1s an infinitesimal affine
symmetry of our hypersurface H = {u = F(zy,...,xp)} graphed as
above, if and only if L|j is tangent to H, if and only if the following
power series identity holds in R{x{, ...,z } :

0 = L(—u+F)

u=F"



We will in fact ‘only’ study independent monomials of order < n+4
in this fundamental equation, namely we will examine / compute :

u:F).
Reminding — see also below — that :

-F&l ::()x(l)a-F&Q ::()x<2)7”' a-F%n_l ::()x(n*‘l)a-F%n ::(D$(n)7

w?}lj4(L( — u+F)

we may therefore start out by writing :

0=-Ciz;1—Cyay— - —Cp_12p-1—Cpzp, — D [wi’rﬁjZl(F)] Ao
+ (T1 b AL T+ Al Ta o+ Al 1 Tooy + Arp T + By [ﬁ(;j?’(F)]) F A
+ (TQ + Ay 121+ Asoxo+ -+ As o1 Tt + Ao Ty + Bo [WﬁXQ(F)]) Fy, Ay
+ (T3 + Az + Az 4+ -+ A3 1 2n_1 + A3z pz, + Bs [Wﬁjl(F)]) Fy, A3
+ (T4 +Ag 1+ Asoxo+ -+ Asnc1 @1+ Aspzn, + By [ﬂ'iﬁd(F)]) Fy, Ay
+ (T5 +As 121+ Asox2+ -+ As o1 Tno1 + As Ty + Bs [Wﬁgl(F)D Fy A
+ (T6 + Ag1a1 + Aga s+ + Ag o1 Tnot + A Tn + B [w;;;?(F)]) F, Ac
+ (Tn—l +A a1+ A1+ -+ Apin—1Tn—1 + An—1nTn + Bp1 [T(?nd(F)]>anfl A,
+ (Tn +Ap i1+ Anp2x2+ -+ Apn—1 Tno1 + AppTn + By [Wﬁd(F)]) Fy,. An

Notice on the right above that we attribute names to these 1 + n lines :

AO? A17 A27 A37 A47 A57 A67 t An—la An



In the paper, we compute some of the coefficients of the monomials
in this large equation, namely we will compute some coefficients :

Figyon = [0 27] (L(~ u+ F)

) (o14+++0op <n+4),
u=1r

which are linear in C,, D, T, A. ., B., and which should vanish for L to
really be tangent to H :

Especially, we compute :

L= L0001 = 0,
1L = Epyi30..01 = 0.
Here 1s the key reason why affinely homogeneous models do not exist

in dimension n. 2> 5. We use * to denote any unspecified real number
whose value does not matter.

Proposition. For a hypersurface {u = F(x)} normalized as above, after

taking account of some of the other equations E[01 om] T 0, these two



specific equations 1, 11 become of the form :

0 =17+ %15 —

1y +

Fng2.0-.01 A1,

12 (n — 3) n! (n 4 2)!

0 =T +xTo+x13 —

15+

F 01 A1 1
30<n—4)n! <n+3>| n+3,0---01 <11.1

Admitting temporarily this fact, we can easily conclude the main in-
existence result.

Proof of the Main Theorem. 1f the power series coetficient £, 19 .01 = 0
would be zero, then the first equation :

I 1
0 = xT7+x1o— 1.
1 2T 12 (n — 3)n! b
would consist of a nontrivial linear dependence relation between
1y, ..., 1T,, contradicting infinitesimal transitivity.

So necessarily, Fj, 19 ¢...01 # 0.
But then from equation I, we can solve the isotropy parameter :

A171 = x [+ x15+ %1}y,



that we replace in 11, getting, whatever the value of £3,,3...01 18 :
1
30 (n — 4)n!
But such an equation is also always a nontrivial linear dependence re-
lation between 17, . .., T}, contradicting again infinitesimal transitivity !
Observe that n > 5 1s used in this argumentation !

0 = %A1 +xTo+*xT3+*xTy — 15.



Handling Differential Invariants as Taylor Coefficients

e Local surface S? c C3;

u = F(x,y)
x) yF
= > Fg
. VAN
J+k=0
e Hypothesis :
2 = rank [Fm ny]
Fyfl? Fyy
¢ Elementary affine prenormalization :
3 3 ik
X Y LY
u = :IZy+G370——|—G0,3——|- Z Gj,/fT_"
§ 6 | gl k!
Jt+k=4

e Pick invariant :

Pick oc G- Gy 3.



e Elimination computation : All the G ;. = G 1.(F, o) express in terms
of the Fy p, withl +m < j + k.

e Kxample :

1
Gso = — : :
2vV2(Fao + 2F11 + F0,2)%(F12,1 — F2,0F0,2)%

X { — 4F0,3F13,1 + 6F0,2F12,1F1,2 + 3Fp o3k 1o — 6Fo,3F12,1F2,0 — 3F&2F1,2F2,0 + 9Fp o1 1 F1 20

+ 3F0,2F0,3F22,o — 3F0,3F1,1F22,0 + 9F0,2F1,2F§0 + 3F1,1F1,2F22,o — F0’3F23’0 + 4F0,3F12,1\/F12,1 — Foa2ls

— 6F0,2F1,1F1,2\/F12,1 — Foofy o — Fo,2F0,3F2,0\/F12,1 — Foafho + 6F0,3F1,1F2,0\/Fﬁ1 — Foalap

— 9F0,2F1,2F2,0\/F1271 — Foalho + 3F0,3F2270\/F1271 — Foalo + 3F1,2F22,0\/F1271 — Fy2Fh g
— 3F(i2F1,1F2,1 — 9F02,2F2,0F2,1 — 9Fy o1 1o 0Fo g — 6F1271F2,0F2,1 + 3F0,2F2270F2,1

+ 3F02,2\/F1271 — Pyl oy — 9F0,2F2,0\/F1%1 — Foolrolyy — 6F1,1F2,0\/F12,1 — Foolr ol + F(-ing,o
+ 3F5 oy Fi 1 Fyg + 6F0 o FL Fyg + 4F7 Fyo — 3F; 9 Fo 0 Fi g — 3Fy 2 F1 1 Fo 0 Fs 0
+ 3F02,2\/Fﬁl — FooFo k30 + 6F0,2F1,1\/F12,1 — FooFooFs0 + 4F12,1\/F12,1 — FpoFs0F3)

— Fo,2F2,0\/F12,1 — F0,2F2,0F3,0}

e Show Pick : [Ruled surfaces = (]

Pick .= 6F,yFoyFoyy by, — 9F, Fo ) Fr— Fo Fo = 12F, F FroFrpy + 18Fy Foy Fryy Fry Fira,

rYyy= xw yyy- rx
+ 6Fyy Fyyy FopFowy — O FooFry )+ 8Fyy Fo Frpy — 12F Fo By Frow — Gy Fyy FoyFop Froy

xxy

+6F, FryyFooFrug + 6F; FoyFopyFrow — F, F

Yy rrx*



Back to Rew = 27

e Biholomorphisms : [Be elementary !]

(zw) — (f(zw), g(z,w))
— (¢, ).

e One-term groups :

(ft(z,w), gt(zaw))

teC
R d .

d 0o d 0
g |15 W) g T g gl ) 5

=: A(z,w) 0, + B(z,w) Oy.

e Holomorphic coefficients :

L =

Az, w) and B(z,w).



e Recall :

e Graphed real hypersurface :
|General] u = F(x,y,v)
|Quadric]| u = z°+y°.
e Proposition. [Lie, Cartan]

exp (t L)(z, y, u) stabilizes §° <= (L+L)]| o2 tangent to 5.
teR

L+L = A(z,w) 0, + B(z,w) Oy + A(Z,w) 0z + B(Z,W) 0.



e Theorem [Cartan 1932] Classification of all holomorphically homoge-

neous hypersurfaces M S C?. [Nurowski-Tafel 1993]
Si une hypersurface admettant un groupe pseudo-conforme transitif n’est pas localement équivalente a | ‘hypersphere, elle
est globalement équivalente a I'une des hypersurfaces suivantes ou d l'une de leurs variétés de recouvrement: |7 p. 1284]
& y—y X —X\m X —X
1 E =( ) avec > 0 lm|>1, 1,2} 3
T 2 /0 21 o "7
—Uu X —X
24
30 (H) (X _Y)Z + (y _g)?_ _'_462111 arctan y:ﬁ _ 0;
- x(1 4+ —x(1 +
4° (K) 1—|—x¥—y§:u|]—|—x2—yz|, avec y) ( y) > 0 (w>1);

5° (K') xx+yg—1 = u|x2 —I—y2—1|, sauf les points réels (|u| < 1, u#0);

6° (L) x1X1 +x2%2 +x3%3 = p|x1%X71 + x2%X2 + x3X3 (w>1),

e Flat model : [Easiest!]

e Weights :



e Tangency :

0 = L(—w—@+z§)‘

W=—w-+z2z2

o Explicitly :
0 = — B(z,w) — B(z,W0) + 2 A(z,w) + z A(Z,W).

e Replace w : [ldentically in C{z,z,w}]
0= —B(z, -w+2%Z) — B(Z,w) +ZA(z, -0 + 22) + 2 A(Z,©)

©.@)
Z Z Coefﬁuent ik 2 AT

=0 it 2k =g To be computed'

e Weight-by-weight :
= — B(z, —w+2z) — B(z,w0) +z A(z, —w+ 2Z) + 2z A(Z,0)

J/

weight 1 weight 1 1+weight p—1 1+weight pu—1



e Weight shift :
{An=2, pr—1y {4t By {AF BRHLY

e Hence :
= 1
0=> { — BBl 4z A4 AT }
©=0
o Explicitly :
OO . .
=3 { =Y B (—wmira) - Y Byrwh
=0 1+2k=p i+2k=p1



e First weights :

Alz,w) = Apo+ Argz+ Aggz®+ Aspzd+ Aoz’

+ A()’l w + A171 ZW + A271 22w

+ AO,Q w?

B(z,w) = Byg+ B1gz+ Bog2*+ B3gz’+ Bygz*+ Bsgz”
+ Bpjw+ Byjzw+ By 22w + Bs 1 2w

+ B2 w? + B 9 2w’

AA=Z' Ay g+ WL Ay 1+ D Ay g+ W Ay o+ WZA (+Z A, o+ WAy | +2ZA
+ 40,0

BB:=ZSBS’0+WZBBS’I+Z4B4’O+WZZBL2+WZZBZ,1+z383’0+MFBO,2
+szL1+ZZBZ'0+WBO’1+ZBLO+BO‘O



AAb:=AO,O+ALOZb+EZb2 +E WIGHLI’OZI:’3 +?’IZbWb+I’O zb* +
Ezbz wb+A.#!2 whf

BBb:ZBO'O-}-BLOZb-l——BZ(_)ZbZ +§(; Wb-l-_g&_OZbg +§;zbwb+mzb4+
EZ’-”Z wb+§’2 Wl +§,Ozb5 +§,12b3 wb+mzbwb2

¢ Infinitesimal symmetry :

LLi= (A o2+ Ay | ZWH A (2 + A, WHA 1 ZWH A, (Z+ A WHA (7
+ 4 o) az+(35,0z5+83,lz3w+34,oz4+31,22u? +B, 1 Z W+B; 2

+By oW +B  ZW+B, 2 +By ; WHB, gZ+B; )8 +(Ag g+ A ozb+
Az,ozb2 +A0,1wb+A3,Ozb3 +Alylzbwb+A4iozb4+A2’12b2 wb+A0,2wb2
]azb+(30,0+81,02b+32,02b2 +Bollwb+mzb3+§;zbwb+mzb4+

Bz,lzb2 wb+§,2 wi +§,Ozb5+azb3 wb+mzbwb2] awb

e Equation :

0 = eql.



eqL::(A40—-B3ll)zbz4+B3,1wb23+(A2,l——BL2)zb223+A0,2zzzb3+(AO,2
)wbzzjtx’ozb‘lzjt(143,0—82,1)21'1923+B’2'1wbzz+(ALl
—BO )) 2V 2 + Ay 2B’ 2+ (-By , — By ) W — By o+ (AL o+ 4 ¢
—By 1) zbz+ (-By { +By ) Wb+ (A, —B, |) zbZ + (Ay , + B, |) wbz
+ (Ay o+ A1) 20 2By Zb" Wh+ (Ag o — By o) Z+ (-By o+ Ay ) Zb—
B4ozb4 Blebzwb Ozb‘“ Bgc,zb'v3 Bzozb2 Byo+ (=~Byq
—4 ) Whzb+ (A {— A, +2B,,) whzbz+ (-A, 1 +2B, ,) wbZ" zb+ (
A, | —2Ay ;) WhZV z+ (-B, ,+ Ay ;) W zb—B, (2 —B; (2 — B o 2

-




eqlL0:= —E — B
eqLl:= (A =By o) 2+ (-By o+ Ay o) 7b
eqLZ——Bzozer( A o +A o— Bo’l)zbz+(—E+BO,1)wb—Ezb2
eqL3:=-B; 2 + (Ay o — By 1) 2bZ + (Ay | + B, ) Whz+ (A, o+ A1) 2V 2
(—B’l,l—/ilo,l)wbzb—ﬁ,ozb3
eqld:=-B,  Z'+ (Ay y—B, 1) zbZ’ + B, ;Wb Z + (A, 1 — By ,) 2V Z + (A ;
— A 1+2B,,) wbzbz%—mzkﬁz—k(—ﬁ,z 0, )wb2 2lzb2wb—
fozb4
eqL5:=-Bs 2 + (A o—B; 1) ZbZ + By \WbZ' + (A,  — B, ;) 2V 2’
+A02222b'3+( 21+2812)wbzzzb+(A02 12)wb22+(_;
—24A ) wbzb22+A4’Ozb4z+(— 1’2+A0'2)wb22b—83’12b3wb—

B, o217

e Order 0:
By = v-1ImB .



e Order1:

By = Ao,
e Order 2 :
By =0,
BO,l = RGBOJ,
Al,O = R6A170+\/?1[mA170,
ReBy1 = 2 ReAj .
e Order 3:
B3 =0,
By = Agy,
Ap1 = — Aoy
e Order 4 :
Byo =0,
By 1 = A3y,
Az =0,

=
|
I~
S
=



e Proposition. In all weight yn > 5 :

e After resolution :

Ll = (IImAZOZ2 +I1ImBO2zw+1ImA10z+1ImA20w + ReA2022 +1ImAQO0
+ ReA10 z— ReA20 w+ReA00) & - (-UmAZsz—UmBoz W +1ImA00 z
— ReA20 w z—1ImB00 — ReA00 z— 2 ReA10 w| d |

e 8 generators :



el::az+zaW
e,'=]d —Izd
2 z W
e,:=00 +10
3 A W
e,:=70 +2wao
4 z W
e-:=1z0 +00
5 Z w
Bp i= —(—ZZ—I—W)B +WwW2Zz0
Z w
R — (IZZ+Iw}6 +Iwzo
/ z W

g i=IWwWZzo +Iw26
8 2 W

e Lie structure : [su(2,1)]

Algebre_Lie:=[el, e2] = —2e3,[el, e3] =0, [el, e4] =el, [el, e5] = e2, [el, e6
|l=ed [el ef]l =3 &3 [el e8] =e7 [e2 e3] =, [eZd ed] =l [e2 a5] =
—el, [e2 e6] =3 e5, [e2 e7] = —e4, [e2 e8] =e6, [e3, ed] =2e3, [e3, e5
]=0,[e3, e6]=—e2 [e3, e/]=—el, [e3 e8] = —e4, [e4, e5]=0,[e4, eb6
|=e6,[e4, e7]l =e7, [e4, e8] =2 e8, [e5 eb] =e7, [e5 e7] = —eb, [e5, e8
1=0,[eb,ell=—2e8 [e6 e8] =0, [er, e8] =0

semi_simple := true



Interlude

e Tangency : [Lecture 1]

[ ] Give a geometric model.
[] Find its infinitesimal symmetries L.

e Power series method of equivalence : [Lecture 2]

[ 1 Proceed order by order.

[ 1 Normalize Taylor coefficients.

[ 1 Linearize the action.

[ ] Apply Linear Representation Theory order by order.
[] Treat equivalence modulo discrete groups.



Dynkin diagrams

= 0O0—0O0——=0
B (=]

EI{JI) O O O O
1 3 D 6
TQ
EY 0—O0—0—0—0—0—=0
0 1 3 4 5 6 7
T?
Y 0—O0—0—0—0—0—0—0
3 4 5 6 7 8 0
O—O0—O0=—0—0 EP® O0—0—0=<%=0—2
1 2 3 4 0 ' ‘ " 4
O=%=0—0 pi) O==0—o0
1 2 0 B '






Subgroups of the Projective Group

Bestimmung und Klassificirung aller projectiven Gruppen der Ebene. 85

Im Ganzen giebt es also innerhalb der allgemeinen projectiven
Gruppe der Ebene die folgenden verschiedenen Typen von infinitesi-
malen Transformationen:

' | ! xp 4+ cyq 0,1 l
(8) ¥ = ——
vtye | pted | |wya | |a.

!
Die Punkte und Geraden, die bei diesen infinitesimalen Transforma-
tionen in Ruhe bleiben, bilden der Reihe nach die folgenden Figuren:

A Lot oA %




s | Bei d.er eingliedrigen-Gruppe des dritten Typ}ls P —|— xq Lfrhalten
wir als die Bahncurven die Integralcurven der Differentialgleichung:
de _dy
1 Tz
d. h. die Curven zweiten Grades

y — +a? = Const.

Die elementare analytische Theorie der Curven zweiten Grades oder

Fig. 14. ¥ig. 15.



Verlauf der Bahncurven. Wihlt man die beiden invarianten Punkte

als die unendlich fernen Punkte der
Axen und die eine invariante Gerade
als z-Axe, so hat Uf die Form p 4 yq
und die Bahncurven werden die Inte-
gralcurven von

dx __ dy

1 oy’
d. h. die transcendenten Curven

= Const. €=.

Dieselben gehen alle durch die beiden
invarianten Punkte, was daraus folgt,

dass
¥y y
x lgy + Const.




Exceptional CR Geometries

Denson Hill

Pawet Nurowski

Zhaohu Nie

From Pawet Nurowski’s notes :

In a German version of his Ph.D. thesis, Elie Cartan gives a realiza-

tion of the simple exceptional Lie group F) as a symmetry group of a
certain rank 8 vector distribution in dimension 15.

[Uber die einfachen Transformationsgruppen, Leipz. Ber. 1893, 395-420.]

Sigurdur Helgason recalls this fact.



BULLETIN OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 83, Number 5, September 1977

INVARIANT DIFFERENTIAL EQUATIONS ON
HOMOGENEOUS MANIFOLDS

BY SIGURDUR HELGASON!

1. Historical origins of Lie group theory. Nowadays when Lie groups enter

In this remarkable work, Killing finds all possibilities for the matrix (a;)
and writes down the corresponding roots w(X) (cf. [5, II, §15]). Thus he
arrives at the statement that apart from the classical simple Lie algebras

Al >21), B (l>22), C((=>3) D=3
(known from Lie’s work), there are only six more, of ranks and dimension,

respectively,
[=2,4,4,6,7, 8,

r =14, 52, 52, 78, 133, 248.
These exceptional Lie algebras are denoted G,, E,, F,, E, E; Ejg, respec-

tively. Killing denoted G, by (IIC); he observed that 4; = D,, but did not
notice that E, = F,, although, as Cartan remarked, this is immediate from his



In his thesis [1b], E. Cartan gave a complete proof of the classification
results stated by Killing; in outline his method follows Killing’s program. He
determined the matrices (a;), the roots w(X) and a basis for each of the
exceptional Lie algebras with respect to which the structural constants have a
simple and symmetric form [1b, §§18-20] whereby the Jacobi identity (7) is
(presumably) simple to verify.* But he was also interested in realizing the
exceptional Lie groups by transformations, like e.g. the classical algebra C, is
the Lie algebra of the linear group leaving invariant the Pfaffian form

Xy dyy — yydxy + 000+ xdy — yidx,.

Killing had been led to expect that G, could be realized as a transformation
group in R>, but not in a lower-dimensional space. Engel and Cartan showed
that it can be realized as the stability group of the system

dx, + xdx, — x,dx, = 0,
dx, + x3dx; — x;dx; =0,
dxs + Xydx, — x3dx, = 0,
in R® (Engel [3a], Cartan [1b, p. 281], Lie and Engel [9, vol. 3, p. 764]).



Cartan represented F, similarly by the Pfaffian system in R'® given by
4
(14) dz = y,dx, dx; = x;dx; — x;dx; + y,dy, — yady,,
1

where z, x;, y;, x; = — x; (i # j, i,j = 1,2, 3, 4) are coordinates in R and in
(14) i, j, h, k is an even permutation [1a, p. 418]. Similar results for E, in R'S,
E, in R? and Eg in R* as contact transformations are indicated in [la).
Unfortunately, detailed proofs of these remarkable representations of the
exceptional groups do not seem to be available.



Satake diagrams

| Real form | Satake diagram with a weight | s | v | Index
A Az Az Aa As
o} o > o]
El l e |f£e +1
AG
m
O O
ETI Ar As 11\3 As  As Fe|#e +1
Asg
L o
E11 A Mg l.-\a A:  As Fe|#e +1
A
Al A;; a'\;j x'\; 4'\5
oO——8 9 L] o]
ETV l e |#e +1
Ag
4'\ 1 Az a'\ 3 A.l a'\r,
compact . . . e
. . e|#e +1
form of Ej Fe|#
Ag
r\1 AQ r\3 ,"\4 "\', 1'\(;
O ) O 0. g 0
EV l € e +1
i\?
Ay Az Az Ay As Ag
EVI L] O . 1 O o] 2 B (_1)3\” Aa+Ar
;\7
."\1 ."\2 r\:g ;"\.1 ,\5 1'\(;
o o ® ] ° a
EVII l e e +1
Aq
r\l 1\2 A;j 3’\4 Ao -"\b
compact ¢ o e & o @

form of E+

(_1)1\1+A3+4’\7




From Pawel Nurowski’s notes

q_’n) CR mam{»olcﬂg ol’_ Cow.plex aQbMﬂ'bc.S;oh 5) cndk rcai
000'--un@~\s\m-4 ‘g R (. E Gommci'r

() The X-‘_To——ﬁ Case,

Cau‘l‘au £ Vet«. 1 {or
% lizzq i -’-M“'l %"QJ

GOWe,hooo ay awq,loS
a rank 16 ous‘('r;bw‘\'..ous v

- s 3
Let C7k°) 2:(/?., bc. coouoecna{'n ‘= &
Conerder Q AdsEve bt«p{';o o om e b“'“"i .;.1.4 i

‘ll/l?l;l‘\:lotl'h( ° e,“gu /{-‘on..’g [Q‘



\ B \ 2 o
€= Ay -'c'x,q Ax "-l» xl"&x"' + 9! dx.“ x-"’d,x.“-:-
2B Q% M eyt - xSz - '€ d 2

22 dat-x? ka7 210 4ot ¢+ = ol + ot ¥ -
1‘3A7‘¢3 23 Jt.“’ ol.x" +1¢5‘de! = 9:|.: d}lf

3"9"00\;:-“*')5" dzZQ‘_xlz. J?_Zl S

27 = Ao ~x2 A’
2‘3d%”*x'4a1(3+xlrdx(? ~clé Pact?
"

9‘4 2 Ax™. )cgdx.‘o-—- x“o'—;:.‘; _xT olxt€ ~ocl4 b
oA &x;d 262 Lyt daH - 1z 4?2
2% s Aot axbdattantt dnt _xV dz®ex!t dx'It
3_13 &21.4 1-2:"' dz:a ,xnf dz.'s e ?_g‘ dzg'
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x* dott ~x€da’S ¢ xd*? - x ¥ A
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Structure Constants of Fg 11

Lonnn-loococoocojloocoocoojcococoojocoooo|locoooocjooc ool o o|e
Hemmsir|lo Toooclooocooclocoococojlcoocoocolcoocoloococ|looco o o|lo
hrnanmloco o toloo toocjloccoojlcocoolcocoolocococ ol o o|o
—-—amm|loo toojooe | oo | oocjcoocooc|lococoooco|lcoocoolococ oo|e
oo oo tloooco tloooe tojococoococlocococooco(lcoocoojlcocoole
|t ocooolo |l ool tooojo toooclooococojooco oo o o|as
F—timmlo o to tlooocoolocoo l|looeo | ojlcocoojooocoocjlooo o o|e
Hrcimo|lcoooo|l coco|l cooco|l oo |llocoocoooloooooc|looo o o|e
b~ tTooo tjo |lcoojlocoocoojlon toolo toocojooococojcooc oo|c
Hetmtmm]lo oo tolooe + | |loeocoe llooooo|looo tojooocoojoocoo o oo
Hearoloo too|l ocooo|l ocoocojococoo|ltoootooocoojloon o ol|c
bt oo tolooco ||l |l coojoo tooclooooco|l oooolcoco oo
e~ tToooce|l looo|l ocoocojlcocoo|lcoo |l ool |l coocjoocoecoco|e
Howirmalo Toooloe | cojleoe | tojoocoo tojloooe tojoocoocloooo o|le
Heimmrolooo Yol oo tojoeccoo|tocoo|toocoococjoe | cojlcocooco o|e
borirm|T toooloo | cojleococoe tojle toecclle | ool ocooc|jlocoo o ole
brommmlooe tooclote oo |lcotlocotoolcoooojooe tojcooc o ol
b~ too ol occoocleo |lcoo|toooclece | colcooo tloooc ool
o mimmolo tooo|l ol oocjloe | oojlcoco llocooeo |l|loo | cojcooco ol
r—~rooloo oo |llooco |||looco l|locooo| coocolooooo|l ocoole
boo-mrlo +toojlotoocolcotoojlcto loje |locooclooo tolocooco oo
bomm~o|t+ tooo|l o |l ococoocoglo too | |looocoo|lo too Tlooo oo|e
b-o-molooc toel|l to | ol | coojloocoocooce|l ol copoocoolo |l oo ole
brimoo|ltooo |lloocee |||l cocoo|l aoatococlootooclooocoocc|loe o o|e
How~oo|lo Too |looocooo||l oo +tojcoe +t|jloooo tooocoo|l oo o|e
booomnlooo tojeo +t+ojlo +Ftoojleotooo|jlooco to|toes oo oo
bocrro|le +too|l toocooleoe toole toocc|lecooe tle tooco|le | oo o|e
bo~—oo|l+t+too lloocoo|l oo tojoococootleo |l ool |l ooojloo toole
bromoco|loe to llotooco|l ocoo tjoo toe|te toojooocoocloees | ole
lHorocoo|looo | ooo |lo |llooge | ol oco |lloooe toloo too|tooc oo|s
booocow oo Toooo Tloeee T Htoottelete to|ltoe Toloooao|e
bocomolooo ol o+t tojecttoojetoocjleoooocojloco lollel coole
bocoroslo +to llotooo|l occoojooco lole looc lleo |l cocjleceoe | o|le
bo—~coo|ltoo oo lo |llooe |lojllooe llcoocoo|looco l|loo | cole
b-cooolooo loooe | l|le  lcol|lloloo|ll ol cojlococoojloooo ||lo
Hoococoo|loo | cojlooo |looce lo ljcoe lo|lloeo | lloo lco|ll oo o|e

SEESR8S 2828 E 8889 HES S H S8 E8ddSSio e NAE

Lo S I e B o e oo S R R T e e O e e I e B s o e B e B e s B R Y T R ot B R B i e R I Rl

@S EREEECEESECCERCECEECEDSCDOogSoDfoaAam

- oo oo OO0 N O OO~ C OO0 C MO r-tre— OO0O|rtr— O - =0 r— =




e In C5T3, consider :
Re w;q

Re ws

Imw3 —

Imw, =

Re ws

Imw6 —

Re w~

Re wg

e In C®*8, consider :

Rew; = Re

Rews = Re

Im Ws;

Rew4 —
Imw5 —

Rewg =

Im wr

Re wg

I
Re

m

Re
I

Re

M (2026 + 2327 — 2521 — 28 24

(21 24+ 29 23)
(z1 26 + 22 25)
(21 27+ 25 23)
(22 27+ 2326 — 2524 — 23 zl)
(zg 27+ 2326 — 25 24 — 28 zl)
(ZQ zZ8 + 26 z4>
(23 28+ 24 27)
( Zs + Zg 27).

217 + [22]% + | 23] + | 24] )

)
21 %7 + 20 %8 + 25 Z3 + 26 Z4)

l\z |

2126 — 2328+ 2520 — 2724

(
(
(
(2127 + 225 + 25 Z3 + 26 24
(
(212’6 — 2328t 2529 — 2724
(
(

)
)
)
):

2926+ 2327 — 2521 — 28 24

)

Y

Y

)

[£6 1]

[E 1]



e What infinitesimal symmetries look like :

L1204w4 = (2wy 25 —2wo 23 —2w3 29 — Wy 21 + Wy 21) O
+ (2w 25 — 2wo 24 — Wy 29 — W5 22 — 2wg 21) Oz
+ (2w 27 +2w3 24 — Wy 23 — W5 23 — 2W7 21) Oy
+ (2w 28 — wy 24 + w5 24 + 2we 23 — 2W7 29) Oy
—|—(2w227—|—2w326—w425—w525—2w821>az5
+(2w228—w4z6+w526+2w6,Z5—2w822)8z6
— (2Qw3 23 + wy 27 — w5 27 — 2w7 25 + 2w 23) O
— (wy 28 + w5 28 + 2wg 27 — 2w7 26 + 2wy 24) Org
— 2w w4 Oy, — 2w Wa Oy — 2W3 W4 Oy
+ (4 wy wg — 4wy wy — 4ws wg —wz —wg) O,
— 2waws Oy — 2Wawe g — 2 W4 w7 Oy — 2 W4 WS Oy



su(p, q) CR Models :

Denson Hill
Pawetl NurowskKi
Zhaohu Nie

e Equationsfor 1 <a<c</:

Za1Zcl T -
Imwge = Im ¢ +ug10e1+ -
+Vq,1 Ue,1 + 0
and forl <c<a</:
Za1Z¢l T
Rewge = Re § +Uq 1Vc1+ -
+Vq,1 Ue,1 + 0

+ Zan Zn,c
+ Ug,m Ve,m

+ Va,m Uc,m

— )
T Zan Zn,c

+ UgmVem o -

+ Va,m Ue,m

/

e Question : What are the infinitesimal CR symmetries ?
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su(p, g) CR Models : Expected dimensions

From Zhaohu’s construction :
dimg_y = /* = codim M,
dimg_; = 2(n+m+m){ = CRdim M,
dim gy = dimsu(p, q) — 2codim M — 2 CRdim M,
dimg; = dimg_;
dimgo, = dimg_o,

hence :
dim gy = dimsu(p, q) — 2codimR — 2 C Rdim
= (p+qP—1-20F—4(n+m+m)/l
= (n+m+m)*+20*—1.
1. su(p,q) CR MODELS : GENERATORS OF g_5 AND OF g_1
Simply :

9—2 — Span {awaw \/jawac}

Next, g_1 is generated by :
Lo, =0+ Y 20, + Y 2g0u, +22;0u,

1<r<s 1<s<e

+ E Zpi O s — g Zsj O, (1<i<t, 1< <n),

i<r</ 1<s</l



]inj = /-1 (azij — Z Zrj 0%. — Z Zsj (‘)wl.s — QZz'j 8%.

1<r<s 1<s<e
=D wiOut ) A awis> (1<i<t, 1< <n),
i<r</ 1<s<t
1<r<a 1<s<e
+ E Urk awm' - E Usk: awis (1<i<y, 1<k<m),
1<r<t 1<s</t
[ Loy, = V=T (auik o E Urk awm- — E Usk awis — 20, aw”-
1<r<s 1<s<
i<r<t 1<s</t
1<r<i 1<s<i
- E Uy O, — E Usi: Oy, (1<i<l, 1<k <m),
<r</f 1<s</t
1<r<s 1<s<s

— g urkﬁwmqtg uskﬁwis) (1<i<l, 1<k <m).

i<r</ 1<s<l



2. su(p,q) CR MODELS : GENERATORS OF g

With the decomposition :

(n+m+m)2 = m®+

there are 6 + 6 + 3 families of generators for g, that are independent of any 0,

Firstly :

I

+m” +

(m 1)

(m 1)

+n+m+m,

‘
E Werky Ouyy,
r=1

14

e/_

E ue’kl Uf’k
E upy, 0,
/=1

1

(
—E Uttky Ouyy,
r=1

14

g/_

E ugl k2 /Ue/kl

- E ZE/Z avglk
=1

14

Z Uyl 62%- — Z 20 auélk

g/_

E Zﬁ’zl gt

gl_

E Zﬁ’zz %41y,

g/g/l °

(1<kr, ko <m),

(1<ky<ko<m),

(1<ki<ko<m),

(1<i1<i2<n),



Secondly :

IL},, =
IL},,
IL} .,
IL;, -

1L}, -

IS

11,19 °

‘ ‘
V-1 E Uerky Ouyy, + V-1 E Utrky Ouyy,

'=1

14 14
\ -1 E /Uglkl aU€/k2 + \ -1 E : /Uflk2 auélk'l

=1

12 12
V —1 E uﬁ’kl 81)@/]{72 + V —1 E : uglk?Q an/kl

=1

'=1

=1

=1

l 14
\% —1 E uglk? 82/6/Z _’_ \Z —1 E Zﬁ’l a’l}glk
=1 '=1

12 14
VY v e, + V1Y 2O,y

=1

l 14
Vv —1 E Zflil azf/iz + \ -1 E Zgll.z aZg/il

=1

'=1

'=1

(1< ki, kg <m),

(1</{;1<k2<m),

(1< ki<ky<m),

(1<i1 <i2<n),



Thirdly :

ILZ-7 = -1 Z 2o 8%, (1<i<n),

]Li = V-1 Z Vi, &Wk (1<k<m),

[LZ, = V-1 Z Upre avg,k (1<k<m).
=1

In addition, there are 5 families of generators which do depend on some 0, o -

L;; 1<i<j<o),
L; ; (1<j<i<y),
[Li,j (I<i<j<d),
]Lm’ (1<i<),
]L%] (1<j<i<d).

Forl<i<j </

Lz’,j = Z Zin! az /+ Z uzm + Z Uzm
+ Z wzsawj5+ Z Ws; asz"i_ Z 'w@s Wi

1<s<1 1< j<s</t

=+ § Wy awr] E wzr Wy + E wm Wyj*

1<r<i 1<r<j j<r<d



Forl <j<:i:</(:
Z Zin/ a + Z uzm + Z Uzm
+ Z wzs wis Z Ws; 810] + Z wzs Wi

1<s<y j<s<i 1<s<t
+ § Wrj awm + § wzr Wy + § wm Wy *
1<r<y J<r<i 1<r</

Forl<i<j </
]LiJ . \/_sz’a + -1 Z u@m +\/_ Z Uzm

— /-1 Z wsiawj8+\/__1 Z ’lUZ‘S@ij‘F\/—_l Z wsiaw

1<s<i 1<8<) j<s</t
— V-l § Wiy awrj —v-l E Wy awm + V-1 § Wiy awrj-
1<r<i 1<r<j j<r<t

Forl1 <:</:

[Li,i . V-1 Z Zin! az /+ V=1 Z uzm + V=1 Z Uzm

n'=1 m/=1
—v-1 E Wy awis —|— v—1 E Wg; awis
1<s<i 1<s</

— V=1 Z Wis O, + V-1 Z Ws; O,

1<s<i 1<s</t



Forl < j<i</:

n m m
]Liaj = V-1 Z Zin! aZjn/ + V-1 Z Wipy! aujm/ + V-1 Z Uim! aUjm/
=1

n/:1 m/:1

— V-1 Z wsiasz—i_\/__l Z wisasz—l_\/__l Z wSiaij

1<s<y j<s<i 1<s<l
— V-1 E Wiy awrj —v-l1 E Wy awrj + V-1 E Wiy awrj-
1<r<y I<r<i 1<r</

3. su(p,q) CR MODELS : GENERATORS OF g,

There are 6 families of generators for g; :

IL,.,. (1<i<t 1<j<n),
. (1<i<l, 1<k<m),
ILy,u, (1<i<l, 1<k<m),
Loy v, (1<i<l, 1<k<m),
ILy, 1. (1<i<l, 1<k<m).



For 1 < z'<€and1<j

ZZJZU = E E 226’ zm z€//

=1 n =1
n'#j
+ Z (2 20 <ig — Wyl — zﬁ’) 82/ + ( 2] wm) az] + Z 2 205 <ij — Wyt + wzﬁ’) aZé/
1<l<i i<l'<l
m
+Z Z QZE’ uzm ug/ /+Z Z QZE’ uzm vg/ /
=1 m/=1 = '—1
+ Z (er — Wy + wz’s] + Zsj [wm’ - wzr]) awm + Z <er [wzz] + Zz’j [wri - wzr}) awm'
1<r<s<a 1<r<s
+ Z (er [wis + wsi] + Zsj [wm' — wzrD Ouys + Z (Zij [wis + wsz’] + Zsj [ — wzz]) O
1<r<i <r</
+ Z (zr] Wis + wsz} + <sj [ Wyj — wzr]) awrs
1<r<s</t
+ > (zm [ — 2wy + QwW]) O, + (zw 2 wn}) Ow + Y (zm 2 wjr + 2wm]) Oy
1<r<i 1<r</t

+ Z (ZT] | — wy 4 wis| + 255 | — we + wﬂ) D, + Z (Zz'j | — we + wis| + w; [w“]) O

1<s<r<s 1<s<i

+ Z (zm' | — g + wis] + 255 [wir + me O,ye + Z (er (wii| + 2z [wir + wm]) O,

<r</ <r</t

+ Z (er Wis + wsz] + Zsj [w“" + wm}> awrs-

1<s<r<t



Forl<i</Zand1<j<n

zwzlj .

+vToY (zﬁ7

1<r<s<s

= V-1 Z Z 2Z€’ Zzn zgl /

=1 n =1
n!#j
+ V=1 Z (2 2y Zij T Wy + wz’ﬁ’) azgzj + V-1 (2 ZZQJ T w”) azij
1<l <i
+ /=1 Z (2 2 Zij + wpr; — wif’) azg/j
i<l <l
m
+ =1 Z Z 2 0 uzm Ug/ , T V-1 Z Z <2 ~Uj uim/) avé’m’
—1 m/=1 =1 m'=1

— Wg; + wz’s] + Zsj [wri — wzr}) O, + V-1 Z (er [wm] + Zij [wm' — wzr}) O,

1<r<a

+VT Y (er (wis + wei| + 255 [wyi — wm«]) Oupe + V7T Y (sz [wis +wsi] + 255 [ — ww]) Ou,

1<r<i

<r</

+ V-1 Z (Zr] Wis wsz] + Zsj [ Wri — wZT}) awm

1<r<s<t

+ V-1 Z (zrj[

1<r<s

— 2w, + 2 ww]) Ow,, + (z@j [2 wn]) Ow,;; +v—1 Z (zrj [2 Wi + 2 wm}) Ow,,

i<r</



+ -1 Z (er — Wy + wis} + Zsj [ — Wy + w”l) awm

1<s<r<s

+ =1 Z (zij [ — Wy + wz‘s] + Wsj [wm]) awis

1<s<

+ V-1 Z (er [ — Wg; + wis} + Zsj [wir + wm]) Ow,, + V-1 Z (er [wn] + Zij [wir =+ me Ow,.

<r</ <r</

+ V-1 Z (Zm Wis + wsz] + Zsj [wzr + wm}) awrs-

1<s<r<t

Fori<:</land1<k<m:

3

2 Zin! ué’k 821 /

uzkuzk : 'n

|FMN

3

(2 Wipy! uﬁ’m’) aW/m/

QN
M= -

X
~
—_
3\
I
—_

_|_

NE

(2 Upr Uz'm’) avg/m/
=1

(S

/
/

33
>

-
+ Z (2wp vie — wp; — wipr) Doy, + (2 Uik Vik — Wiz) Dy, + Z (2upy, vie — wpi + wipr) Oy,

1<l<i i<l'<l



+ Z (urk: — Wg; + wis] + Usk; [wri — ’wzrD Oy T Z (urk‘ [w”} T Uik [w” - w””]) O,

1<r<s<a | <r<i
+ Z (Urk [wis + wsi] + Ugk [wm' — ’leT]) Oy + Z (Uzk [wis + wSZ} + Ugk [ — ww]) 8%
Isrs <r</t
+ Z (Urk Wis + Wi | + Ugh | — Wyi — ww}) O,
<r<s</t

+ Z (Urk [ — 2w, + 2wm~D O,y + (Uzk [2 me Owy; + Z (urk [2 Wi + 2wm-]) Ow,,

1<r<s <r</t

+ Z (urk — Wg; + ’wis} + Usk [ — Wy + wzr}) awrs + Z (uzk: [ — Wg; 1 wis] + Wsk; [’UJ“]) awis

1<s<r<s 1<s<i

+ Z (urk | — wy + wis| + ugk Wi + wm]) D, + Z (urk [wi] + wip [wir + wm]) O,

<r<t <r<t

+ Z (Urk Wis + wsz] T Usk [wz’r + wm]) Dy -

1<s<r<t



Foril<:</and 1 <k<m:

=1 m/=1
l m
+ V-1 E (2 Upr; U@m’) avg/m/
=1 m'=1
m/#k
] E (2 Uprp Vi + Wyr; + ww) &]g,k + V=1 (2 Uik Vik + w”) (9% + V-1 E (2 Upl) Vi + Wyr; — wig/) (‘%,k
1<l <i i<t

+ V-1 Z (urk — W + wis} + Usk [wm' - wzr}) awnS + V-1 Z (u'r’k [wzz] + Uk [wm' - wzr]) aw”'

1<r<s<s 1<r<s

+ T Z (urk (wis + wei| + wr [wr; — ww]) O,y + V-1 Z (um (wis + W] + ugk | — wu}) O,

1<r<i <r</t

+ V-1 Z (urk Wis + wsz] + Usk [ — Wri — wzr}) 8“”"5

1<r<s<t

+ V=1 Z (urk [ — 2w, + 2 wﬂ) Ow,, + (uzk [2 w”D Ow,;, + V-1 Z (Urk: [2 Wiy + 2 ’me Oy

1<r<s 1<r</t



+ V=1 Z (urk — Wy + wis} + Usk [ — Wy T ww‘]) awrs

1<s<r<s

+ /=1 Z (uzk [ — Wy + wis] + Wgp [ww]> awis

1<s<e

+ =1 Z (urk [ — Wi + wis] + Ug; [wir + wm]) Ow,s + V-1 Z (urk [w@z] + Uik, [wir + wm]) O,

<r</ <r</

—I' \/_ Z (urk wls + wSZ] + usk [wiT + w”i|> awrs'

1<s<r<t

Fori<i:</land1<k<m:

3

l
UZkULk : E QZm’ Uy azé/n/

/ I

—_

n =

Me\
Ms

+ (2 Vim! vﬁ’m’) aUg/m/

/

=1

3
I

~

_|_

NE

(2 Ve Uz'm’) avg/m/
=1

N

/
/

33
x> =

"
+ Z (2 vk vik — wpi — wig) Dy, + (2Vik Vi — Wii) Dy, + Z (2 vy vik — wp; + wigr) By,

1</ <i 1<Vl



+ Z (Urk; — Wg; + wis] + Usk; [wm — wwD Oy T Z (Urk [ww} T Vik [wm' - w““]) O,

1<r<s<t \<r<i
+ Z (Urk [wis + wsi] + Vgk [wm' — ’leT]) Ouys + Z (Uik [wis + wSZ} + Vgk [ — wm]) 8“%5
1<r<s 1<r</t
+ Z (Urk Wis + W | + Vg | — Wy — ww}) O,
1<r<s</t

+ Z (Urk: [ — 2wy + 2 'Uh?“}) O, + (’Uz'k; [2 me Owy; + Z (vrk [2 Wiy + 2 wm]) Ow,,

1<r<i i<r</

+ Z (vrk — W + ’wis} + VUsk [ — Wy + wzr}) awrs + Z (vik [ — Wg; + wz’s] + Wsk; [wu]) awis

1<s<r<s 1<s<i

+ Z (Urk | — wyi + wis| 4 vk |wir + wm]) Ou,ye + Z (vrk (wii| + vir, [wiy + wm}) O,

<r<t <r<t

+ Z (fvrk Wis + wsz] + Usk [wir + wm]) Dy -

1<s<r<t



Foril<:</and 1 <k<m:

'=1 m/=1
l m
+v-1 E (2 Ve Uzm’) a?)g/m/
/=1 m/=1
m/#k
[ E (2 Uyt Ui + Wyr; + ”wig/) &,M + V-1 (2 Vik Uik + w”) 8% + V-1 E (2 Uyt Uik + Wpr; — ww) &wk
1<l<i i<t/

+ V-1 Z (Urk [ — W + wis} + Usk; [wm' - wzr]) awrs + V-1 Z (U'r’k [wzz] + Uik [wm' - wzr]) awm

1<r<s<s 1<r<a

+ T Z (Urk; (wis + wei| + ver, [wri — ww]) O,y + V-1 Z (Uz'k (wis + W] + v | — ’qu O,

1<r<e i<r<t

+ -1 Z (Ur/{ [wis + wsi] + Vsk; [ — Wy — wﬂ“]) awrs

1<r<s<t

+ V=1 Z (vrk [ — 2w, + 2 wWD Ow,, + (vik [2 w“D Oy, + V-1 Z (Urk: [2 Wiy + 2 ’me Oy

1<r<s 1<r<t



+ V=1 Z (Urk: — Wy + wis} + Vsk [ — Wy T ww‘]) awrs

1<s<r<s

+ =1 Z (vik [ — Wy + wis] + Wgp [w“D awis

1<s<e

=Y (Urk: | — Wi + wis| + g, [wir + wm]) Oy + VT ) (vm Wi + vig, [wir + wm]) Ou
i<r</ i<r<t

—I' \/_ Z (UT/{ wls + wSZ] + Usk [wiT + w”i|> awrs'
1<s<r<d

4. su(p,q) CR MODELS : GENERATORS OF >

There are 3 families of generators for gs :

Lw,-jwij <1<i<j<€>7
Lwiiwii (1<Z<€)7

ILwijwij (1<i>j <),



Forl <i<j<{(:

U)ijZJ . Z Z (Zzn’ jgl + wglj] —|_ Zjn/[ — ’I,UM/ — wﬁ’z}) azg/n/

1<l < n'=1

n
+ Z (Zin/ [w@'j + wji] + Zjn’[ — w”D 8%,

n'=1
+ Z Z (Z@n/ Wy + UM/]'] + Zin! [’UJM/ — wm}) azg/n/
i<l'<j n'=1
n
2. (Zm [wjs] + 2w [wij — wﬁ}) 0.,
n'=1

n
S o R S, P

j<l<l n’'=1



m
+ Z (uim/ [wjg/ + wg/j] + Ujm’[ — Wi — W’i]) a1
1

0'<i m'=1

N

NE

(uim’ [’wz’j + wﬂ] + ujm’[ - w”D Oty

m/=1

m
Z (“im’ (wjer + wej| + e [wie — W’Z‘D Ot

'<j m/'=1

_l_

<

.

NE

(s o]+ L = 0,) 4,
/

[
—_

m

m
C5 5 ol vl el
J<l'<l m'=1

N
3



m
T Z (U@m’ wier + wpr ] + Ujm’[ — W — Wyt ]) 6”6’ /

1<l<i m'=1

ERS

(Uim’ [wlj -+ wﬂ} + Ujmy! [ — w”}) avim’

m/=1

m
g (Uzm wjf’ + Wy } + ’Ujm/ [’UJM/ — wm}) 8U£’m/

'<j m/=1

_|_

<

~.

Ms

(susli] + ol = 0,) 0,

m/=1

m
+ z (Uzm — Wy + wf’j] T Uit [ww B wm}) &Wm'
G<l<l m/=1

A
3



T Z ( — 2Wp Wi + 2w, wir) Ow,,

1<r<s

-+ E (wm Wij — Wiy Wy + Wi wjr) 8wri

1<r<i

+ g (wrj Wij — Wip Wjj + Wy wj?") awrj
1<r<s

+ g ( — Wgi Wjj T Wsj Wi + Wi w’ij) O
1<s<s

+ (2 Wy; ’LUZ'j) aw

i
—+ E ( — Wi "LU]'S + Wi wij + Wy wji) awis
1<5<J

+ ( — Wj; Wjj + w?j + wfz) O



+ E ( — Wi Wsj + Wij Wis + Wy wSi) awis
j<s<t
+ E (w” Wy + Wj; Wiy + Wy j w?“i) awm’
1<r<j

+ Z (2 Wir Wiy =+ 2 Wy wrj) 8wrr

1<r<j

+ E (wz’j Wrj — Wri Wjj + Wi wjr) awm’
1<r<j

4+ E (= wy wj; + wsj wji + wij wis) Ou;,
1<s<t

- (2 Wi wji) O,

+ E (wis Wjj + Wij Wjs + Wgj wﬂ') asz

1<8s<j

+ (2w wj;) Oy

JJ
+ E (wij Wjs — Wj; Wgj + Wjj wSi) asz
J<s</t
+ E ( — Wi Wiy + Wij Wi + Wiy wj@') Oy,
J<r<dt
+ g ('w@'j Wrj + Wip Wjj — Wy wﬁ“) D,
g<r<d

+ Z (2wir wrj — 2wjy Wyi) Oy,

g<r<t



+ § ( — Wg; Wiy =+ Wsj Wiy — Wrj Wiis + Wr; wis) awrs

1<s<r<s

+ E (wm' wsj - wrj Wg; — Wiy sz + Wig wjr) awrs

1<r<s<s

=+ 5 E (wri Wsj + Wyj Wijs — Wip Wys + W wj?“) 6)wm

1<r<t i<s<y

+ E E ( — Wy sz + wrj Wis — Wiy wsj + wjr wsi) awm

1<r<i j<s<t

rs

+ ( Wsi Wy + Wsj Wyj + Wis Wy + Wiy sz) aw
<r<j 1<s<i

rs

(w Wiy + Wiy Wis + Ws;i Wry 5 + Ws; wm) aw
1<8<r<j

+ E ( — Wiy wsj + Wi g wrj — Wy sz + Weg; wj’r’) awrS

1<r<s<j

+ E E (wir sz + Wig wrj — Wy wsj + wjr wsi) awrs

1<r<j j<s</t



+ g E < — Wy wrj + wsj Wy — Wig wjr + Wiy sz) awm

j<r<l 1<s<i

+ 5 E (wis Wy + Wiy Wis — Ws; Wiy + Wsj wm’) awm

J<r<tl 1<s<j

+ E (wis Wy + Wiy Wsj — Wjs Wrj — Wiy wsz’) awrS

j<s<r<t

+ E (wir sz — Wis wjr — Wyy wsj + wrj wsi) awrs-

J<r<s</t

Forl <i</?:

[Lwiiwii = V-1 Z Z Zin! ’LUg/ +wz€’) azg//

1<l < n/=

+ V=1 g Zin Wi O,

n'=1

n
vl E E Zin/ (wm - ”ww) azM

1<l'<l n'=1



m
+ V=1 Z Z Ui/ (we'i + wiﬁ’) O

1<ll<i m'=1

m
+ v—1 E uzm/ le auim/

m/=1

m
+ -1 Z Z Wipy! (wﬂ/i T ’Ujl'g/) auélml

i<l'<t m'=1

m
+ V=1 Z Z Vim! (wm + “W) avz/m’

1<l <t m'=1

m
+ V-1 § Vim! Wi O,

m/=1

m
+ =1 Z Z Vipn! (wm — ww) ave/m’

i<l <l m'=1



+ V-1 Z ( o w?l + wz27’> awrr
1<r<s

+ V=T Wj; Wi Oy,
+ V-1 Z (wgl o wlzr) awrr

<r</

+ V-1 g Wis Wi Oy,
1<s<e

‘I'\/—_l g Wjs Wy 811)2'8
1<s</t

+ V-1 E Wyj Wij Oy,
1<r<s

+ V-1 E Wy Wi Oy,

<r</



+ V-1 Z (wm' Wis — Wy wi?”) awfs

1<r<s<i

+ V=1 Z ( — Wg; Wyi + Wi wi?”) awrs

1<s<r<i

+ =1 Z ( — Wjr We; + Wi wm’) awrs

i<r<s</

+ V=1 Z ( — Wis Wiy + Wy wri) awrs

i<s<r</

+ V-1 Z Z <wri Wi + Wiy wis) Ouwy

1<r<i i<s</

+ Z Z (wSi Wir + Wis wri) a’wrs'

<r<f 1<s<1



Forl<j<i<{:

1L WigWij

= /=1 Z Z (Zln’ U)g/ —I_w]ﬂl} +Zjn’ [ng —I_ww/}) azfln/

1<l<j n'=1

+vT Y (Zm [wis] + zjur [y + wij}) Ocy

n'=1

+ /o1 Z Z (Zln/ — Wjp + u}g/j} -+ Zin! [’U}gli + wié’}) azg/n/

j<tll<i n'=1

=D (Zn |wij = wii] + Zjw [w“}) Ori

n'=1

bt S (o [ g ] 2 [

i<l'<l n'=1

Wi + ’wm])

0

ZZITL/



+\/— Z Z (uzn’ ”UJE/ +wj€’} +ujm/ [’wg/ —|—’ijl])au£/m/

1<l<y m'=1

+ V1Y (“m (wjs] + wjmr [ + “’”’D Ouj

m/=1

m
+ /=1 Z Z (uim/ [ — W + wg/j] = Ujny [wm ™ ’me Oty

g<l'<i m'=1

+ /=1 Z (uim’ [’LUZ']‘ — wji] + Ujpy [’w“]) auim/

m/=1

m
+ =1 Z Z (uim’ [ — Wy + wﬂ’j} -+ Ui/ [ — Wy + ”LUE/Z}) augzm/

<0<l m'=1



m
Z Z (vm/ Wyrj wjg/] T Uy [wg/ + ww/D 3U£,m,

<
m
E <UZm/ ’lUjj + ’U]m/ [wﬂ —|_ w”]> afujm/

m/=1
m
Z Z (’UZm/ — 'UJjE/ —+ ?,Uélj} + vjm/ [wm + ’LUM/]) (9U€,m,
j<t'<i m'=1
m
VT ( r [wij = wji] + vjow [wz‘z’]) Do
m/'=1

+ =1 Z Z (Uim’ [ — Wiy + wﬁ’j} + Vim! [ — Wy + ’UM/@}) avgzm/

1<lV'<l m'=1



+ V-1 Z (_Qwrjwm+2wj7“w”’) awrr

1<r<y

+ V-1 E (wrj Wij + Wy Wjj — Wiy wﬂ') Ou,
1<r<y

+ /=1 E (wrj Wi; + Wy Wiy + W wz‘r) 8@07«@-
1<r<y

+ V=1 E (= wgj wji + wjs wij + wj wis) Ouj,
1<s<y

+ V=T (2w); wji) Oy,

+ /=1 E ( — Wjj Wi + Wjs Wij + Wi wsj) @sz
J<s<t

VT (2wij wi) Ouy,



+ -1 E (wjj Wis + Wj; Wgj + Wijs wz’j) 6ij
1<s</t
+ V-1 g (wjj Wiy + Wjr Wi + Wy wz’j) awrj
J<r<u
—|— \/—_1 E (2 wj?“ w?“i + 2 w?“j w”’) awrr
J<r<u
J<r<u
+ V-1 g (wsi Wi + Wjs Wi + Wis wij) Oy,
1<s<y
2 2
+ V-1 (wjj Wij + Wy + wjz’) Ouy

ij

+ V=1 Z (wjz- Wi + Wgj Wij + Wi wiS) awis

J<s<i

+ V-1 (2 wl] wll) awii

+ V-1 E ( — Wj; Wy + Wijs Wi + Wi wis) a’wis
1<s</

+ /=1 E (wjj Wy + Wj; Wiy + Wiy wrj) 8wrj
1<r</

+ V=1 g (= wji wir + wij Wi + Wi W) D,
1<r</t

+ v=1 Z (= 2wjr wir + 2w W) O,

<r</



+ V-1 § ( - wsj Wyrj — Wg; wrj + sz Wiy + wjr wis) awrs

1<s<r<y

+ V-1 g (wrj Wis + Wy sz - wsj Wiy — Wy wjr) awm

1<r<s<y

+ V-1 E § (wrj Wis + Wy Wsj — Wyr Wy + Wjs wir) awrs

1<r<y j<s<t

+ V-1 Z Z (wrj Wgj =+ W Wsj + Wi Wy + Wys wz’r) awrs

1<r<y i<s<d

+ \/—_1 Z Z ( - wsj Wy + Wy wj?" + sz Wiy + w?“j wis) awrs

j<r<i 1<s<y

+ V-1 g (sz Wy + Wjr Wej + Wsj Wiy + Wy wis> awrs

+ V-1 Z Z ( - wjr Wg; + sz Wiy + Wis wrj + Wy wsj) awm

J<r<i 1<s</t



+ V-1 Z Z (wsj Wip + W Wy + Wy Wis + Wis wrj) awrs

<r<t 1<s<y

+ V-1 Z Z ( - sz Wy + wjr Wy + wsj Wy + Wis wrj) awm

<r<t j<s<i

+ \/—_1 5 ( - sz Wiy — wjr Wig + wsj Wy + Wy wrj) awrs

1<s<r<t

+ V-1 5 ( — Wjr Wy =+ Wijs Wrj — Wiy Wsy + Wi wrj) awrs-

1<r<s<t
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Five-dimensional CR manifolds : Vector Field Method

e Real hypersurface :
M° c C°,
1n coordinates :
(z,¢w) = (2,¢u+v=Tv),
graphed as :
U = F(z,(, Z.C, v).

e Biholomorphic equivalences :

(2,.¢w) — (f(z.¢w), 9z Cw), bz G w)) = (2, w).
with :
Jz gz h:

0 # fC gc hg.
Jw 9w haw

e Complex equation :



solve for w 1in :
w + w
2

— F<Z7<7z7z7w—w)

using the implicit function theorem.

e Insert map :

(2.¢w) — (f(Gw), gz, w), bz Gw)) = (¢ w)

and get the Fundamental Identity :

bz Cw) = Q'(flz.¢w), gl=,¢w), (&

e Two Levi determinants :
Qz U7 Qu
Q:z Q¢ Qew
Q¢z @ Qew

and

(), 5(%,C.W), Wiz, ¢ W)

/ / /

z/ —-/ w/

/ / /
C/zl QC/Z/ C/w/

Q/Z/Z/ Q;,z/ Q;/w/ .



e Abbreviate :

0

_=_. 0 0 — 0
L, = &JFQZ(Z’C’Z’C’?U)@TU and £, =

5e Qe (7 Cm) o

e Proposition. Through any biholomorphism between real hypersur-
faces {w = Q} C Cand {w' = Q'} C C”, one has :

fz fg’ fw ’
L QL Q| [ ac o 0 @ n
h, h 1
Q/ 15! Q/ Q/z’w’ — f fC f 1 o (f) o (f) 1 QzZ QZZ Qz@
15! Q/ Q,/—/ SO - G QC_ Kz QC_
s o 7= G¢ 9w| |1<+9) Z(9) T
h= EC h
hence the rank of the Levi determinant is invariant. []

e First studies :

[Cartan]
[Hachtroudi]



[Tanaka]
[Chern-Moser]

e Maximal model :

Rew = u = 21Z1 £ 2979,

with 15-dimensional symmetry group :
SU(3,1) or SU(2,2).
¢ Winkelmann hypersurface :

Re (w + 5122) = ’21|4,
Or :
_ 4
u=xyY+2x
with 8-dimensional symmetry group.

e Classification of multiply transitive //° c C? :

[] [Loboda]
[ ] [Doubrov-Medvedev-The]



Real affine surface Affine ) . CR syms of F(Re(z1), Re(za), Re(w)) =0
F(z,y,u)=0 hom.? Classification beyond 0., 10, , 10y
822 + zla'u_
zzlazz — ﬁil)—d
u=ay+at v N.8 218¢, + 3420,32 + 4wdy,
0z — 6(21)? sy + (22 — 2(21) )0,
-4
3z16z1 + ?,(Z2 = 2(21) )azz + E(ZIZZ o (h%) )aw
dzz 4 zlafu s
N-7—2 (zl]
- 7 7 zzlc'?.,z + ¢ Fiip s
u=zy + z In(z) v 5[(2,R);+(1‘«)’2 ® Vo) 210y — By 1 wdy
i 21) Oy +i(w — 21)0., +iwz18,
N.7-9 cosh(z1)0:; — (2 exp(—z1)w + exp(z1)) 9z + wsinh(z1)0w,
u= Xy + X In(X), T exp(—21)8z, + 2 cosh(2z1)0w,
X = exp(22) + 1 X () D((-(_\Ilzé ® V) i (ex]:'(—.zl)('i}z2 - ZSinh(zl)Bu.) ;
¥ isinh(21)8,, + i (% exp(—z1)w — exp(21)) 8-, + iw cosh(z1)dw
+ . N.G6-1 822 hlaw
i 2= (21)?
(e € R\{0,1,2,3,4}) 4 B a=1 121024 + i~—%—Ow,
€ R\{— 1‘_Z.~0: 5?2} ‘31821 +(u_1)22622 + awdy,
82.’ 8‘[{;‘!
N.6-1 2 ¥ 2%
u = zy + In(x) v . J 210, + 150,
4 z13;1 — z2832 + 8-w
82 + z B Lty
A = T +2|_ T "3 N.6-1 - - - .(1211;2
u=xy+ x° In(z) a2 =1 121025 + 15— Ow,
* 210z + (22 — 21)025 + 2wOy
N.6-1 dzz I Z]a
u =2y + = In(x) 4 ug‘:g ?2]8-, _|_1.§:%)_(‘9u_
zlazl + (223 — (21) )822 + (Bw — "(zl) ) O
u = yexp(z) + exp(azx) N.6-2 ) 0., + [f_r —1)220:, + awd,,
(e € R\{-1,0,1,2}; X B2 — 42 = E;(;}‘_‘L__ll_}. exp(L21)8y + exp(—221)0,,,
et (-2 ) : 2 2
a~1—a) E]R\([—AI,O)U{%}) iexp(321)0u —zexp(—é—zl)(?z2
b — 20 i — SBan)o...
ucos(x) + ysin(x) = exp(Sx) N.6- 2 (fﬁbz +,“")azz + (22 2 Bw)dw,
(BER; B~ —B) X W 152 € (—4,0] sin(z1)0z, — cos(z1) 0w,
i B 3210 —i cos(21)0., — isin(z1)0w
N.6-2 a.z2 = Zlawze
u = xy + exp(x) v 52 e a? = —4 i218,, + 114,
azl + 22822 + (w4 23)0y
a = 4,)8 213
: N.6-2 24 w
u = yexp(x) — % % o . S | exp(£21)0u + exp( zl}dzy
2 iexp(s21)0uw —zexp(—— 1)0z,

TABLE 7. Real affine surfaces and symmetries of corresponding tubular CR struc-
tures: type N cases




e Simply transitive M/°> C C°:

[] [Loboda]
[ 1 [Doubrov-Merker-The]

e Tube hypersurfaces :
M’ = 5% x iR’
Rew = F(Rezl, ReZQ).

e Biholomorphisms Lie algebra :

0 0 0
L:A(’%Caw)a+B(Z7C7w)_<+c<z7<7w)a_wa
with conjugate :
N I
L A<E’C7w)£+B(Z’C7w)8_Z+C(Z’C7w)a_w7

¢ Infinitesimal symmetries :

hol(M) := {L: (L+L)|, istangent to M }.



e Observation. Affine symmetries yield holomorphic symmetries.

S* ¢ R’ u:x%+$%,
M° c C’ Rew = (Rez1)? + (Re z9),
in coordinates :

21 = xr1+ 12, 29 = X9+ 1X9, w = u-+1v.

e 4 affine generators :
e] ‘= I (9331 + X9 83;2,
€9 = 190y — T1 Ony,
eg = Oy, +2x71 Oy,
eq = Oy, +2x90y.

¢ 4 holomorphic generators : [Replace z; — 2]
e] = 210z + 220,

ey = 290z — 21 O,

e3 = 0y + 221 Oy,

eq = 0z + 222 0.



e Corollary. Affine homogeneity implies holomorphic homogeneity :
hol(S% x iR?) D aff(S%) @i R".

e From the Doubrov-Komrakov-Rabinovich list, exclude :

DKR label Non-degenerate real affine surface ILC Classification [7]
(3) w=1In(x1) + aln(zz) D.7: &t £ 0, —1;
(a£0) 0.15:a=-1
(4) u = aarg(iz; + x2) + In(x] +23) | D.7
u = arg(ix1 + x2) 0.15
(7) u= x5+ e 0.15
(8) u = x5+ ez D.6-2: a #0,1,2;
(e£0,1) 0.15:a=2
(9) u =3 + eln(xy) D.7
(10) u= x5+ exy In(z) D.6-2
(11) u=x1T2 + €"! N.6-2
N.6-1: o £ 0,1, 2, 3, 4;
(12) U= 2122 + =7 N.8&: a =4;
015 a=0,1,2,3
(13) u = x1T2 + In(x1) N.6-1
(14) u=x1T2 + 21 In(x;) N.7-2
(15) u = z172 + 27 In(z1) N.6-1
(17) r1u = x5 + ex1 In(z1) D.6-1

TABLE 2. Affinely simply-transitive surfaces with holomorphically multiply-
transitive associated tubes. Parameters o € R and € = +1.



e Simply transitive classification :

[Doubrov-M.-The]

; 2 R Holomorphic symmetries of . :
Iabel Affinely mmpl\y transitive F(Re(z1), Re(22), Re(w)) = 0 Levi df:ﬁmte
non-degenerate real surface F(z1, x2,u) =0 b ?d 9 ’8 9 condition
eyond ¢0., ,10.,, 10y
o g
= ¥y L5
T1 Non-degeneracy: a3(1 —a — 3) # 0 ?221 i(;ufgw’ af(l—a—p8)>0
Restriction: (cv, 8) # (1, 1), (=1,1), (1, —1) | #2922 T P00
Redundancy: (o, 8) ~ (B, ) ~ (% —g)
u= (23 +23)" exp (8 arctan(%))
; zlaz + ZQazl + 2awa’lf.’1 1
T2 Non-degeneracy: o # % & (e, B) # (0,0) 22821 B 218: — Buwdy g -
Restriction: (av, 3) # (1,0) : .
Redundancy: (a, 8) ~ (a, —f3)
- U= T (Q’.ln(ml) + III(Q:Q)) 21821 . Q’.z2822 £ u}auH
s 22822 + Zlaw o< -l
Non-degeneracy: o« # —1
o S
(u—:}:lmg—lr%l)z :a(.’ng—%]-)& ‘
T4 216};1 + 222832 + 31”61;_), a < . §
Non-degeneracy: o # ——g— 0z, + 210z, + 220w 2
Restriction: o 7 0
r1u = 3 + ez
T5 210 + 52202 + (@ — 1)wdu, ela—1)(a—2)>0
Non-degeneracy: o # 1, 2 210z, + 2220
Restriction: o 7 0
T6 iU = TE + 6:1?% 111(331) zigzl igzz}gg + (EZI + -'w)811_>s g—a]
zo w

TABLE 1. All simply-transitive tubes M® C C3. Parameters o, 3 € R and € = =1.



Theorem 1.1. Any simply-transitive Levi non-degenerate hypersurface M° C C3 is locally biholo-
morphic to precisely one of the following.

(1) Either one hypersurface among the 6 families of tubular hypersurfaces listed in Table 1 below,
with corresponding 5 generators of hol(M).

(2) Or the single nontubular exceptional model:

Im(w) = | Im(29) — w Im(zl)‘{ (1.2)
having indefinite Levi signature and the infinitesimal symmetries:
21 azl — 22 822 — 2w 8?1)} 21 azg + 8?1)} 2 azl — w2 8@1); 821} 822; (13)

with Lie algebra structure saff(2,R) := sl(2,R) x R?, i.e. the planar equi-affine Lie algebra.

e Insure Hessian rank 2 :

Family Equation Parameters Hessian Rank two
(1) u =2y’ (,8) ER? af(l—a—p)a* 2y a#0,#£0,a+p#1
(2) u= (22 4+ y?) err s (a,f) € R? (25-1)(02145) (4?72t B oL (a, B) #(0,0)
(5) u = x(alog z + logy) acelR ";;1 a# —1
(6) (u—$y+%3)2:oz(y—%2)3 acR —-1-%a a#—3

(16) zu =y £ z° acR +2(a — 1) (o — 2)2? a#l, a#2

(18) ru = y° + 2%log x 0 +2 always




¢ Remaining simply transitive surfaces :

#  Equation :isiia:nz E;;c?trLC;Zs Affine symmetries Lie brackets Structure
(1) u=aoy’ 520 S S 0 %
0841 Sy v P
(2) = (2% 4+ y?) ot (ﬁjﬁ% L0 @A#0D "iaywaj f%@j iﬁojfgu 0 az
(5) u=x(alogx + logy) a#—1 0 ;gz ; ;égfy + ud, 0 0
6) (u-ay+5) =aly-3)" art-3 a#0 A ex,e2] = —ez .
(16) zu=y*+z° 3 z é a#0 ig: j: 2%5(%’ (@ = 1)ud, le1,e2] = (1 — $)ey o
(18) zu = y* + 2*log x yes none 0z +y0, + (u £ )0, 0 as

x0, + 2y0,



e Specify affine exceptions :

# Equation Affine symmetries Lie brackets Structure
—x0; + Y0,
20, + ud, 1, 5] = ¢
(1) u=umy 9, + yo le1, eq] = —ey Ty
0, + 20, €2 es] = —es
—y@x + a:é?y [61, 62] — —€3
0, + 220 le1, e3] = ey
2 2 x U 5
(2) U=It+ Y 8y + 2y8u [62, 64] = €9 b
0y + Y0, +2ud,  |es, eq] = e3
3 Oy + 20, le1, e9] = 2e
(6) u=2y—% x0,+2yd,+ 3ud, =2 B 1 3
9, +120,+yd, el =6
2y0; + 10, le1, ea] = e
(16) zu=9y>+1 20, —ud, le1, e3] = —2e2  sl(2,R)

x0, + 2y0, lea, e3] = e3



For the family {u = z®y”}, on the parameter space R? > (o, f3),
introduce three discrete symmetries that are involutions :

o, 8) == (Ba), m(a,B) = (5,-5), mlap) = (%3
They account for the freedom of swapping variables names and of chan-
ging exponents :

u=a"y = u=y"2’, u=2"y =y = r, u=a"y U =y,

In dotted lines, draw their respective fixed point sets :

Fix(o) = {6 = a}, Fix(11) = {a = —1}, Fix(19) = {8 = —1}.



So if S? is affinely transitive, then M° = S? x iR is CR-transitive.

e Question For which values of parameters do the tubifications of (1),
(2), (6), (16), (18) remain simply transitive ?

Several computations using different, doubly-checked methods show
the

e Proposition. After tubifying, exceptions to simple CR-transitivity of
S2 % iR3 are the same as exceptions to simple affine transitivity of S 2

e Question : What is the computational method ?

"Imaginary" universes are so much more beautiful than this stupidly
constructed "real" one. Godfrey Harold Hardy.



Infinitesimal Symmetries

By complexifying the defining equation of a real hypersurface M° C
C3, one gets a complex hypersurface in (C%,y, . X C3, graphed as :

a.,b,c
M < = Q(ﬂ?,?j,&,b,C),

with () analytic, i.e. expandable in converging power series. We may
assume 0 € M, i.e. 0= ((0,0,0,0,0).

Consider the infinite-dimensional group of local analytic transforma-
tions :

(337 y? Z? a? b7 C) |_> (x/<x7y7 Z)?:y/(x7y7 Z)?’Z/(x?y? Z)? a/<a7 b7 C)7b/<a7 b7 6)76/(0’7 b? C))?

not necessarily fixing the origin. Define Sym(M) to be those transforma-
tions which stabilize M, near the origin.
Infinitesimal generators are those vector fields :

L = X(z,y,2) 0, +Y(2,y,2) 0, + Z(x,y,2) 0.+ A(a,b,c) 0, + B(a,b,c) O, + C(a,b,c) 0

that are tangent to M. Denote sym(M ) this collection.



It 1s known that M 1s Levi nondegenerate 1f and only 1f :

Qa, Qb Qc
0 7’é Qaza Qxb Qazc :
an be ch

This condition is invariant. It suffices to assume it holds at the origin,
which we will do from now on.

There are general arguments showing that Sym(AM) is a finite-
dimensional local Lie group, with Lie Sym(M) = sym(M ). However,
these arguments, which work in any dimension and in any codimension,
are rough concerning dim sym(M ) and Lie algebraic data.

Our goal 1s to explain a “primitive” computational method, based on
power series expansions of orders 0, 1, 2, 3, 4, 5, 6, not more, to determine
sym(M) for any given M, namely for any given ().

We will make the assumption that M 1s rigid :

z = —c+ F(x,y,a,b),

with 0 = F(0,0,0,0), namely Q = —c + F. This is justified when
M 1s homogeneous (our concern), whence there exists at least one



L € sym(M) with L(0) not tangent to the 4-dimensional contact dis-
tribution. After a straightening, one can make L = 0, — O, and tangency
to {z = Q} forces () = —c + F as above.

A subclass of rigid M consists of tubes :

z=—c+Flx+y,a+b).

The method will work (much) better after performing an easy prenor-
malization. Rewrite :

z— F(x,y,0,0) = — (c—F(0,0,a,b)) + F(x,y,a,b) — F(x,y,0,0) — F(0,0,a,b),
which becomes, afer an allowed transformation :
2z = —c+ F(z,y,a,b) with {8 ; ]]::Eg: (:)g:c?: [?))7
Specifying second order terms, we get :
, 0 = G(x,v,0,0),
z = —ctexa+f xb+gyat+h yb+G(x,y,a,b) with {O = G(0.0.a.b)

, and with G =

with complex constants e, f, g, h satisfying 0 # ’f] ‘[L
Ox,y,a,b(3)°



Often, the graphing function depends on some (complex) parame-
ters :

F= F&,ﬁ,’y,...(wayaaab>'

In particular, e, f, g, h may depend on «, (3, 7, .... The power series
expansion of F' may involve some complexity.

To diagonalize the Levi form, one could employ the allowed trans-
formation :

a =ea+ b, V' = ga+hb,
so that :

I r1/ .
— —c+xa’+yb’+G(aj,y, Z%_;g, 662_%).

However, sometimes, doing this increases even more the complexity of

power series coefficients, and Maple happens to be lost. Therefore, we

will present the method without diagonalizing the Levi form.
Abbreviate the Levi quadratic terms as :

l(x,y,a,b) == exa+ fxb+ gya+ hyb.



Now, the tangency condition :

0 = L(—z—c+F(x,y,a,b))

zi=—c+F
XFo+YFy—Z+AF,+BF,—-C|

z:—c-JrF7

reads as the identical vanishing of the following power series in 5 va-
riables (z,y,a, b, c) :

0 = X(:c, y,—c+ F(x,y, a, b)) Fy(x,y,a,b)
+ Y(x, y,—c+ F(x,y, a, b)) Fy(z,y,a,b) — Z(:z:, y,—c+ F(x,y,a, b))
+ A(a, b, c) Fy(x,y,a,b) + B(a,b,c) Fy(x,y,a,b) — C(a, b, c)
—: eqdef(F).

Since z = —c+{+G = —c+ 0=+ O3, it is natural to assign weights :



and to expand 1n weighted homogeneous degrees :

G= Y Gijimneyadt""

Z7j7l7m7n

- Z ( Z G; ,j,l,mnle y Talpm n)

u=3 it jH4+m42n=pu

Similarly [why there 1s a shift 4 — © — 1 1n X, Y will be understood
later] :

X = Z Xiyj,kxiyjzk = Z ( Z Xi ik 2ty zk>

ik p=l N itj+2k=p—1

V=S Vit = (X Ve,
i,k p=l N i+ 2k=p—1

Z = Zijpa'yzt =) ( > Zjjpa'yz )»

and quite similarly for A, B, C.



Introduce the homogeneous variables, for ;4 = 0 :

Vo = {Z0.0.0: Co00},
and for p =1,2,... :

Vﬁ ;:'{(X%Jioi+j+2k:u—l’(}§J$Ji+j+2k:u—l’(Z%Jﬁgi+j+2h:u’
(fhﬂnm)an+2n:u—1’(Ehﬂnm)#Hn+2n:u—l’(C&m%n)th+2n:u}'
Their number 1is :
#V, = 4Card{i+j+2k:,u—1}+2Card{i+j+2k:u}.

By some elementary reasoning, it is known that every L € sym(M)
1S “uniquely determined by its second order jet at the origin" :

21 . [+m~+n<2
3L = A{Xi ik Yijks Zijjks Avmns Bimms Clmnbitjrkes

which makes 60 complex constants, and more finely :
dimsym(M) < 15 = dimsym {z = —c+za+ yb}.

Our goal 1s to explain this, and go beyond.



By the tangency condition, all coefficients of all monomials
'y al b should vanish :

0 = [z'y/a'v™c" (eqdef(¢ + G)) (Vi,j,l,m,n).

Mainly, we will compare this with the quadric {z = —c + ¢} when G =
remainder vanishes identically :

0 = [:1; Y Jalpm "] (eqdef(ﬁ)) (Vi,j,l,m,n).
Accordingly, denote :
Eé ilmn = 2y o™ (eqdef()),
E{;ﬁmn = [zl al b (eqdef(¢ + G)).

Let us now explain a key phenomenon of triangularity of these li-
near equations, whatever G = O, , 5(3) is. To this aim, let us examine
eqdef(£), namely :

0= X(z,y,—c+ ) ea+ fOl+Y(z,y,—c+{)[ga+hb] — Z(z,y,—c+{)

+ A(a,b,¢)lex + gy| + Bla,b,c) [f x+ hy] — C(a,b,c).
Since the four multipliers ea+ f b, ga+h b, e x+gvy, f z+hy are weigh-
ted homogeneous of order 1, the linear system obtained above splits into



linear subsystems graded by the weighted order 1 = 0,1,2,... :

¢ _
{Ei,j,l,m,n<vﬂ) _ O}i+j+l+m+2n:,u’

which incorporate only the (homogeneous) variables V). Solving
eqdef (/) is equivalent to solving separately all these linear systems.

With a perturbation G = O, , , (3)

0 = eqdef(¢ + G)
X(x,y,—c+ L+ G) Uy + Gy
+Y(z,y, —c+ L+ G) |y + Gy — Z(z,y, —c + L + G)
+ A(a,b,c)[ly + Go] + Bla, b, c) [l + Gp] — C(a, b, ).
Then in view of :
2 < weighted order (Gx, Gy, Ga, Gb),

we have for all ¢ > 0, with linear dependence on written variables :

(+G _ pl+G o B
Ez',j,l,m,n = Ei,j,l,m,n (Vo, Cee V,u—la VM) (i+j+l+m+2n = p),
and :
B (Vo Via V| = Bl (Vo Vien V) = B, (V)

G=0



Abbreviate :

14 o 14
E,u(v,u> a {Ei,j,l,m,n}i+j+l+m+2n:,u’
(+G o (+G
by, (VOv o Vi1 Vu) a E@',j,l,m,n(vo’ e Vi1, VM) }i+j+l+m+2n:,u'

From what precedes, it also follows :

Observation [Triangularity]. For general F = ¢ + (, the linear equa-
tions at order (4 are a perturbation of the model linear equations :

EFC (Voo Vs, V) = EL(V) + RC (Voo .. V),

with a linear remainder vanishing identically Rﬁﬂ) =0whenG =0. [

So for any v > 0, the collection of all linear equations {EﬁJrG =

O}O <u<v UP to order v happens to be a triangular (by blocks) linear sys-
tem :

= B°(W) = 5y (Vo).
0 = BT (Vp, 1) = E{(Vi) + R{*(Vp),
0 = ES*C(Vy, Vi, Vi) = E5(Va) + Ry (Vo, V1),



Our goal 1s to solve as many as possible variables V() from 0 = EngG(VO),
then as many as possible variables V7 from 0 = EfJFG(VO, V1), then as

many as possible variables V5 from 0 = E§+G(VO, Vi, V3), and so on.
Clearly, by triangularity of the linear system, it suffices to understand
how to do this only for the (truncated) homogeneous linear systems, wi-
thout remainders at all, and with separated variables :

0 = E§(Vp),

0 = Ef(17),

0 = E5(V5),
I 4

0= E, (V)

Now, a count gives :



p #V,, #E,, Difference
0 2 1 1
1 8 4 4
20 16 11 5
31 28 24 4
41 42 46 1
5/ 60 80 0
6/ 80 130 0

Here, we understand :
Difference := max (O, #Vi — #EM).

The key explanation why dimsym(M) < oo always is now made
apparent by the fact that, starting from p > 4, there are (much) more
equations than variables. On the other hand, for u = 0,1, 2, 3, there are
more variables than equations, hence not all variables can be solved.

In view of :

l+44+5+4+1 = 15,



one 1s conducted, after some experiments and reflection, to introduce 15
appropriate parametric variables :

( C0.0.05
X0,0.0, Y0,0,0, 40,00, By 0.0,
Voar == 1 A10.0,40.1,0 B1,0,0,Bo.1.,0, Coo1 ¢
X0.0.1, Y0,0.1, 40,01, By .1,
\ Co.02 |

stratified by weights :
Vispar = Vpar NV,

and to consider the other (remaining) variables as (potentially) elimi-
nable variables :

Viem = Vii\Vpar

Here 1s a count :



#V,u,par #V,u,elm #V,LL

1

NN R W= O
SO = B~ U0 B~

0

|
4
11
24
41
60
80

2
8
16
28
42
60
80

Here 1s a view of all variables in orders © =0, 1,2, 3,4 :

0 2000
L' Xooo Y000 21002010
2 X100Xo10 Y100Y010 2200241102020
Zoo01
3 Xa00X110X020 Y200Y110Y020 Z3002£2102£1202030
Xoo1 Yoo1 21012011
4 X300X210X120X030  Y300Y210Y120Y030 240023102220 2130 Z040
X101Xo11 Yi01Yo11 220121112021
2002

In weight = 5:

X400X310X220X130 X040 Ya00Y310Y220Y130Y040  Z50024102320Z230 41402050
X201 X111 X021 Y501Y111 Y021 Z301 421141214031
Xoo2 Yoo02 Z1022012

Apoo
A1004010

AopoA1104020
Apo1

A300A4210A41204030

A1014011

A4()0 A310 A220A13()A040

A201 A111A021
AOOQ

Booo
B100Bo1o

BaooB110Bo20
Boo1
B300B210B120B030
B1o1Bo11

B4()OB3 1OB22()B130 B(]4O

Bo1B111Bo21
Booa2

Cooo

C100C010
C200C110C020

Coo1
C300C210C120C030
C101C011
C100C310C220C130C040
C201C111C021

Coo2

C500C410C320C230C140Co50
C301C211C121 2031
Cr02Z012



In weight = 6:

X500X410X320X230X140X050  Ys500Y410Y320Y230Y140Y050  Z600Z510 24202330 22402150 Z060  As00A410A320A4230A140A050  Bs500B410B320B2308140Bos0  C600C510C420C330C240C150Co60

X301 X211 X121 X031 Y301Y211Y121 Y031 Z4012Z311Y221 21312041 Aszo01A211A4121A031 B3o1B211B121 Bos1 C401C311C221C131Co41
X102Xo012 Y102Y012 Z2022Z112 2022 Atro2A012 B1o2Bo12 C202C112C022
Z003 Coos

However, this is not the full story. We now explain how to se-
lect appropriate linear equations, call them Eﬁ, s among the Eﬁ for
uw=0,1,2,3,4,5,06,..., in order to solve all these v,u,elm in terms of

the parametric variables V), o, only, so that :

#Efc,sel — #V,u,sel (Vu=0).

At first, in low orders = 0, 1, 2, 3, we take all equations :

0,sel

14 _ o/
El,sel L,

14 B 4
E2,se| EQ?



Lemme. for n = 0,1, 2, 3, for any rank 2 Levi matrix (; {;), the linear
system :

4
O — Elujsel (V,u,pal’a V/L,elm) <ILL:O717273)7
is Cramer with respect to V) ¢jm.

Definition. A linear system of Q > 1 equations in P + Q variables
(56’1,...,5(313, yl,...,yQ) withP > 0 :
O:AT(ZCDHW:EP? yla'“?yQ) (1<7<0Q),

is called Cramer with respect to (y1, - . . , o) if it has nonzero determinant
with respect to the variables (yq, ..., yo) :

ONISTLQ
0 # (Gy)isy<a

When the coefficients of the linear forms A depend on parameters,
e.g. the coefficients e, f, g, h of the Levi form at the origin, and / Or some
parameters o, 3, 7, ...upon which ' = F|, 3. (z,y,a,b) may depend,
we require that the determinant in question 1s nonzero for any value of
all the parameters.



Next, in weights 1 = 4, we really have to select appropriate equa-
tions, because there are too many equations. The last step, to be discussed
later, will be to examine what additional linear relations the unselected
equations bring as major supplementary constraints on the coefficients of
L=X0:+Y Oy+720,+A0;+ B Jy+C O, to really be an infinitesimal
symmetry of {z = —C+ F}

For instance, when . = 4, we have :

42 = #V, while #E, = 46.

However, an examination of this system 0 = Eﬁ (V) of 46 equations in
42 variables shows that its rank 1s not equal to 42, but to 41. Therefore,
only 41 variables can be eliminated. In weights ¢ > 5, the ranks of the
system () = Eﬁ(\/ﬂ) is always equal to the number #V), of variables.

p|# L, #V,, Rank
41 46 42 41
5
6

80 60 60
130 80 80




We now want to select precisely 41, 60, 80 equations among Eﬁ, EY,
Ef.

To begin with, we perform a preliminary sub-selection, which works
for all rank 2 Levi matrices (S {L), i.e. with 0 # ef — gh. However, the

complete selection Eﬁ) ol C Eﬁ will require a discussion, depending on

whether some of the coefficients e, f, g, h vanish.
Let us introduce 6 branches of selected eqations :

Blﬁ = {EKJOOn}HngZn (4’
B2, = {B{j10n}isivonep—1
B3£ = {Egj O,l,n}z+]+2n p—1
B4, = {E 0L} L2
B5), = {El,o,l,m,n}z+m+2n=u—1
B6), = {Eo,l,l,m,n}l+m+2n=u—1’



and define :
v . /
B, = () BI,
1<I<6
For 1 =0, 1, 2, 3, one can verify that :

/ ¢
B, = E, (k=0,1,2,3).

A count gives :
#DBI, #V), Difference
37 42 5

56 60
75 80

AN D K~

4

5
Proposition. Whatever rank 2 Levi matrix (; £>, for every weight i >
4, the linear sub-system :

U= B]fb(vu)»

1s Cramer with respect to the variables :

B .
v,u,elm T M,e|m\VM>5P0' L]



Here are the remaining sporadic variables V), spo, sShown weight by
weight :

f #
4 A1 01,4011, B1,0,1,Bo1.1 4
5 X002, Y0.0.2, Ap 0.2, By .2, 4
6 A102, 40,12, B1,02,Bo.12, Cop,35 9
7 X003 Y0.0.3; Ap 0.3, Bo.o.3; 1
8 A10.3, 4013 B1,03,Bo1.3 Coo4, O

Next, we have to select some sporadic linear equations among all
the Eﬁ, in number 4, 4, 5, for p = 4,5,6, and so on [after weight 06,
everything is easy|. However, unfortunately, the selection will depend on

(; 7’; . We single out a few useful cases.
e [evi matrix (g {L) withe, f, g, h # 0 :

¢
Ej o = 1520200, F20,020, £02200 £02020}
¢
E5 o = 1F3,0.2,00, £023,00 £03200 F02030}
¢
E6,spo a {E3,0,3,O,07 ES,O,O,S,Oa EO,3,3,O,07 EO,3,O,3,07 EQ,O,Q,O,I}-



e Levi matrix (8 2) withe, h £ 0 :
Eﬁ,spo = {F20200, 20110 02020 F02101}
Eg,spo = {E30200, £03020. £02030 F20300}
Eg,spo = {E30300, £3021.0 £03120 E03.030 F20201}

e [evi matrix (2 {L) with f,g,h # 0 :

.

Ejl o = 1F20,1,1,00 20,020, F02200 11020}
A

E5 oo = 1530020, £023,00 £03200 F02030}

A
Eg spo = 130,030, £03300 F03030 £30120 FE02021}
Finally, we set :
¢ ol ot
EM — BMUE

,sel [,SpO°

Proposition. For every weight 1 > 4, the system Eﬁ ,seI<VM) = 0 1is Cra-
mer with respect to 'V, ¢|m.

Consequently, one can solve :
v,u,elm — Linear (Vlujpar) (,u >4>



For L to really belong to shym({z = —c + ¢}), all equations Eﬁ(Vﬂ) =0
should be satisfied. Now, a count gives :

p\#E, #L1),  Difference
4 46 41 5
5 80 60 20
6/ 130 80 50

Proposition. For the model {z = —c+ E}, all other equations I N\E 1,5€l
are automatically satisfied. []

Question. What about an arbitrary submanifold {z = —c+/l{+ G} ?

Thanks to triangularity (by blocks) of the linear systems, precisely
the same linear equations can be selected for arbitrary remainder G =
O y.0.b(3)- Hence we define /select, for pu > 0

+G . (+G
B,"“ = | BI“,
1<I<6

(+G . pl+G (+G
E,u,sel il BM UE,LL,seI'



By convention, for low order 1 = 0,1,2, 3 :

I N CO 1/
0 =: Ejspo = Ejuspo:

The final selected triangular systems are, for any order v > 0 :

vsel +G
E€+G T U E,LL,seI'

OSpsy

The variables are :

<
A

||
-
15

OSpusy
v,elm
V — U V,u,elma
OSpsy
Vu,par — Vparmvy

A counts shows :



4y velm yprsel Difference

Lt

0 1 1 0
1 5 5 0
2 16 16 0
340 40 0
41 8l 81 0
5 141 141 0
6 221 221 0

Proposition [Cramer complete system|]. For every v > 0, the system :
0 — Ey,sel (VV)
can be solved uniquely for the variables V4™ in terms of VV:P2. [

In particular, for v > 4, since V"P¥ = VP on Maple, we get
formulas :

VVeEm — Linear (V¥) (v>=4).



Finally, substituting back these solutions in all (remaining) equations

whenv > 4 :
U Eﬁ-I—G\Ef-i—Cl:,
1,5€
ISpusy

we get a number of significant equations. A count gives :

1 #EV\EV,Sd
4 5
5 25
6 75

We may analyze these significant equations on Maple. All are of the
form :

0= A1 Copy
No X000+ A3Y000+ N Ap 00+ A5 Bo oo
+ Ag A1,00+ A7 Apg 10+ AsB1oo+ Ao Bo 1o+ AoCopa
+ A11 X001+ M2Yo 1+ M3 Ao +MaBoon
+ A15 Co,0.2,



where Ay, ..., A5 depend ultimately on /' = ¢+ (, in some complicated

algebraic way. So 1f /' = [, 5. depends on parameters, we get a
systems of 5, 25, 75 linear equations in 15 variables.

To solve these equations for the tubifications of the homogeneous
DKR surfaces, we employ the Gauss-pivot method, manually on Maple.



